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Theoretical resistance in cylindrical electrodes with conical tip
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Abstract. The electrical resistivity method is a well-known geophysical method for observing underground conditions, (such as
anomalies) and the properties of soil and rock (such as porosity, saturation, and pore fluid characteristics). The shape of
electrodes used in an electrical resistivity survey depends on the purpose of the survey and installation conditions. Most
electrodes for field applications are cylindrical for sufficient contact with the ground, while some are conically sharpened at their
tips for convenient penetration. Previous study only derived theoretical equations for rod-shaped electrodes with spherical tips.
In this study, the theoretical resistance for two cylindrical electrodes with conical tips is derived and verified experimentally. The
influence of the penetration depth and tip on the measurement is also discussed.
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1. Introduction

The electrical resistivity method has been commonly
utilized 1) to evaluate ground properties such as porosity,
degree of saturation and pore fluid chemistry, 2) to estimate
migration of fluid such as moisture and cement grout and 3)
to predict anomalies (Wenner 1912, Tagg 1964, Telford et
al. 1990, Byun et al. 2019, Lee et al. 2021, Lei et al. 2021,
Jo et al. 2019, Lee et al. 2019, Lee et al. 2020). The number
of electrodes and arrangement of the potential and current
electrodes vary with the purpose of the electrical resistivity
survey while the electrode shapes are changed according to
measurement conditions. Flat electrodes are specifically
utilized in case of paved surface, however, cylindrical
electrodes are adopted to obtain sufficient contact area with
medium to minimize the grounding resistance in general
(Moussa et al. 1977, Athanasiou et al. 2007, Ruicker et al.
2006). The tip of the electrodes are usually sharpened to
penetrate conveniently (Cho et al. 2004). The theoretical
electrical resistance between two cylindrical electrodes was
obtained from our previous research (Hong et al. 2019).
However, the widely utilized sharpened tip is not taken into
account for derivation of theoretical resistance between two
rod-shaped electrodes. In this study, electrical resistance is
theoretically derived for cylindrical electrodes with conical
tips to reflect precise test conditions. Experimental tests are
conducted to verify the theoretical equation and compare
the obtained data with that of cylindrical electrodes with a
spherical tip.
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2. Theoretical background

2.1 Electrical resistance
electrodes with spherical tips

from two cylindrical

The electrical resistance of the two electrodes (R) can be
derived from the difference in potential between two
oppositely polarized electrodes (V: potential of the
positively polarized electrode, V-: potential of the negatively
polarized electrode, I: current flow between the two
electrodes, Eq. (1)).

R=""5 (1)
The potential of an electrode can be obtained from the
equipotential surface area A(x) of the electrodes (Eq. (2)).
— [PL
V=] 2 dx 2)
The equipotential surface area is expressed as the
shortest distance from the electrode surface to an arbitrary
point (x). The equipotential surface area of a single
cylindrical electrode with a spherical tip is (Fig. 1)

A(x) =2n(r + x)l + 21 (r + x)?
Half sphere

)

cylinder side

The electric potentials of two cylindrical electrodes with
spherical tips can be derived using the following equation

_ v _ (L2 _pl _ ol n
h=-V= fo As(x) dx = 2ml [ln (1 + r)

In(1+-2) “)

V1 is the potential of the positively charged electrode, V>
is the potential of the negatively charged electrode, p is the
electrical resistivity of the target media, / is the electric
current flowing between the two electrodes, L is the
distance between the two electrodes.

The electrical resistance of two rod-shaped electrodes
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Fig. 1 Definitions of the terms and shape of equipotential surface between two cylindrical electrodes with spherical

tip (Modified from Hong et al. 2019)

2r

Fig. 2 Definitions of the symbols and equipotential surface shape between two cylindrical electrodes with conical tip

with spherical tips (Ry) is

f=tt s ) miet)] o

where p is the electrical resistivity of the medium, / is
the penetration depth of the electrodes into the medium, 7 is
the electrode radius, and L is the distance between the two
electrodes.

2.2 Electrical resistance
electrodes with conical tips

from two cylindrical

The equipotential surface area of rod electrodes with
conical tip, A.(x) is composed of cylinder perimeter, part of
outer torus, truncated cone, and part of sphere as shown in
Fig. 2. The detailed derivation of the equipotential surface
area is explained in Appendix A.

A.(x) = 2nx? + 2n(h + rtan™*(r/h) + Dx + 6
nr(VRZ 72 + 21) ©)

The electric potentials obtained from two electrodes with
conical tip are evaluated as the following equations.

L-2r pl pl C1
Vo=V, = dx = [ln— -
3 +=J, Ac(x) -l ¢
L—2r+C1]
L—21+C;
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h+r tan_l(%)+l+\/(h+r tan—l(%)+l)2—2r(\/ h2+r2+21)

2

G
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where V3 and V; are the potential from positive and negative
polarity electrodes, C; and C, are constants.
Then, the electrical resistance from two cylindrical

electrodes with conical tips is

In

®)

_ p [ Cp L—2r+C2]
¢ nc,—cpl ey L—2r+Cq

2.3 Electrical resistance from two conical tip
cylindrical electrodes near the non-conductive boundary

Electrical resistance increases near a non-conductive
boundary (Park et al. 2017). The boundary effect can be
explained by using ‘method of image’ to force potential
variation on the boundary zero by placing imaginary
electrodes on the opposite side of the boundary as Fig. 3
(Hong et al. 2019). The electric potential of cylindrical
electrodes with conical tips in an equivalent system is

— Cy

L-27r+C; 1
In2—In—32

Cq L—-27+C,

-
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Fig. 3 Equivalent system with imaginary electrodes (Hong et al. 2019)
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Fig. 4 Test setup: measurement equipment, container and electrodes

where W, is the width of the container in the moving
direction of the electrodes.

The electrical resistance from two cylindrical electrodes
with conical tips is

R _ Vs—Ve _ p In C, L—27+C,

c—boundary — 1 T nc,_c)) ¢ L—2r+C;

-

Effect of two real electrodes
(11)

W—-L-2r+C W+L-2r+C W-2r+C:
In 2 +ln 2 _2In 2
W—-L-2r+C; WHL=-2r+C; W=2r+C;

Effect of boundaries

3. Experimental tests and results

Experimental tests are conducted to verify the derived
theoretical equation. Saline water, prepared by adding 0.4 g

NaCl (0.001 moles/liter) to distilled water, is employed to
constantly maintain electrical resistivity. The electrical
resistivity of the saline water, measured using a
pH/conductivity meter (Mettler Toledo S213), is 1,454 Qm.
Fig. 4 presents the test setup for the electrical resistance
measurement using an LCR meter (Agilent HP 4263 B).
The water container (0.275x0.215x0.13 m®) is made of non-
conductive acrylic. The cylindrical electrodes are made of
stainless steel (SUS303) to avoid corrosion and, rubber
rings are used to manage the penetration depth of the
electrodes. The electrodes measured 4 mm in radius (r), 50
mm in penetration depth (I), and 4 mm in conical tip height
(h). An electric signal of 1 V and 1 kHz is induced to avoid
the polarization effect (Glover et al. 2002, McCarter et al.
2009). The electrical resistance is obtained by changing the
depth of penetration (I) and distance between the two rod-
shaped electrodes (L). The test cases are listed in Table 1.
The electrical resistance is depicted along the distance
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Fig. 5 Electrical resistance of different distance and depth: (a) /=0, (b) I/r =1, (c) I/r =2, and (d) //r =4. Radius () and tip
height (/) are fixed as 0.004 m. and penetration depth (/) varies from 0 to 0.016 m

Table 1 Experimental test cases

Electrical resistivity, Penetration depth, Distance between two
p [Qm] | [mm] electrodes, L [m]
0.015
0.045
0.085
0.125
0.165
0.205
0.245

1,454

=
5o

between the two rod-shaped electrodes with conical tips
(Fig. 5). Longer distance between two electrodes produces
higher electrical resistance in all cases. Particularly, deeply
penetrated electrodes offer a lower measured resistance
because of their higher contact area. Overall, the distance
between the two electrodes, the penetration depth, and the
theoretical resistance from Eg. (11) offer a strong
expectation of experimental resistance.

4. Discussion

4.1 Electrical resistance between spherical and
conical tip electrodes

The electrical resistance between the two rod-shaped
electrodes with conical tips is compared to the electrical
resistance between the two cylindrical electrodes with
spherical tips. It can be assumed that two cylindrical
electrodes with conical tips can be treated as cylindrical
electrodes with spherical tips at certain depths. To compare
the two theoretical equations in the parametrical, we

1
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Fig. 6 Effect of penetration depth on the electrical resistance
of spherical and conical tip cylindrical electrodes. Distacne
between two electrodes is fixed as 0.085 m

assumed that two pairs of cylindrical electrodes, one with a
conical tip (h=4 mm) and the other with a spherical tip (r=4
mm) are separated by a distance of 0.085 m (Fig. 6). The
electrical resistances of the two pairs of electrodes are
normalized and plotted as the ratio between the penetration
depth and radius of the electrodes. When only tips were
penetrated (I/r=0), the electrical resistance of the conical tip
electrodes and spherical tip electrodes differed by
approximately 15%. As the electrodes penetrate more, the
normalized electrical resistance tends to become unity. If
we allow a 2% difference (RJ/R; > 0.98), we can treat the
cylindrical electrodes with conical tips as electrodes with
spherical tips when I/r is greater than 9.

4.2 Effect of tip on electrical resistance measurement
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Fig. 7 Effect of tip on the measured electrical resistance.
Distacne between two electrodes is fixed as 0.085 m

The current flow between two cylindrical electrodes can
be treated as 2-dimensional when the penetration of the
electrodes is sufficiently deep (Jaschinsky et al. 2008). The
influence of the tip on the electrical resistance is analyzed
by comparing the theoretical resistances between two pairs
of cylindrical electrodes with and without a tip. We can
simply calculate the equipotential surface area without the
tip as n(r+x)l and the electric potential of the cylindrical
electrodes without the tip are as follows

V=—Vo= [T L _dx=Lm(2E) (12)

0 2m(r+x)1 T 2ml r

where V7 and Vg are the potentials from the positively and
negatively charged electrodes, respectively.

The electrical resistance between two rod-shaped
electrodes without tip (Rsige) iS

Rgige = nﬂl]n (Lr_r) (13)

Note that cylindrical electrodes with conical tips can be
treated as spherical tips when I/r exceeds 9 within a 2%
error. Cylindrical electrodes with spherical tips can be a
representative tip shape. The normalized electrical
resistance (Rs/Rside) 1S

Ry _ wlin(ir)-in(+g)]

L-1
Rside %ln(T)

)

(%)

It is clear that when | approaches infinity, Rs becomes
Rside. It is assumed that the electrode radius and arrangement
are identical to those in the previous section, and only the
penetration depth is varied in the parametric study (Fig. 7).
When I/r is 10, representing the cylindrical electrodes with
spherical and conical tips as identical, the electrical
resistance between the cylindrical electrodes with spherical
tips and without a tip shows a significant gap of
approximately 0.35 (35% error). Even at a very deep
penetration depth (l/r=100), the electrical resistance
between the two cylindrical electrodes with spherical tips
and without a tip still had a difference of more than 5%.
This implies that even though cylindrical electrodes with
conical tips can be treated as cylindrical electrodes with
spherical tips, the tip should be considered to evaluate the

(14)

theoretical equation of the cylindrical electrodes in deeply
penetrated conditions. Note that similar trend is observed
with conical tip because higher I/r deletes the tip shape
effect.

5. Conclusions

The theoretical electrical resistance between two
cylindrical electrodes with conical tip is derived.
Experimental tests are conducted to verify the theoretical
equations. Our findings can be summarized as follows.

* The theoretical electrical resistance between two
cylindrically shaped electrodes with conical tip is
represented with the radius (), penetration depth (/) and
tip height (%) of the electrodes and the distance between
two electrodes (L). Higher electrical resistance is
produced with longer distance between two electrodes,
smaller electrode radius and tip height, and shallower
penetration depth.

* The theoretical electrical resistance between two

cylindrical electrodes with conical tip and spherical tip

is compared in various penetration depths. The
cylindrical electrodes with conical tips can be treated as

the cylindrical electrodes with spherical tip within 2%

error which provides a simpler theoretical form of the

electrical resistance when the ratio between the

penetration depth and radius is greater than 9.

* Previous studies neglect the tip in calculation of

theoretical electrical resistance, however, the tip affect

more than 30% of the theoretical electrical resistance
when //r=9. Even in the deeply penetrated conditions

(I/r=100), the tip affects the resultant electrical

resistance by more than 5%. Therefore, the tip should be

carefully considered when evaluating the theoretical
electrical resistance between two cylindrical electrodes.

* In laboratory tests for electrical resistivity

measurement, calibration tests are required to obtain

shape factor (i.e., calibration factor) for the conversion
of measured electrical resistance into electrical
resistivity (Oh et al. 2015, Choo et al. 2016). The
theoretical formulation under the same experimental
condition (electrode geometry and container size) can
replace the cumbersome calibration procedures if the
electrical resistance can be analytically obtained (Hong
et al. 2019, Hong et al. 2020)
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Appendix A. Derivation of the equipotential surface
area of cylindrical electrodes with conical tips

The equipotential surface area is represented in terms of
the distance from the electrode surface (x). Because the
equipotential surface area of the conical tip electrode is
composed of a cylinder, part of the outer torus, a truncated
cone, and part of the half-sphere, the surface area is
calculated by summing, as follows

ABcB xB = 2mx +
r@IRAAL. Cylinder® + wBE2@8rx +
2m x@2 tan@ — 1802 rRhEEEER =
000E k2 @2. Part of outer torus@ + m r +
x hE B hE2E + rA2EERRR = cos@ORRAAE +
x h@ B hRE208 + rA2BEEE @ hE2E + rA2ERERERA3. Tru
2 tanl — 188 rAhEEERE xA2EERE4. part of spherel
=2n x@208 + 2r h +r tan@ — 108 rAAREE +
Bx +nr @ hE2E + rA20E8 + 217
The equipotential surface area of the partial outer torus

affected the cone height and radius. The lateral area of the
truncated cone can be calculated using the slant height
(@ hR28 + rA28A), the sum of the base radius (r +
x cos@Ol), and the top radius (x cos@O@). The partial
sphere’s equipotential area is 7z-26 multiplied by the surface
area of the half sphere (27x?).

(A
1)

@ Part of sphere
Fig. A1 Symbols of the cylindrical electrodes with conical tip
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