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Abstract.  This paper presents forced vibration analysis of sandwich deep beams made of functionally graded 

material (FGM) in face layers and a porous material in core layer. The FGM sandwich deep beam is subjected 

to a harmonic dynamic load. The FGM in the face layer is graded though the layer thickness. In order to get 

more realistic result for the deep beam problem, the plane solid continua is used in the modeling of The FGM 

sandwich deep beam. The equations of the problem are derived based the Hamilton procedure and solved by 

using the finite element method. The novelty in this paper is to investigate the dynamic responses of sandwich 

deep beams made of FGM and porous material by using the plane solid continua. In the numerical results, the 

effects of different material distributions, porosity coefficient, geometric and dynamic parameters on the 

dynamic responses of the FGM sandwich deep beam are investigated and discussed. 
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1. Introduction 
 

Sandwich composites made of two thin face layers and thick core layer In a sandwich material, 

the thin layers are composed high strength materials and the core layer is composed lightweight 

materials.  Sandwich composite structures are used in a lot of engineering applications such as 

aircrafts, civil and mechanical engineering projects. 

Functionally graded material (FGM) is a type of composites whose composition vary though in 

a direction. In the last quarter century, the FGMs have been found in many engineering applications, 

such as aircrafts, space vehicles and biomedical sectors. Also, the FGMs are used as a part of 

sandwich composite structures. 

Due to their low weight, high vibration dissipation, high electrical and thermal resistance and 

low cost, porous materials are often preferred in engineering applications. Especially, porous 

materials are preferred and designed in the core layers of the sandwich structures. 

With increasing FGM sandwich structures, the more researchers have been investigated the 

mechanical studies of FGM sandwich structures in last decades. In the literature, some investigations 

of mechanical behavior of FGM sandwich structures are as follows; Bhangale and Ganesan (2006) 

analyzed stability and dynamic analysis of FGM sandwich beams with viscoelastic layer under 
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thermal effects by using finite element method. Zenkour et al. (2010) investigated bending results 

of FGM viscoelastic sandwich beams embedded elastic foundation. Wang and Shen (2011) analyzed 

nonlinear static and stability of FGM sandwich plates resting on foundation under thermal effects. 

Nguyen and Nguyen (2015) examined mechanical results of FGM sandwich beams by using a new 

higher-order shear deformation theory. Vo et al. (2015) analyzed static results of FGM sandwich 

beams by using a quasi-3D theory. Akbaş (2013) examined the effects of the cracks on the 

geometrically nonlinear static responses of FGM beams. 

Bouakkaz et al. (2015) examined vibration of cracked FGM sandwich beam based on higher 

order beam theory. Chen et al. (2016) analyzed nonlinear vibration of sandwich beams with FGM 

porous core. Yahia et al. (2015) investigated wave propagation of FGM porous plates by using 

higher-order shear deformation theory. Akbaş (2016b) investigated forced vibration responses of 

nanobeams based coupled stress theory. Avcar (2015) investigated the vibration of non-

homogeneous beams with considering rotary inertia effects. Tounsi et al. (2016) and Benbakhti et 

al. (2016) investigated buckling and vibration analysis of FGM sandwich plates by using higher 

order shear deformation theories. Ebrahimi and Farazamandnia (2017,2018) investigated thermo-

mechanical and buckling analysis of sandwich beams with reinforced carbon nanotubes by using the 

ddifferential transform method . Akbaş (2017a, b, c, d) studied the porosity effects on the free 

vibration, post-buckling behavior of the FGM beams by using finite element method. Abdelaziz et 

a. (2017) studied free vibration of FGM sandwich plates considering with shear deformation. Avcar 

and Alwan (2017), Avcar and Mohammed (2018) investigated free vibration of FGM beams by 

analytically. Bennai et al. (2015) analyzed vibration and buckling of the FGM sandwich beams by 

analytically. Akbaş (2015a, b, 2016a) studied post-buckling analysis of FGM beams. Barka et al. 

(2016) presented thermal-postbuckling analysis of FGM sandwich plates embaded elastic 

foundation by using Galerkin method. Akbaş (2015c, 2017e, 2017, 2018d) analyzed dynamic 

responses of FGM beams. Van Tung (2017) presented nonlinear results of FGM sandwich panels 

embaded on foundation under thermal and external pressur effects. Akbaş (2018a) studied forced 

vibration of FGM deep beams with porosity by using finite element method based on plane solid 

continua model.  Akbaş (2018b) investigated forced vibration responses of cracked FGM nono 

beams by using coupled stress theory. Akbaş (2018c) analyzed geometrically nonlinear static 

displacements of FGM porous beams by using finite element method based on total Lagrangian 

nonlinearity approach. Hadji et al. (2015, 2017, 2019), Zouatnia et al. (2017), Bourada et al. (2019) 

investigated the effects of the porosity on the free vibration responses of FGM beams by using the 

Navier method. Gholami and Ansari (2018) studied nonlinear vibration of FGM plates with 

graphane platelet. Civalek and Baltacıoğlu (2019) analyzed vibration of laminated FGM annular 

plates.  

It is seen from literature, dynamic investigation of FGM sandwich deep beam has not been 

investigated by using plane solid continua so far. The primary purpose of this study is to fill this gap 

for FGM sandwich deep beams. In this paper, forced vibration analysis of FGM sandwich deep 

beams with porous core is presented under a harmonic dynamic load. The face layers and core 

materials of sandwich deep beams are considered as FGM and porous materials, respectively. The 

governing equations of problem are obtained by using the Hamilton principle and solved by finite 

element method. The plane solid continua model is used in the FGM sandwich deep beam. The 

novelty in this paper is to investigate the dynamic responses of sandwich deep beams made of FGM 

and porous material by using the plane solid continua. In a recent study, Akbaş (2018a) investigated 

the dynamic analysis of FGM porous deep beams by using the plane solid continua model. 

The distinctive feature of this study is using and developing the plane solid continua model for 
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sandwich FGM deep beams with porous core material. In the results, the effects of different material 

distributions, porosity geometry and dynamic parameters on the dynamic responses of FGM deep 

beam are investigated. 

 

 

2. Theory and formulation 
 

A simply supported FGM sandwich deep beam with porous core under dynamically point load 

P(t) at the midpoint of the beam is displayed in Fig. 1. The height of the face layer layers are h1 and 

the height of the core layer is h2. The face layer is considered as FGM material and the core material 

has porous property. In Fig. 1, L, b, h are the length, width and height of the beam, respectively.    

In the face layer, material properties change though the height direction. The material distribution 

of face layer (Pf ) is varied as a power-law function 

𝑃𝑓(𝑌) = (𝑃𝑓𝑇 − 𝑃𝑓𝐵) (
𝑌

ℎ1
+

1

2
)
𝑛

+ 𝑃𝑓𝐵 (1) 

where 𝑃𝑓𝑇 and 𝑃𝑓𝐵 are top and bottom properties of the FGM face layer, n is the material distribution 

coefficient. The FGM face layers becomes a fully top surface material as n=0. The core layer is 

considered as a porous material and its effective material property (𝑃𝑐 ) is selected in the even 

porosity distribution 

 𝑃𝑐(𝑎) = 𝑃𝑐(1 − 𝑎) (2) 

where a (a<<1) is the volume fraction of porosities in the core layer. When a=0 , the beam becomes 

perfect. In the even porosity distribution, the voids stack uniformly in the whole area of the material. 

In the solution of the sandwich deep beam problem, the plane model is used in order to obtain 

more realistic results. For plane solid continua model, the strain- displacement relations are given as 

휀𝑋𝑋 =
𝜕𝑢

𝜕𝑋
,   휀𝑌𝑌 =

𝜕𝑣

𝜕𝑌
, 2휀𝑋𝑌 =

𝜕𝑢

𝜕𝑌
+ 

𝜕𝑣

𝜕𝑋
 (3) 

where u, v are displacements in the X and Y directions respectively. 휀𝑋𝑋 and 휀𝑌𝑌 are normal strains 

and 휀𝑋𝑌 is shear strain. The strain- displacement formulas are given in matrix format as follows 

 

 

 

Fig. 1 A simply supported sandwich deep beam with FGM face layer and porous core layer under dynamic 

point load 
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Fig. 2 Twelve-node plane element. 

 

 

{

휀𝑋𝑋

휀𝑌𝑌

2휀𝑋𝑌

} =

[
 
 
 
 
 
𝜕

𝜕𝑋
0

0
𝜕

𝜕𝑌
𝜕

𝜕𝑌

𝜕

𝜕𝑋]
 
 
 
 
 

{
𝑢
𝑣
} (4) 

{휀} = [𝐷]{𝑑} (5) 

where[𝐷]is the differential operator between deformation and displacement, {𝑑} is the displacement 

vector. The stress-strain relation of the face layer is given as follows 

{

𝜎𝑋𝑋

𝜎𝑌𝑌

𝜎𝑋𝑌

}

𝑓

= [

𝐶11
𝑓
(𝑌) 𝐶12

𝑓
(𝑌) 0

𝐶12
𝑓
(𝑌) 𝐶22

𝑓
(𝑌) 0

0 0 𝐶66
𝑓

(𝑌)

] {

휀𝑋𝑋

휀𝑌𝑌

2휀𝑋𝑌

} (6a) 

{𝜎}𝑓 = [𝐶]𝑓{휀} (6b) 

The stress-strain relation of the core layer is given as follows 

{

𝜎𝑋𝑋

𝜎𝑌𝑌

𝜎𝑋𝑌

}

𝑐

= [

𝐶11
𝑐 (𝑎) 𝐶12

𝑐 (𝑎) 0

𝐶12
𝑐 (𝑎) 𝐶22

𝑐 (𝑎) 0

0 0 𝐶66
𝑐 (𝑇, 𝑎)

] {

휀𝑋𝑋

휀𝑌𝑌

2휀𝑋𝑌

} (7a) 

{𝜎}𝑐 = [𝐶]𝑐{휀}  (7b) 

where [𝐶]𝑓 and [𝐶]𝑐 are the reduced constitutive tensor of face and core layers, respectively and 

theirs components are given as follows 

𝐶11
𝑓 (𝑌) = 𝐶22

𝑓 (𝑌) =
𝐸(𝑌)

1−𝜈(𝑌)2
, 𝐶66

𝑓 (𝑌) =
𝐸(𝑌)

2(1+𝜈(𝑌))
 

𝐶21
𝑓 (𝑌) = 𝐶21

𝑓 (𝑌) = 𝜈(𝑌)
𝐸(𝑌)

1 − 𝜈(𝑌)2
, 

(8a) 

𝐶11
𝑐 (𝑎) = 𝐶22

𝑐 (𝑎) =
𝐸(𝑎)

1−𝜈(𝑎)2
, 𝐶66

𝑐 (𝑎) =
𝐸(𝑎)

2(1+𝜈(𝑎))
 

𝐶12
𝑐 (𝑎) = 𝐶21

𝑐 (𝑎) = 𝜈(𝑎)
𝐸(𝑎)

1 − 𝜈(𝑎)2
, 

(8b) 
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In the deriving of the governing equations, the Hamilton’s procedure is used. The virtual work 

equation of the plane solid continua model with dynamic effect is given as follows 

∫ (𝜎𝑋𝑋𝛿휀𝑋𝑋 + 2𝜎𝑋𝑌𝛿휀𝑋𝑌 + 𝜎𝑌𝑌𝛿휀𝑌𝑌 + 𝜌(𝑌, 𝑎)�̈�𝛿𝑢 + 𝜌(𝑌, 𝑎)�̈�𝛿𝑣)𝑑 − 𝑏 ∫ (𝑟𝑋𝛿𝑢 +
𝑆𝐴

𝑟𝑌𝛿𝑣)𝑑𝑆 − 𝑏 ∫ (𝑘𝑋𝛿𝑢 + 𝑘𝑌𝛿𝑣)
𝐴

𝑑𝐴 = 0  
(9) 

𝜌 is the mass density, 𝑟𝑋 and 𝑟𝑌 are the boundary forces in the X and Y directions respectively. 

𝑘𝑋  and 𝑘𝑌  are the body forces in the X and Y directions respectively. In Eq. (8), �̈�  and �̈� 

indicate the second derivative with respect to time. In the finite element solution, Twelve-node plane 

element is used as shown in Fig. 2. 

In Fig. 2, Lx and Ly indicate the finite element length in the X and Y directions, respectively. The 

displacement vector with the node displacements are given as follows 

{𝑑} = [Ø]{𝑑𝑛} (10) 

where [Ø] is the shape function and {𝑑𝑛} is the node displacement vector 

[Ø] = [Ø1 Ø2 … .Ø12] (11) 

{𝑑𝑛}𝑇 = {𝑢1 𝑢2 … 𝑢12 𝑣1 𝑣2 … 𝑣12} (12) 

where ui and vi are horizontal and vertical displacements in the nodes, respectively. The shape 

functions for twelve-node plane element are given according to local element coordinates Xe and 

Ye as follows 

 

 

(13) 

Substituting Eqs. (10)-(13) into Eq. (9), the virtual work equation can be rewritten as follows 
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𝑏 ∫{𝛿𝑑𝑛}𝑇([𝐵]𝑇[𝐶][𝐵]{𝑑𝑛} + 𝜌(𝑌, 𝑎)[Ø]𝑇[Ø]{𝛿�̈�})𝑑𝐴 

𝐴

 

−𝑏 ∫{𝛿𝑑𝑛}𝑇[Ø]𝑇 {
𝑟𝑋
𝑟𝑌

} 𝑑𝑆 − 𝑏 ∫{𝛿𝑑𝑛}𝑇[Ø]𝑇 {
𝑘𝑋

𝑘𝑌
}

𝐴

𝑑𝐴

𝑆

= 0 

(14a) 

    {𝛿𝑑𝑛}𝑇([𝐾]{𝑑𝑛} + [𝑀]{�̈�} − {𝑟} − {𝑠}) = 0 (14b) 

By using Eq. (14), the equation of motion can be obtained as follows 

[𝐾]{𝑑𝑛} + [𝑀]{𝑑�̈�} = {𝐹} (15) 

where [𝐾] is the element stiffness matrix, [𝑀] is the element mass matrix, {𝐹} is the load vector, 

{𝑑𝑛} is the displacement vector, {𝑑�̈�} is the acceleration vector, {𝑠} is the body force vector, {𝑟} is 

the surface load vector. The details of components of the finite element equation are given as follows 

[𝐾] = 𝑏 ∫[𝐵]𝑇[𝐶][𝐵]𝑑𝐴

𝐴

 (16a) 

[𝑀] = 𝑏 ∫ 𝜌(𝑌, 𝑎)[Ø]𝑇[Ø]𝑑𝐴
𝐴

    (16b) 

{𝐹} = {𝑟} + {𝑠}    (16c) 

 {𝑟} = ∫ [Ø]𝑇 {
𝑟𝑋
𝑟𝑌

} 𝑑𝑆
𝑆

 (16d) 

{𝑠} = ∫ [Ø]𝑇 {
𝑘𝑋

𝑘𝑌
}

𝐴
𝑑𝐴    (16e) 

The dynamic point load is considered as a harmonic function as follows 

𝑃(𝑡) = 𝑃0sin (�̅�𝑡) (17) 

where 𝑃0 is the amplitude of the dynamic load and �̅� is the frequency of the dynamic load. In the 

solution of the forced vibration problem, the displacement vector is assumed as following form 

{𝑑𝑛} = {𝑑𝑚}sin (�̅�𝑡) (18) 

where  {𝑑𝑚} is the amplitude of the displacements. The equation of motion can be obtained as 

follows 

{𝑑𝑚}([𝐾] − �̅�2[𝑀]) = {𝐹} (19) 

 

 

3. Numerical results 
 

In the numerical results, the effects of material distribution (n), the volume fraction of porosity 

(a), the frequency of the dynamic load (�̅�) and the aspect ratio (L/h) on the forced vibration 
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responses of the FGM sandwich deep beam with porous core are investigated. In the materials of 

FGM face layer, the materials of top and bottom surfaces are considered as Zirconia and Aluminium, 

respectively. The material properties of Zirconia are E=151 GPa, 𝜈 = 0.3, 𝜌 = 3000 kg/m3 and 

Aluminium’s properties are E=70 GPa, 𝜈 = 0.32, 𝜌 = 2710 kg/m3. The FGM face layers are graded 

according to a power-law function that gives in equation 1. The geometry values of the FGM 

sandwich deep beam are considered as follows: b = 0.3 m, h = 0.5 m. The aspect ratio is taken as 

L/h=2 in the numerical study, unless otherwise stated. 

The numbers of the finite element in both X and Y directions are chosen to be equal because of 

the deep beam geometry. The finite element number in both X and Y directions is taken as 20. The 

finite element number of FGM face layer is taken as 8. In the finite element assembly procedure, the 

material properties of each finite elements is calculated and selected according to layer position. In 

the implementation of the boundary conditions, the lower left-hand corner in the beam is selected 

pinned support and the lower right-hand corner in the beam is selected roller support. 

Fig. 3 shows the effect of the material distribution parameter (n) on the dimensionless maximum 

vertical displacements (v/L) at the middle of the beam of the porous functionally graded deep beam 

is presented for different the volume fraction of porosity (a) for 𝑃0 = 10000 𝑘𝑁 and �̅�=200 rd/sn. 

It is seen from fig. 3 that the dimensionless displacements increase with increasing n parameter 

because the stiffness of the beam decrease according to the material distribution in equation 1. It is 

noted that the Young modulus of Aluminium is smaller than Zirconia. With increasing n parameter, 

the FGM face layer gets to fully Aluminium. Hence, the strength of the beam decreases with 

increasing the n parameter. It can be seen from Fig. 3 that the difference among of porosity 

parameters increases significantly because of increasing n parameter. Also, increasing the porosity 

in core layer yields to an increasing displacements because the strength of the material decrease with 

the porosity. The effect of the FGM material distribution on time- dimensionless displacements 

relation is presented in Fig. 4. In this figure, the time responses of FGM sandwich deep beam with 

porous core are plotted for different n and porosity parameters a for 𝑃0 = 1000 𝑘𝑁 and �̅�=3 rd/sn. 

It is seen from Figs. 3 and 4 that the material distribution parameters change the effects the porosity 

on the deep beam considerably.  

 

 

 

Fig. 3 The effects of the material distribution parameter n on the dimensionless maximum vertical 

displacements for different porosity coefficients 
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(a) For n=0 (b) For n=0.5 

 
(c) For n=2 

Fig. 4 Time responses of the FGM sandwich deep beam for different n and a values 
 

  
(a) For n=0 (b) For n=0.5 

 
(c) For n=2 

Fig. 5 The relationship between of the dimensionless maximum vertical displacements and the frequency 

of the dynamic load (�̅�) for different n and a values 
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(a) For n=0 (b) For n=0.5 

 
(c) For n=2 

Fig. 6 The effects of the aspect ratio on the dimensionless maximum vertical displacements for different n 

and a values 
 

  
(a) For a=0 (b) For a=0.3 

 
(c) For a=0.6 

Fig. 7 The deformed configurations of the FGM sandwich deep beam for different porosity coefficients 
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(a) For the dimensionless stress (b) For strain 

Fig. 8 The effects of the porosity coefficient on the dimensionless stress and strain at X=L/2, Y=-0.5h for 

different n parameter 

 

 

In Fig. 5, the frequency of the dynamic load (�̅�)-dimensionless maximum vertical displacements 

relation is presented for different values of FGM material distribution parameters for 𝑃0 =
10000 𝑘𝑁. As seen from Fig. 5, the resonance points, where the frequency of the dynamic load (�̅�) 

and the fundamental frequency of the beam is equal, decrease dramatically with increasing in both 

porosity and FGM material distribution parameters. The reason of this situation is the rigidity of the 

sandwich deep beam decrease with increasing in n and a parameters. So, the resonance frequency 

decreases naturally. It shows that the material distribution and porosity parameters are very effective 

in the forced vibration responses. 

In Fig. 6, the effect of the aspect ratios (L/h) on the dynamic displacements is presented for 

different of porosity and n parameters for 𝑃0 = 10000 𝑘𝑁 and �̅�=100 rd/sn. The effect of the 

porosity coefficient on the dynamic responses increases with increasing the aspect ratio as seen in 

Fig. 6. Also, The difference among the results of the porosity parameters increases with increasing 

the n parameter. In higher values of aspect ratio, the porosity and material distribution parameter are 

very effective on the dynamic responses of the FGM sandwich beam. 

Fig. 7 shows that the deformed configuration of the FGM sandwich deep beam with different 

values of the porosity parameters for n=0.5, 𝑃0 = 1000 𝑘𝑁 and �̅�=200 rd/sn. It is seen from Fig. 7 

that the displacements increase significantly with increasing porosity.   

In Fig. 8, the effects of the n and a parameters on the stress and strain are presented. In Fig. 8, 

the dimensionless normal stress (�̅�𝑥𝑥 = 𝜎𝑥𝑥𝑏ℎ2/𝑃0𝐿) and normal strain calculated and presented at 

X=L/2, Y=-0.5h for different values a and n parameter for 𝑃0 = 10 𝑘𝑁 , L/h=3.5 and �̅�=1000 rd/sn. 

It is seen from fig. 8 that variation of n and a affect the stress and strain considerably. The n 

parameter changes the stress and strain values significantly. The effect of porosity varies 

considerably with increasing in n parameter 

 

 

4. Conclusions 
 

The forced vibration analysis of FGM sandwich deep beams with porous core is investigated 

under a harmonic dynamic load by using the finite element method. The face layers are considered 

as FGM and the core layer is considered a porous material. In the FGM distribution, the power-law 

function is used. In the modelling of the FGM sandwich deep beam, the plane solid continua model 
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is used. The effects of different material distributions, porosity geometry and dynamic parameters 

on the dynamic responses of FGM deep beam are investigated. It is observed from the results that 

the material distribution and the aspect ratio have important role on the effects the porosity on the 

dynamic responses of the FGM deep beams. With increasing in aspect ratio, the porosity and 

material distribution parameter gain importance in the dynamic responses of the porous sandwich 

deep beam. Also, the porosity change the resonance phenomena of the FGM sandwich deep beams 

significantly.  
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