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Abstract.  Theoretical calculation results are presented for the enhancement of the water mass flow rate through the
hydrophobic micro/nano pores in the membrane respectively on the micrometer and nanometer scales. The water-pore wall
interfacial slippage is considered. When the pore diameter is critically low (less than 1.82nm), the water flow in the nanopore
is non-continuum and described by the nanoscale flow equation; Otherwise, the water flow is essentially multiscale consisting
of both the adsorbed boundary layer flow and the intermediate continuum water flow, and it is described by the multiscale
flow equation. For no wall slippage, the calculated water flow rate through the pore is very close to the classical
hydrodynamic theory calculation if the pore diameter (d) is larger than 1.0nm, however it is considerably smaller than the
conventional calculation if d is less than 1.0nm because of the non-continuum effect of the water film. When the driving
power loss on the pore is larger than the critical value, the wall slippage occurs, and it results in the different scales of the
enhancement of the water flow rate through the pore which are strongly dependent on both the pore diameter and the driving
power loss on the pore. Both the pressure drop and the critical power loss on the pore for starting the wall slippage are also
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strongly dependent on the pore diameter.
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1. Introduction

Super filtration of water has been developed fast and it
relies on the use of nanoporous filtration membranes, which
are often made of carbon, silica, silicon nitride, boron
nitide, silicon carbonized and graphene etc (Azamat 2021,
Borg and Reese 2017, Dai et al. 2016, Das et al. 2021, Holt
et al. 2006, Majumder et al. 2005, Qin et al. 2011, Radhal
et al. 2016). It has been observed that water flows ultra fast
in the hydrophobic filtration nanopores with the diameter on
the 1nm scale such as made of carbon, graphene and silicon
carbonized etc (Gruener et al. 2016, Holt et al. 2006, Itoh et
al. 2022, Kannam et al. 2013, Majumder et al. 2005, Qin et
al. 2011, Radhal et al. 2016). Recent experiments even
showed that the water flux through the nanopores with the
diameters between 0.9nm and 1.9nm and possessing a
densely fluorous interior surface was two orders higher than
that in the carbon nanotube (Itoh et al. 2022). These
phenomena are unexplainable from classical hydrodynamic
flow theory.

Experiments detected the ultra fast water flow through
carbon nanotubes with several orders higher than the
classical hydrodynamic theory calculation (Holt et al. 2006,
Majumder et al. 2005, Qin et al. 2011). However, different
people gave different water flow enhancement results.
Majumder et al. (2005) showed the enhancement of 4 to 5
orders, Holt et al. (2006) got the enhancement of 2 to 4
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orders, while Qin et al. (2011) gave the enhancement factor
lower than 1000. These researches used the similar
nanotube diameters but the very different nanotube lengths.
It was typically agreed that the unexpectedly fast water flow
in carbon nanotubes should be due to the water slippage on
the hydrophobic nanotube wall (Mattia and Calabro 2012,
Myers 2011, Whitby and Quirke 2007). The divergence
among the above experimentally observed enhancement of
the water flow was ascribed by Walther et al. (2013) to the
entry and exit pressure losses, the effect of which is
significantly influenced by the nanotube length.

Molecular dynamics simulations (MDS) were also done
for the water flow in carbon nanotubes with different
lengths (Calabro et al. 2013, Rito et al. 2014, Thomas and
McGaughey 2008). Some of them obtained the flow
enhancement factors similar to the experimental results and
attributed the event to the reduced friction of the carbon
nanotube wall (Rito et al. 2014), while others gave the flow
enhancement factors several orders lower than the
experimental results (Thomas and McGaughey 2008). In
itself, MDS is difficult to implement for long nanotubes
because of the computational capacity. Multiscale
approaches were also used to calculate the water flow rates
through longer nanotubes. Borg and Reese (2017) used the
hybrid multiscale scheme to calculate the water flow rate
through the carbon nanotube with the diameters below 2nm
and the lengths covering from 10nm to 1mm. They showed
the flow enhancement factor is heavily dependent on the
nanotube length and reaches the maximum when the
nanotube length is over 0.1mm. However, their results are
still apparently different from the experimental results of
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Fig. 1 Water flow in cylindrical tubes with different flow
regimes. (a) Continuum flow; (b) Multiscale flow; (c)
Non-continuum nanoscale flow (Li and Zhang 2021)

Holt et al. (2006) and Qin et al. (2011) for the same
nanotube lengths.

In the present study, by using the closed-form explicit
flow equations for the non-continuum nanoscale flow and
the multiscale flow, we calculated the enhancement factor
of the water flow through the carbon nanotubes with the
diameters varying from 0.6nm to 2000nm. The water-pore
wall interfacial slippage is considered and related to the
power loss on the whole pore for driving the flow. The
entry and exit pressure losses are neglected. The calculation
results are thus for sufficiently long nanotube lengths. Our
results show that in the case of the wall slippage, when the
pore diameter is less than 1.8nm and the water flow is thus
non-continuum, the calculated flow enhancement factors
range between 10! and 10'° covering the previous
experimental results, and they are heavily determined by the
power loss on the whole nanopore driving the flow; when
the pore diameter is over 2.0nm and thus the water flow is
essentially multiscale consisting of both the non-continuum
adsorbed layer flow and the continuum water flow (Atkas
and Aluru 2002, Yen et al. 2007), for a given power loss on
the pore the flow enhancement factor is rapidly reduced
with the increase of the pore diameter and it is several

orders lower than that for the pore diameter below 1.8nm
when the pore diameter is on the scale of 2000nm.

2. Water flow in micro/nano pores with different flow
regimes

It has been proposed that for the water flow in the
micro/nano pores with different diameters, the flow regime
may be qualitatively different (Li and Zhang 2021). As
Figs.1(a)-(c) show, when the ratio of the pore radius R to
the thickness #,, of the adsorbed layer potentially fully
formed on the pore wall is over 100, the adsorbed layer
effect is negligible and the flow can be wholly considered
as macroscopic and continuum; when 1 < R/h,; < 100,
the non-continuum adsorbed layer flow and the continuum
liquid flow simultaneously occur, and the flow is thus
essentially multiscale; when R/h,r < 1, the continuum
liquid vanishes and the flow is wholly non-continuum. The
water flow in these three flow regimes should respectively
be described by different flow equations.

3. Flow equations for different flow regimes
3.1 For the macroscopic continuum flow

As shown in Fig.1(a), when R/h,r = 100, the flow in
the whole pore is macroscopic and continuum, and by
omitting the wall slippage the classical hydrodynamic
theory gives the total mass flow rate through the pore as:

R* 9
Am,conv = _%5 , for R/hbf =100 1)
where p and n are respectively the bulk density and bulk
viscosity of the liquid, p is the pressure driving the liquid
flow, and x is the coordinate in the axial direction.

3.2 For the multiscale flow

As Fig. 1(b) shows, when 1 < R/h,s < 100, the flow
in the pore is essentially multiscale. Two models are
required to respectively describe the molecular-scale
non-continuum adsorbed layer flow and the intermediate
continuum water flow. Classical multiscale approaches used
molecular dynamics simulation to model the adsorbed layer
flow and used the Newtonian fluid model to simulate the
intermediate continuum liquid flow (Atkas and Aluru 2002;
Yen et al. 2007). However, they can only simulate the
multiscale flow in the small pore with a very small axial
length normally no more than 100nm by using the advanced
computer. Other multiscale approaches for solving the
problem of the computational capacity may involve the use
of the dissipative particle dynamics method (Kasiteropoulou
et al. 2012, 2016, Perdikaris et al. 2016). Nevertheless, they
are still required to use a huge number of particles for
simulating the flow in a big area, and this should also cause
the heavy computational burden. In recent years, Zhang
(2020) used the non-continuum constitutive model to
describe the adsorbed layer flow and used the Newtonian
fluid model to described the intermediate continuum liquid
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flow. The advantage of his model is that it can simulate the
realistic multiscale flow in the long pore with the axial
length on the 0.1um to 10mm scales just with the normal
computational time and computer storage. Based on his
model, by considering the liquid-pore wall interfacial
slippage the total mass flow rate through the pore in Fig.
1(b) was derived by Zhang to be:

m = ZnReoahbfps’;’; + m(R — hyf)2p

Fyhipg ap i}y ap 1
+ 2nR —(1+ -
EO[lzne;f ax zne);f ax 2Apf0
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where u is the interfacial slipping velocity on the adsorbed
layer-pore wall interface, D is the diameter of the fluid
molecule, R =R(1—1,/2), Apro = Ae/[2(1 = A})],
hyr/R, pif, and nbff are respectively the average den5|ty
and the effective viscosity of the adsorbed layer across the
layer thickness, 757 = Dhys/[(n = 1D + 4 (A1/Mineavrn-1],
4o =4;,,/4; and g, is constant, Ax is the separation
between the neighboring liquid molecules in the flow
direction in the adsorbed layer, &= (2DI +II)/[hps(n —

1)(Al/nline l)avrn 1l 77bf (12Dzl//+6D¢)/|%f, and F, =
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equivalent number of the liquid molecules across the

adsorbed layer thickness, Mine,j-1 and 4;_, are respectively

the local viscosity and the separation between thej** and
(j — 1™ molecules across the adsorbed layer thickness,
andjand (j — 1) are respectively the order numbers of the
molecules across the adsorbed layer thickness shown in Fig.
1(b).

For R/h,r =100, Eq. (2) is actually also valid.
However, for this case the multiscale effect is weak so that
the adsorbed layer effect is negligible, and Eq. (2) is
reduced to the macroscopic continuum hydrodynamic flow
equation.

According to the interfacial limiting shear strength
model for the wall slippage (Zhang 2014), when the wall
slippage occurs, the pressure drop on the axial length of the
pore was derived by Zhang to be:

DP = 2
" R—hy+D(n—1) @)

where 7, is the shear strength of the adsorbed layer-pore
wall interface, and [ is the axial length of the pore.

When the power loss on the whole pore for driving the
flow is larger than the critical one, the wall slippage occurs.
This critical power loss was derived by Zhang to be:

Kcrl(Tshbf)z (4)
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Here, Cy] = nbf’ 1/77.

The power loss on the whole pore for driving the flow is
equated as: POW = |DP q,|, where g, is the total volume
flow rate through the pore and is related by the formula to
the wall slipping velocity u.

Based on the interfacial limiting shear strength model,
the wall slipping velocity u was derived by Zhang to be:

_ DPOWI[R — hyp + D(n — 1)]

u=
TI2R, oy + (R — hyp)?] (6)

where DPOW = POW — POW,,. Eq. (6) shows that the
wall slipping velocity u is directly proportional to the
value of DPOW. In molecular dynamics simulation, the
slipping velocity u on the wall of the carbon nanotube was
directly calculated, and it is just the ensemble averaged
velocity of the water molecule on the nanotube wall
(Thomas et al. 2010).

As shown by Eq. (2), in the present multiscale model the
wall slippage is incorporated by introducing the wall
slipping velocity u. Eq. (6) shows that the magnitude of the
wall slippage i.e., the value of the wall slipping velocity u
is determined by the value of DPOW. In the present study,
DPOW is widely varied to give different magnitudes of the
wall slippage.

When the wall slippage occurs, the total volume flow
rate through the pore was calculated by Zhang to be:

clpow

Qv = , for POW > POW,, @)
where
A —
1+ n—zn(qlo qg)
h 1 D(ql~
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By ignoring the adsorbed layer, the classical
macroscopic continuum hydrodynamic flow theory gives
the total volume flow rate through the pore as:

R? |mPOW
Qv,conv = > nl

©)

For the hydrophobic pore wall, owing to the weak
liquid-pore wall interaction, the solidification of the
adsorbed layer is weak and the average density of the
adsorbed layer is nearly equal to the bulk density of the
liquid. Thus, the ratio of the total mass flow rate through the
pore of the multiscale flow to that calculated from the
classical hydrodynamic flow theory is:
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q
Tin = — (10)
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3.3 For the non-continuum nanoscale flow

For R/h,s < 1, the continuum liquid vanishes in the
pore and the flow in the pore is wholly non-continuum as
Fig. 1(c) shows. For this case, the total mass flow rate
through the pore is (Zhang 2017):

eff 4
— 7% 2 bf. 27" Op
Am = TP, ,UsR” + T ox (11)
bf, 2
where u; is the slipping velocity on the pore wall, pZ/]:.fZ

and 7}/, are respectively the average density and the

effective viscosity of the non-continuum film in the whole
pore, and S is the parameter accounting for the non-
continuum effect of the film.

Eg. (11) takes into account the variations of both the
local density and the local viscosity across the radius of the
nanopore as MDS revealed. It also incorporates the
non-continuum effect due to the discontinuity and
inhomogeneity across the nanopore radius by using the
parameter S (—1 < S < 0) (Zhang 20133, b, 2015a, 2016a).
The present non-continuum flow model well matches the
MDS results (Jiang and Zhang 2022, Zhang 2015a, b,
20164, b, c, 2018, 2019).

According to the interfacial limiting shear strength
model for the wall slippage, when the wall slippage occurs,
the pressure drop on the axial length of the pore is:

Tl
"~ O.R

DpP (12)
where 6, is the correction factor for the shear stress on the
pore wall owing to the non-continuum effect of the film.

The critical power loss on the whole pore for initiating
the wall slippage is:

75, TSR
POW,, = —(9—) A e7 (13)
Y

The ratio of the total mass flow rate through the pore to
that calculated from the classical hydrodynamic flow theory
is:

_ 4C,,021(DPOW)  Cy5S

T,
" TR?72l Cya

(14)

where C,, = nf,?;/n . Cy2= pZ}cg/p and DPOW =
POW — POW,,.

4. Calculation
The calculation was made for the water flow in the

carbon micro/nano tubes for widely varying values of R
covering the multiscale flow and the non-continuum

nanoscale flow. There is a quite weak interaction between
the water and the carbon wall. The carbon nanotube is
highly hydrophobic showing the very low friction behavior
to the water flow. The input parameter values were chosen
as follows:

D=0.28nm, n = 0.001Pa - s, t, = 0.02kPa, Ax/D =
A, ,/D =015 n=3, g, =101, | =1000nm

It was taken that Miei/Miine,iv1 = q0°. The value of
hyy was calculated to be 0.924nm.

The parameter C,, ; is expressed as (Zhang 2004):

0.0492 + 1.6447F — 4
Hbf Hﬁf

Cy1(Hpp) = 0.9507 + (15)

where Hy,r = hy¢/hey, and he, is the critical thickness for
characterizing the influence of the adsorbed layer thickness
on the effective viscosity of the adsorbed layer; here, &, =
1.4nm.

The parameter C,, , is expressed as (Zhang 2004):

D\ 0.0492 1.6447E—4
Cy2(R) = 0.9507 + 22222 4 22022 (16)

for 0.1<R < 1.0

where R =R/R.., and R, is the critical radius for
characterizing the influence of the pore radius on the
effective  viscosity and average density of the
non-continuum film in the whole pore (Meyer et al. 1998).
For R =R, C,, =1, and the effective viscosity of the
water film in the pore is equal to the water bulk viscosity.
Here, R, = 2h, = 2.8nm.
The other parameters are formulated as (Zhang 2004):

Cq2(R) = 1.116 — 0.328R + 0.253R? — 0.041R3,

_ an
for L1<R<1.0

S(R) = [~0.1 — 0.892(R — 0.1)70-084]-1,

h 18
for .L1<R<1.0 (18)

For R =R, C;, =1 and S = —1. For this case, the
average density of the water film in the pore is equal to the
water bulk density, and the non-continuum effect on the
Poiseuille flow of water vanishes and Eqg. (11) becomes
conventional if u, =0 (for the non-continuum effect,
-1<5<0).

5. Results

Figs. 2(a) and (b) show the values of the pressure drop
DPon the micro/nano tubes with the axial length [ =
1000nm for widely varying pore radius when the wall
slippage occurs and the flow in the pore is respectively
non-continuum nanoscale and multiscale. For the continuity
of DP, it was taken that 6, = 0.636. For the wall slippage
occurrence, the value of DP is significantly increased with
the reduction of R.

Figs. 3(a)-(c) show the critical power losses (POW,,.) on
the micro/nano tubes with the axial length [ = 1000nmfor
initiating the wall slippage for different pore radii (R) when
the flow in the pore is respectively non-continuum
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Fig. 2 Pressure drops on the micro/nano tubes with the
axial length I = 1000nmfor widely varying pore radius
when the wall slippage occurs. (a) In the non-continuum
nanoscale flow; (b) In the multiscale flow.

nanoscale and multiscale. The value of POW,, is rapidly
reduced with the reduction of R; for R < 0.9nm, the value
of POW,, is no more than 2.0E-19Watt. These mean that
in the carbon nanotube with the diameter no more than
1.8nm the wall slippage very easily occurs just with a very
tiny power driving the water flow. This well correlates with
the experimental observations of the water flow through the
carbon nanotube with the diameter below 2nm by Holt et al.
(2006) and Qin et al. (2011) which were attributed to the
great wall slippage. Majumder et al. (2005) also noticed the
significant wall slippage for the water flow through the
carbon nanotube with the diameter below 7nm.

Figs. 4(a)-(c) show the calculated values of the ratio 7,
of the mass flow rate through the pore in the condition of
the wall slippage or no wall slippage to that calculated from
the classical macroscopic flow theory. For no wall slippage
(DPOW = 0), the water flow rate through the pore in the
multiscale flow regime (for R > 1nm) can be calculated
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Fig. 3 Critical power loss on the micro/nano tubes with
the axial length [ = 1000nm for initiating the wall
slippage, as function of the pore radius R. (a) In the non-
continuum nanoscale flow; (b), (c) In the multiscale flow

from the classical macroscopic hydrodynamic flow theory
since n,, is very close to unity; however in the non-
continuum nanoscale flow regime, the water flow rate
through the pore is considerably smaller than the classical
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Fig. 4 Ratio of the mass flow rate through the pore in the
condition of the wall slippage or no wall slippage to that
calculated from the classical macroscopic flow theory.
(@), (b) In the non-continuum nanoscale flow; (c) In the
multiscale flow

macroscopic hydrodynamic flow theory calculation when
R < 0.5nm, this is due to the pronounced non-continuum
effect of the water film, which significantly impedes the
Poiseuille flow (zZhang 2017). When the wall slippage
occurs (i.e., DPOW > 0), for the pore diameter below
1.8nm i.e. the non-continuum nanoscale flow, the values of
1, cover the range from 10! to 10'° when DPOW is
increased from 1.0E-18Watt to 1.0E-10Watt. These water
flow enhancements cover the water flow enhancement
ranges found in the experiments by Holt et al. (2006) and
Qin et al. (2011) for the carbon nanotubes with the
diameters below 2.0nm. There are the discrepancies
between the experimental results of the water flow
enhancements respectively obtained by Holt et al. (2006)
and Qin et al. (2011). Consequently, there have been the
disputes about these discrepancies, some of which ascribed
to the entry and exit pressure losses (Walther et al. 2013)
while others ascribed to different slip lengths (Kannam et
al. 2013). However, even for the long carbon nanotubes,
where the influence of the entry and exit pressure losses
should be negligible, there are still the discrepancies
between the experimental results of Holt et al. (2006) and
Qin et al. (2011). The present calculation results apparently
indicate that the water flow enhancement in the carbon
nanotube is severely dependent on the power loss on the
whole nanotube which drives the water flow. A different
power loss gives quite a different water flow enhancement
factor. This finding was omitted by all the previous
researches (Holt et al. 2006, Kannam et al. 2013, Qin et al.
2011, Walther et al. 2013). The present results also strongly
indicate that smaller the nanopore diameter, easier the wall
slippage, and greater the water flow enhancement. These
results agree with the experiments (Holt et al. 2006, Qin et
al. 2011, Secchi et al. 2016). It is shown that even a very
tiny power loss (1.0E-14Watt~1.0E-10Watt) on the whole
carbon nanotube with the diameter below 1.8nm generates
the wall slippage which results in the huge water flow
enhancement (with the orders 5 to 9).

Fig. 4 (c) shows that for a given DPOW, when the pore
radius is increased from 1nm to 1000nm, the value of 7,
(i.e. the water flow enhancement factor) is reduced by two
orders. This shows the great influence of the pore diameter
on the water flow enhancement in carbon nanotubes, fairly
agreeing with the experiments (Holt et al. 2006, Qin et al.
2011, Secchi et al. 2016). Even for R = 1000nm, the
water flow enhancement is by two orders for DPOW
=1.0E-9Watt. These show the fact of the very easy
occurrence of the water film slippage in carbon micro/nano
tubes which largely contributes to the water flow
enhancement.

Table 1 shows the values of the water flow enhancement
factors in carbon nanopores with different diameters
experimentally or analytically obtained by different
research groups. The experimental results from different
researchers are quite divergent even for the same diameter
ranges. The recognition of such a divergence is still not
reconciled with a lot of explanations. The present
calculation results cover all the experimental results,
strongly indicating the heavy dependence of the flow
enhancement factor on the power loss on the whole
nanopore for driving the water flow.
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Table 1 Water flow enhancement factors in carbon
nanopores obtained by experiments or calculations

_Nanopore Flow enhancement factor
diameter (nm)
300-500 ~ 1 (Exp. by Ray et al. (2009))
44 22 (Exp. by Whitby et al. (2008))
7 44000-77000 (Exp. by Majumder et al. (2005))
165 ~500
~100
5-10 1-10
>10 (MDS by Thomas et al. (2010))
50-430 (Exp. by Thomas and
1.66-4.99 McGaughey (2009))
1.3-2.0 560-8400(Exp. by Holt et al. (2006))
430-6500 (Exp. by Thomas and
0.81-1.66 McGaughey (2009))
0.81-1.59 51-882(Exp. by Qin et al. (2011))
0.6-18 10-10° (dependent on the value of DPOW)
2 0-2000 1-10* (dependent on the value of DPOW)

(Present calculation)

6. Conclusions

The ratio of the mass flow rate through the micro/nano
cylindrical pores with different radii to that calculated from
the classical macroscopic hydrodynamic flow theory is
calculated when the wall slippage occurs or not. The non-
continuum nanoscale flow equation or the multiscale flow
equation were used when the pore diameter was varied so
that the flow regime in the pore was changed. The
calculation was made specifically for the water flow in the
carbon micro/nano tubes with widely varying inner
diameters. The obtained water flow enhancement factors in
the carbon nanotubes cover the range of the experimental
measurements and strongly indicate the contribution of the
wall slippage to the ultra fast water flow in carbon
nanotubes. The results are of significant interest to the water
filtration by using micro/nano porous membranes. The
important conclusions are drawn as follows:

« For no wall slippage, the water mass flow rate through
the carbon micro/nano tubes with the diameters over 1.0nm
can be calculated from the classical macroscopic
hydrodynamic flow theory; For the pore diameter below
1.0nm, the water mass flow rate through the pore is
considerably smaller than the classical macroscopic
hydrodynamic flow theory calculation owing to the
non-continuum effect of the water film.

» The wall slippage easily occurs when water flows
through the carbon micro/nano tubes even with the diameter
on the scales of 1 “um” or 10 “wm”. Smaller the pore
diameter, lower the critical power loss on the whole pore
for initiating the wall slippage, and easier the wall slippage.
For the pore diameter on the 1nm scale, even a very tiny
power loss on the whole pore such as on the scale of
1.0E-18Watt can generate the significant wall slippage,
which results in the water flow enhancement by 1~2 orders.

» The water flow enhancement in carbon micro/nano
tubes due to the wall slippage not only strongly depends on
the pore diameter but also severely depends on the power
loss on the whole pore for driving the flow.
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