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Abstract. In this paper we develop a fully anisotropic pressure and temperature dependent model to
investigate the effect of the microstructure on the shock response of β-HMX molecular single and
polycrystals. This micromechanics-based model can account for crystal orientation as well as
crystallographic twinning and slip during deformation and has been calibrated using existing gas gun data.
We observe that due to the high degree of anisotropy of these polycrystals, certain orientations are more
favorable for plastic deformation – and therefore defect and dislocation generation – than others. Loading
along these directions results in highly localized deformation and temperature fields. This observation
confirms that most of the temperature rise during high rates of loading is due to plastic deformation or
dislocation pile up at microscale and not due to volumetric changes. 
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1. Introduction

While significant advances have been made in understanding the chemistry of detonation processes

of polymer-bonded explosive (PBX) materials, the modeling of the thermo-mechanics of such

materials has been thwarted by a lack of appropriate computational tools which link disparate length

scales from the microstructural level to the system level. PBXs are composed of a very high volume

fraction of explosive crystals with a wide range of sizes bonded together by a rather weak polymer

matrix (Baer et al. 2007). It is well know that the heterogeneity of the microstructure has a profound

effect on the bulk material response of PBXs. Hot spots result from energy accumulation in localized

regions raising the local temperature of the explosive to the ignition point (Dick et al. 2004).

Microstructural damage is known to facilitate detonation at relatively low velocity impacts. Hence

continuum mechanics-based techniques such as Lagrangian finite element methods or Eulerian

hydrocodes which use constitutive relations that do not account for the microstructure have

questionable reliability beyond their range of calibration. Molecular dynamic (MD) and ab initio

quantum mechanical models are excellent for predicting reaction rates and mechanisms using small

sample sizes but are computationally expensive and, even with the current advances in computational
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power, it is not possible to predict the mechanical response of systems of practical size in realistic

time. For example, state-of-the-art MD simulations are restricted to about 109 atoms for a few

nanoseconds and computational quantum mechanical tools are restricted to a much smaller system

of about 100-1000 atoms. 

Previous investigations have shown that molecular crystals such as energetic molecular crystals

are rather brittle with a low range of plastic deformations (Hooks et al. 2006). However, the small

amount of plastic deformation may significantly affect material response. For example, in energetic

materials, the anisotropic plastic behavior and the amount of plastic deformation in the molecular

crystalline part of the microstructure have significant effects on the performance of heterogeneous

explosive materials and solid propellants (Bowden et al. 1952). It has been observed that in

energetic molecular crystals, plastic flow permanently deforms and distorts both lattice and

molecular structure at all levels of deformation. The deformation is often localized in shear bands

within the crystal at higher rates of deformation. These pile up of defects and dislocations may lead

to a localized temperature increase which itself may generate hot spots necessary for detonation in

such materials (Walley et al. 2006). 

In previous works, the crystalline part of the microstructure has been modeled using relatively

simple phenomenological equations (Baer et al. 2007). However, the plastic yielding in energetic

crystals such as β-HMX is highly anisotropic and orientation dependent and use of such

phenomenological constitutive equations is not adequate. A model based on anisotropic crystal

plasticity also has been developed to model shock response of β-HMX (Barton et al. 2009).

Although this model accounts for anisotropy, several assumptions have been made to simplify the

thermomechanics of the model. 

To alleviate these problems multiscale computational tools that link various length and time scales

are necessary. Such techniques allow the prediction of bulk material response based on

microstructural information (Zhang et al. 2008, Matou and Maniatty 2009) . Previously developed

multiscale methods either assume linear elastic properties of the binder and particles (Macri et al.

2006) or simplified phenomenological models (Baer et al. 2007). However, experimental evidence

indicates that nonlinear constitutive properties of the polymer binder, anisotropic plasticity of the

energetic crystals together with decohesion of the particle-matrix interface must be considered for

accurate prediction of hotspot formation (Macri et al. 2006, Rae et al. 2006).

As a first step towards achieving this goal, in section 2 of this paper we focus on development of

an efficient pressure and temperature dependent micromechanical model based on a single crystal

yield function to predict the complex anisotropic elastoplastic response of energetic molecular

crystals of β-HMX under shock loading. This model can account for crystal orientation as well as

crystallographic twinning and slip during deformation. A crystal hardening model is used to take

into account the effects of temperature and pressure on the critical resolved shear stress of different

slip and twin systems. In our formulation the pressure-volume-energy relation, known as the

equation of state (EOS), is coupled with the crystal level model to account for pressure and volume

changes at high rates of loadings. The model is calibrated using existing gas gun shot experimental

data for β-HMX. It is then used to simulate the shock and impact response of β-HMX single

crystals along different crystallographic directions. In the next step, a multiscale approach is used in

section 3 to model the effect of the microstructure on the overall performance of the polycrystalline

HMX under high loading rate. Choice of material properties is in section 4 followed by some

numerical results in section 5. Although our focus is on β-HMX in this paper, this model can be

applied to other energetic molecular crystals. 
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2. A micromechanical model of β-HMX single crystals 

Octahydro-1,3,5,7-tetranitro-1,3,5,7-tetrazocine (HMX) is a molecular polycrystal which is

extensively used as explosives and rocket propellants. HMX exhibits three pure crystal polymorphs

at ambient pressure, which can be ranked in terms of their stability with increasing temperature as

β-, α-, and γ- HMX (Palmer et al. 1982). The most stable polymorph of HMX is β-HMX at room

temperature and pressure. The crystal structure of β-phases of HMX is monoclinic (P21 /c or,

equivalently, P21 /n space group, Z = 2 molecules per unit cell, symmetry axis = b; 13 independent

elastic coefficients). The crystallographic constants for the unit cell of this primitive monoclinic

structure are 0.654 nm, 1.105 nm, and 0.736 nm for a, b, and c, respectively with the monoclinic

angle of 102.66o. 

At high rates of loading the deformation is a function of the temperature (T) and pressure (P). The

deviatoric ( ) and volumetric ( ) components of the stress (σ) in the deformed but unrotated

crystal coordinate may be represented by

(1)

(2)

where  is pressure given by the equation of state (see section 2.3 below),  is the deviatoric

part of the Grüneisen tensor,  is the change in entropy, C is the elastic tensor,  the deviatoric

elastic part of the logarithmic strain tensor, =  is the volumetric part of the strain, and  is a

fourth rank tensor defined as . 

Previous investigations have shown both slip and twin are responsible for plastic deformation of

β-HMX (Dick et al. 2004, Palmer et al. 1982). To model this type of deformation, let us consider

an orthogonal coordinate system for a unit cell of β-HMX crystal as shown in Fig. 1. Any slip/twin

system (α) in the crystal can be defined by a unit vector normal to the slip plane (mα) and a unit

vector along the slip direction (sα). The resolved shear stress on slip system is

 (3)

where σ is the Cauchy stress tensor and  is a matrix defining the orientation of the slip system α

with respect to the crystal coordinate system 

(4)

We define the following yield function for any slip system α
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where  is the critical shear stress on the slip plane. The number of yield functions in a crystal

depends on the number of slip/twin systems present in the crystal. To describe the overall yield

criterion for a single crystal, we define the following “combined constraints yield function” (Zamiri

and Pourboghrat 2010)

(6)

where m and  are material parameters which control the shape of the single crystal yield surface.

For most materials m = 1 and  is obtained using the stacking fault energy of the material or

experimental data. A value of  was used for β-HMX (Zamiri and De 2010). N is the total

number of slip/twin systems in the crystal. 

2.1 Hardening model

We assume that the critical resolved shear stress ( ) for both slip and twin can be modeled as

the following rate sensitive power law hardening form as (Becker 2004)

 

 (7)

where µ is the elastic shear modulus, , ,  and λ are materials parameters,  is initial

critical resolved shear stress, and  is the total accumulated shear strain on all slip systems

 (8)
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Fig. 1 A monoclinic crystal structure with a slip/twin system
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(9) 

where e is the specific internal energy, the index s denotes the initial value,  is the specific heat

at constant volume, and V is the specific volume (cm3/gr). 

The first term in Eq. (9) is related to the volume change and the second term denotes the

dissipative heat which is mostly due to the plastic deformation. Here we assume that the change in

the internal energy is equal to the plastic work.

2.3 Equation of state

An equation of state (EOS) is used to compute pressure due to pure volume change in the

material. For β-HMX, we use the EOS proposed by Yoo and Cynn [Yoo et al. 1999] by fitting their

data to a third-order Brich-Murnaghan equation of state

(10)

where  and  are bulk modulus and the derivative of the bulk modulus at initial temperature

, respectively. 

3. Multiscale modeling of polycrystalline β-HMX

Unlike linear analysis, in nonlinear multiscale modeling the constitutive behavior at the macro-

scale may not be assumed a priori. Some of the existing multiscale strategies that are applicable to

nonlinear analysis either assume a priori macroscale material models or perform ad hock macro-

micro couplings (Mang et al. 2009). Most of such multiscale techniques are computationally very

expensive, especially for materials with complex microstructures like particulate composites (for

more information see Matou and Maniatty 2009, Wang and Fang 2010, Kaczmarek 2010) Hence, in

this paper we have used a Taylor type homogenization approach which has been successfully

applied to other polycrystalline systems (Taylor 1983).

The key feature of this strategy is that no constitutive assumptions are made at the macroscale and

the stress-strain relationship is developed at each integration point on the fly. In a previous work we

have demonstrated that the yield function of β-HMX is highly anisotropic and it is not possible to

develop a closed-form constitutive model (Zamiri and De 2010). The material is highly elastic along

certain orientations, while along others it is elasto-plastic. Hence, it is necessary to use an equation-

free multiscale strategy.

In our multiscale approach we consider three scales (Fig. 2): a microscopic scale that represents

single crystals of the energetic materials at length scales of the order of nm-ìm, a meso-scale which

represents the polycrystal (µm-mm) and the continuum level (mm) which represents the

macroscopic sample under loading. The overall response of the polycrystal is then simulated within

the multiscale framework for complex nonlinear loading paths including shock response.

In the Taylor type homogenization approach, each grain of the polycrystal aggregate undergoes

homogeneous deformation and deformation rate. Therefore, the velocity gradients in all grains are
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the same and equal to the overall velocity gradient. The velocity gradient (L) in the material

coordinate system can be decomposed into a rate of deformation (D) and a spin tensor (W) as

  (11)

According to the Taylor model, W would have to be the same for all grains and equal to the

global W. However, it must be mentioned that the elastic part of the spin (We) and the plastic part

(WP) are different for different grains. 

The volume average of a local tensorial quantity  is defined as

 (12)

The macro-scale stress tensor in a polycrystalline material may be expressed as

 (13)

where  is the stress in the grain ‘c’. Assuming that  is constant over the grain and all

grains have the same volume (Vc), Eq. (13) can be rewritten as

 (14)

where M is the number of grains. Eq. (14) is then used in an explicit algorithm to calculate the

macro stress tensor from the crystal stress tensors.
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multiscale simulations are: , , ,
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5. Simulation results

5.1 Computational models

The model presented in the previous section was implemented into Abaqus finite element code

(Simulia, Providence, RI) as VUMAT and used to simulate the shock response of β-HMX single

crystals along different crystallographic directions as well as a polycrystalline configuration. The

single crystal model of dimension  was discretized using 8000 brick

elements and loaded along the [110] and [010] crystallographic directions. The four faces of the

model normal to loading direction were constrained. A time varying pressure load was ramped from

zero to 2 GPa in 0.01 µs and applied to one of the faces normal to the x-direction while the

opposite face was maintained traction-free. 

To further investigate the effects of the crystal misorientation on the shock response and

temperature distribution, a polycrystalline unit cell ( ) composed of 35

grains was developed (Fig. 3). The boundary conditions were the same as mentioned above except

for the pressure which was ramped up to 2GPa in 0.01ns. 

Fig. 4 shows the yield function corresponding to the different crystallographic orientations clearly

underscoring the anisotropic nature of the plastic response. Fig. 5 shows the dynamic response of a

β-HMX single crystal. The shock response is quite different along the [110] and [010]

crystallographic directions. The same behavior has been observed in gas gun experiments on β-

HMX (Dick et al. 2004). Based on such experiments, loading along [010] direction does not lead to

a significant plastic deformation in the crystal while much more plastic deformation is observed for

loading along [110] direction of the crystal. The slip and twin systems can not get activated easily

10mm 10mm× 10mm×

40µm 40µm× 40µm×

Table1 Elastic constants for β-HMX (GPa)

C11 C12 C13 C15 C22 C23 C25 C33 C35 C44 C46 C55 C66

22.2 19.6 213.2 -0.1 23.9 13.0 4.7 23.4 1.6 9.2 2.5 11.1 10.1

Fig. 3 the polycrystalline unit cell used in these simulations. The size of the unit cell is 40 µm ×

40 µm × 40 µm and contains 35 grains
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for the crystal loaded along [010] crystallographic direction. Such anisotropic elastic-plastic

deformation behavior is responsible for anisotropic shock response of β-HMX molecular crystals. 

Based on previous analysis (Zamiri and De 2010), for our polycrystalline model (Fig. 3), we

choose the orientation of the grains in the interior of the model in such a way that some grains have

a high propensity for plastic deformation while others remain more elastic. Fig. 6(a) shows the

contour of the Mises stress after shock loading of the polycrystalline unit cell. The response is

anisotropic which is due to the presence of the different orientations. Fig. 6(b) shows the

temperature distribution which is also completely anisotropic. The temperature increase is rather

high in most parts of the crystals with [100] and [001] orientations along the loading direction.

These orientations are very soft and show significant plastic deformation at high rates of loading.

Fig. 6(c) shows the distribution of the total accumulated slip , which is a measure of the plastic

deformation and dislocation density, in all grains. Crystals with [100] and [001] orientations (having

their a or c crystal axis along the loading direction) exhibit highest plastic deformations which

explains the higher temperature in these grains. 

Grains with their [010] orientation with respect to the loading direction have been reported to

γ

Fig. 4 The yield surfaces for 3 different orientations of (001)[100], (011)[100], and (111)[110] in β-HMX
single crystal

Fig. 5 The normal stress (σxx) in a β-HMX single crystal for loading along: (a) [010] and (b) [110] directions
at 2.5 × 10−6 s
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Fig. 6 The results of the simulation of shock loading on β-HMX microstructure: (a) mises stress (MPa), (b)
temperature (K) distribution and (c) distribution of accumulated slip after the shock has passed through
the grains 
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remain mostly elastic during the deformation (Dick et al. 2004, Zamiri and De 2010). Therefore, the

temperature rise in these grains is mostly due to the pure pressure induced volume changes.

Previous experiments have appeared that the temperature increase due to volume change can hardly

go beyond 100K while a temperature increase of at least 200K is necessary for detonation initiation

in β-HMX polycrystals (Menikoff et al. 2002). Our simulations show that this increase in

temperature can be obtained through plastic deformation in the grains with soft orientations. 

Further study of the Fig. 6(b) shows that although both [101] and [010] are almost hard

orientations but due to the misorientation of these grains with the adjacent grains a localized plastic

deformation might occur in some small regions of the grain which might lead to a local temperature

increase in these grains.

5.2 Multiscale polycrystalline model 

 

The multiscale model presented in the previous section was used to simulate the shock response

of β-HMX polycrystals with different textures. A computational model with dimension of

 was discretized using 8000 brick elements and loaded along the X-axis at

high rates of loadings. The four faces of the model normal to loading direction were constrained. A

time varying pressure load was ramped from zero to 2 GPa in 0.01 µs and applied to one of the

faces normal to the X-direction while the opposite face was maintained traction-free. In the first set

of simulations, at any integration point of the model, we used a texture which consisted of random

orientations in terms of propensity for plastic and elastic deformations with respect to the loading

direction. Fig. 7 shows the (001) polefigure for such texture. We considered the following three

simulation scenarios with textures chosen based on the so-called “deformation distribution maps” of

β-HMX presented in (Zamiri and De 2010): 

Case 1: A texture with 100 randomly oriented grains was considered at each macroscale

integration point. 

Case 2: A texture with 5 grains with highly plastic orientations of (001)[100], (010)[100],

(010)[101], (010)[001], and (110)[001] were assumed at each integration point with

their [uvw] directions along the loading direction (X-axis). 

Case 3: A texture with 5 grains with low plastic orientations of (001)[010], (001)[010],

10mm 10mm× 10mm×

Fig. 7 (001) polefigure of β-HMX polycrystal used in these simulations
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(101)[010], (011)[211], and (001)[010] were assumed at each integration point with

their [uvw] directions along the loading direction (X-axis). 

Fig. 8 Simulation results for the case having 100 random texture at each integration point: (a) temperature
distribution (K), (b) average accumulated slip (γ), and (c) pressure distribution (MPa)
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Fig. 8(a) shows the results of the temperature distribution Case 1. There is only 50K increase in

temperature with no localization. Fig. 8(b) shows the accumulated slip which is a measure of the

Fig. 9 Results of multiscale simulation for case 2 in which there is a texture with 5 grains with highly plastic
orientations at each integration point: (a) temperature distribution (K), (b) average accumulated slip (γ),
and (c) pressure distribution (MPa)



Multiscale modeling of the anisotropic shock response of β-HMX molecular polycrystals 151

dislocations density and plastic deformation. As can be seen the accumulated slip is very small in

this case. Fig. 8(c) shows the hydrostatic pressure distribution. The temperature is maximum where

the hydrostatic pressure is maximum. Since the temperature rise at high rate of loading is related to

Fig. 10 Results of multiscale simulation for case 3 in which at each integration point there are 5 grains with
low plastic deformation propensity: (a) temperature distribution (K), (b) average accumulated slip (γ),
and (c) pressure distribution (MPa)
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both the plastic work and volume change, most of the temperature increase in this case is due to the

volume change. 

Fig. 9 shows the results for Case 2. Fig. 9(a) shows a large localized temperature raise. Fig. 9(b)

and 9(c) show the accumulated slip and hydrostatic pressure distributions. The accumulated slip is

much higher compared to the case 1 and is more intense in the region with high temperature raise.

The pressure is also maximum in this region.

Finally, the simulation results for case 3 are presented in Fig. 10. It is observed that the plastic

work is very small and therefore, most of the temperature rise is due to the volume change which is

not very high. 

From these three cases, it may be concluded that plastic deformation, and not volume change, is

the major determinant of the very high local temperature increase during high rates of loading.

6. Conclusions

We have developed a thermo-micromechanical model to predict the effect of the micro structure

on overall shock response and local temperature rise in β-HMX. This is, of course, one of the major

factors in hot spot initiation. It is clear that crystal orientation has an important influence on

localized temperature increase during the high rate of loadings. There are certain orientations, such

as [100] for the uniaxial loading case, which are more amenable to plastic deformation and result in

high local temperatures. However, other orientations such as [010] for the uniaxial loading case are

rather brittle and do not have a significant contribution to the temperature increase. 

A random texture or a texture contacting less deformable orientations leads to a lower temperature

raise at the macroscale while a highly deformable texture shows significant plastic deformation

which in turn results in a higher localized temperature rise. The temperature rises at microscale is

much higher compared to those at macroscale which is related to the heterogeneity due to the

presence of grains with different orientations at microstructural level. 

These results have important implications in our understanding of the physics of hot spot initiation

in heterogeneous explosives. Since hot spot initiation is a function of multiple variables (Bourne et

al. 2003, Walley et al. 2006), it is important to consider damage of the crystals as a result of

loading, which is left as future work. In this work, we have not studied the influence of unit cell

size on the predicted response, which could be a valuable contribution if data regarding crystal

orientation was available from experimentally determined pole figures. 
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