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Transversely isotropic thick plate with two temperature
& GN type-lll in frequency domain
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Abstract. This investigation is focused on the variations in transversely isotropic thick circular plate due to
time harmonic thermomechanical sources. The homogeneous thick circular plate in presence and absence of
energy dissipation and two temperatures has been considered. Hankel transform is used for solving field
equations. The analytical expressions of conductive temperature, displacement components, and stress
components are computed in the transformed domain. The effects of frequency at different values are
represented graphically. Some specific cases are also figured out from the current research.

Keywords: frequency; hankel transformation; thermoelastic; thick circular plate; time harmonic
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1. Introduction

Classical theory (CT) of elasticity is concerned with the systematic study of the stress and
strain distribution that develops in an elastic body due to the application of forces or change in
temperature. Thermoelasticity in presence of two temperatures represents an overview of both
theories i.e., theory of heat conduction and theory of elasticity in solids. Temperature changes
cause thermal effects on materials like thermal stress, strain, and deformation. Thermal
dependency is the primary contrast of thermoelasticity concerning to the classical theory of
thermomechanics. It may also be mentioned that modern laminated media which are being used
more and more in engineering and other applications, behave anisotropically locally (thermally
and elastically). Thus, there is imperative need to consider the anisotropic media particularly
transversely isotropic. However, due to a greater number of elastic and thermal coefficients
involved, there are not so many solutions available as there are for isotropic media.

Chen et al. (1968a, 1968b, 1969) formulated a two-temperature thermoelasticity of deformable
bodies for the conduction of heat depending on two types of temperatures. Green and Naghdi
(1991, 1992, 1993) dealt with the linear and the nonlinear theories of thermoelastic body in
presence and absence of energy dissipation. Three novel thermoelastic theories were proposed by
them, based on entropy equality. Their theories are known as thermoelasticity type | theory, the
thermoelasticity type Il theory (i.e., thermoelasticity without energy dissipation) and the
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thermoelasticity type Il theory (i.e., thermoelasticity with energy dissipation). On linearization,
type | becomes the classical heat equation whereas on linearization type-Il as well as type-Ill
theories gives finite speed of thermal wave propagation.

Keivani et al. (2014) discussed the forced vibration problem of an Euler-Bernoulli beam with a
semi-infinite field by considering it a BVP in the frequency domain. Tripathi et al. (2015)
presented the effect of axisymmetric heat supply for diffusion in an infinite as well as finitely thick
thermoelastic copper plate with relaxation time. Delfim et al. (2015) presented a coupled FEM-
BEM strategy for elastodynamic problems having infinite-domain models and complex
heterogeneous media by using frequency domain analyses and an iterative FEM-BEM coupling
technique. In addition, Kumar et al. (2016) had explored of variations due to thermomechanical
sources (concentrated and distributed) using Laplace and Fourier transform technique in a
transversely isotropic thermoelastic homogeneous medium in presence of rotation and two
temperatures. Alzahrani (2016) investigated 2D generalized magneto-thermoelastic of a fiber-
reinforced anisotropic material problem under GN theory- Il type. Tripathi et al. (2016) presented
the thermoelastic diffusion interactions in a thick circular copper material plate. Kumar and
Sharma (2017) investigated transmission and reflection of plane waves at an elastic and piezo
thermoelastic solid half space with fractional order derivative. Vinyas et al. (2017) discovered a
multiphysics behaviour of magneto-electro-elastic (MEE) cantilever beam using thermo-
mechanical loading. Moreover, Kumar et al. (2017) investigated the homogeneous isotropic
thermoelastic thick circular plate with dual phase lags and two temperatures. Akbas (2017) study
the nonlinear static deflections of functionally graded (FG) porous under thermal effect using total
lagrangian FEM within 2D continuum model in the Newton-Raphson iteration method.

Kumar et al. (2017) investigated the Rayleigh waves in a homogeneous transversely isotropic
magneto-thermoelastic in the presence of two temperature, Hall current and rotation. Kant and
Mukhopadhyay (2017) studied the thermoelastic effect of axisymmetric temperature distribution
applied on infinitely extended thick plate using GN-I, GN-II, dual phase-lag and GL models and
under memory-dependent generalized thermoelasticity. Kumar et al. (2017) presented the effect of
plane harmonic waves in a thermoelastic medium in presence of two-temperature thermoelasticity
and two relaxation parameters. Navarro et al. (2018) proposed a fully coupled thermodynamic
oriented transient finite element formulation for magnetic, electric, mechanic and thermal field’s
interactions. Despite of this several researchers worked on different theory of thermoelasticity as
Marin (1997), Marin (2008), Marin (2016), Marin and Baleanu (2016), Ezzat et al. (2016), Ezzat
et al. (2015), Ezzat and El-Bary (2016, 2017), Ezzat et al. (2017).

A lot of research had been carried out by the various researches in different fields of
thermoelasticity to remove the limitations of the classical coupled theory (CCT) of
thermoelasticity i.e., poor description of thermoelastic behaviour at low temperature and infinite
speed of propagation of thermoelasticity deformation. Inspite of these, not much work has been
carried out in study of the deformation due to time harmonic thermomechanical sources. The
deformation at some point of the medium is beneficial to dissect the deformed field near mining
shocks, seismic and volcanic sources; thermal power plants, high-energy particle accelerators, and
many emerging technologies. In this paper, we have attempted to study the deformation in
transversely isotropic thick circular plate due to mechanical and thermal sources by considering
the disturbances harmonically time-dependent. The expressions of displacement components,
conductive temperature and stresses components due to time harmonic thermomechanical sources
over the circular region are calculated in transformed domain by using the Hankel transform.
Numerical inversion technique is used to find the resulting quantities in the physical domain and
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effects of frequency at different values have been represented graphically.

2. Basic equations

The field equations and basic relations for an anisotropic thermoelastic medium in Green-
Naghdi type-111 theory in absence of heat source and body forces following Chandrasekharaiah
(1998), Youssef (2011) and Green and Naghdi (1992) are

tij = Cijrier — BijT, 1)
Cijiiert,j — BijTj = p i, 2)
Kl](pl] + Kl](pl] ﬁl}TOel] + pCET (3)
Where

T= ¢ —ajp, (4)
Bij = Cijiuaijs (5)

1 . .
eij = —(ui'j + uj'i), L] = 1,2,3. (6)

Bij = Bibij, Kij = Ki6yj, Kij = K{ 8;j, 1 is not summed,

3. Formulation of the problem

We take a transversely isotropic thick circular plate with thickness 2b covering the area D
given by 0 <r < oo ,—b < z < b and an axisymmetric heat source is used on its axial and radial
direction. We take a cylindrical polar co-ordinate system (r, 8, z) with symmetry about Z-axis.
The initial temperature in the transversely isotropic thick circular plate is assumed by a constant
temperature T, and heat flux goF(r,z) prescribed on the lower and upper surfaces. For the
axisymmetric plane, the field component(v = 0), and (u, w, and ¢) are independent of 8 and our
research become 2D problem withi = (u, 0,w). In addition, the equations for transversely
isotropic thermoelastic solid without energy dissipation and with two temperature, using the proper
transformation on Egs. (1)-(3) following Slaughter (2002) are as under

0°u 10u 1 ¢
C11 (arz Tt —u) HICE (araz) + s 922 i+ G (araz) B ar{ B (ﬁ_l' )
100) g, T0) 0
ror as az2) P ot2?’
?u 10w ow 10w Ty 100)
(C11 + 644) (araz + r 62) t+ C44 (arz t+ r 6r) +C 33 az2 ﬁ3 62{ (01’2 t r or

o) _ 0t ®)
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» 0 (2% la_‘P) ( *i)az_q)_ ‘3_2( u a_W) o2
(K1+K16t)(6r2+r6r + K3+K36t 9z T06t2 ﬁ16r+ﬁ362 +pCE6t2{(p

azw 1 a(p 62(p (9)
a (524 150) — as 55}
Essential equations for transversely isotropic medium are
trr = Cr1€0 + Cr2€99 + Ci13€5; — B4 T, (10)
Lyr = 2Ch4€rz (11)
tyz = Ci3€prr + C13€g9 + C33€5; — ﬁ3T; (12)
tog = C128rr + Ci11€99 + C13€5, — B3T, (13)
where
1 (6u N OW) ou u ow
e, =—=—+ —),e.. =—,e90 = —,€,, = —,
27 2\az " ar) T T or’ 99T T gy
_ o (e la_w) _,. 2%
T_¢ a1(6r2+r6r 3 922’

Bij = Bidij, Kij = Kidyj
Pr = (c11 + c12)g + cizas,

Bz = 2c13a1 + c33a3.

To simplify the solution, mention below dimensionless quantities are used

2 2
T z C1 pcy pcy T
r'=- 2z'=-, t'= —t, u' = u, w' = w, T'= —,
L L L LB.T, LB, T, T
¢ = Loy ¢ = lzz ¢ = rr r_ 2 a = ﬂ
TURL TR, TR, YT T, AT (9
as
ay = —
12

Assume the time harmonic behaviour as

(ww, )(r,z,t) = (w,w,)(r,z)e"". (15)
and Hankel transforms defined by

FEzs) = f £ 2, )] rE)dr (16)
0

Using dimensionless quantities defined by (14) in Egs. (7)-(13) and then stifling the primes and
utilizing (15) and (16) on the resulting quantities, we obtain
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(=62 + w?+ 6,03+ (1 - &8 DW+ (—(1 - &)(1 —azsD?) +a,€3))@ =0
(1—&)8,Dii + (83D? — 28, + w?)W — %D(l +&2a,—a;D?)¢ = 0,

Sew?*(1 — &)@ +%
1
+ (8;0%(1 + £%a;—a3D?)+E2(Ky + 6,0) — D* (K3 + 850) )@ = 0,

Sew?Div

where
85 = BAL 55 =~ T"Tﬁf,
8, =—pCpCli=~—-1.
B = ) A 0)icosh(@i2) + ) i Ai(§, @) sinh(qi2)
trz = LAi(§, w)dicosh(q;z) +§ X Ai(§, w)q;sinh(q;2),
b = ) AE )Ricosh(iz) + ) S; A€, w) sinh(g;2),
top = X Ai(§, w)M;cosh(q;z) + X N; A;(§, w) sinh(q;2),
where

M= 88— 2 (1 + @) - Paghal,
i = (89 + 63d;)q;,
M; = (1 + g) —%(1 + a &) + %a3liqi2,
N; = (8g + 89d)q;,

R; = &g (1 + g) —L;(1+ a,8?) + agliq?,

Si =qi(1+53dl’), i = 1,2,3.
The non-trivial solution of (17)-(19) yields
(AD® + BD* + CD? + E) (i1, w, ) = 0.
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17)

(18)

(19)

(20)
(21)
(22)

(23)

(24)
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where
A = 06,8305 — 116,07,

B = 8,050g + 83010g + 828309 — 8207810 — 4701811 — (588 + 0206011 + 0alyn — 83060,

C = 03050 + 850905 + 830109 — 0781810 — 500 + 0206010 + 030207 — 330683 — Talels,

E = (50109 — C60503-

G = —§*+w?

Gz =6,(1-9),
Ga=ay —(1-9),
s = a3(1-9),
(s = w?=§28,,

G = Sew?(1—19),

{7 = w? &:
B1
lg = —(K3+ds0) — 5700233;

lo = 87w (1 + a; 8% + 8 (K; + 5,0),
Gio=—(1+ alfz)%,

Bs

=a
le 3 ﬁl
The results of the Eq. (24) can be written in the form
i= ZAi(f, w)cosh(q;z),
= didi(§, w)cosh(qiz),
@ = X 1;A;(§, w)cosh(q;z),

where 4; i = 1, 2,3 being undetermined constants.
and +q;(i = 1,2,3) are the roots of the Eq. (24) and d; and [; are given by

(25)

(26)

(27)
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d = 8208a; + ({801 — Cals + 6209)af + 0109 — {63
b (830 — $7G11)af + (839 + {503 — $7G10)aF +0500

| = 8,03q; + (6205 + (163 — {D)af + $13s
Y (850 — $7011)at + (839 + {503 — $7810) a2 +050s

4. Boundary conditions

We contemplate a cubiform thermal source and normal force of unit magnitude with dispersing
of tangential stress at the stress free surface at z = xb. scientifically, these can be written as

dyp
Erh +g,F(r,2), (28)
tz,(r,2,0) = f(r,0), (29)
t,(r,z,t) =0. (30)

By putting the values @, t,, , t,-, from (20)-(20) and (27) in boundary conditions (28)-(30) and
applying Hankel transform on the resulting equations yields

Y A; (€, 0)liq;9; = 1g,F (£, 2), (31)
D A omb+ ) w A, 0)0; = ), (32)
2 A€ w)(8q9; + (1 —)1;0;) = 0. (33)

solving (31)-(33) for A;, and putting in (25)-(27) and (20)-(23) we get the different components of
displacement, conductive temperature and stress components as

- f(& oF (&,
il = f(wa) {—x101 + X202 — X305} +72 A(f 2 (X461 — X5 02 + 2693, (34)
. FE, oF(§2)
W= f(iw) {=x1d161 + x2d,0; — x3d303} + 2 A(EZ {xady 01 — x5 d20, +x6d365},  (35)
~ f ’ Oﬁ 2
Q= f(wa) {=x11101 + X216 — x31363} + gT(fZ){)@hBl — X5 262 +x6l363}, (36)
— [ w)
t,= n {=x1(m161 + 1191) + X220, + 129;) — x3(N365 + p393)}
goﬁ(€: z) (37
+———{xa (1601 + 1191) — x5 M20, + 192) +x6(M305 + p393)},

A
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ty = f(iw) {—x1(lL(1 =861 + 62q191) + x2 ([ (1 — §)0, + 62q29,)—x3(l3 (1 —§) 65
+ 52‘1_3193)}
+ M{)&L(h(l =801+ 6,q:91) (38)

— x5 (1L(1 = §)0;, + 62q2092) +x6l3 (1 —8) 05 + 62q3093)},

~ _fcw

rr A {=x1(R161 + S191) + x2(R20; + S309;) — x3(R303 + S303)}

goﬁ(f: Z) (39)
+ T{X4(R191 + 5191) — x5 (R20; + S29;) +x6((R365 + S393)},

where

A= Gyxs — Gaxs + Gz xe,
Ay = —f (&) + 9oF (& 2)xa
Dy = f(&9)x2 — goF (€, 2) x5,
Az = —f(§,5)xs + 9oF (§, 2)xe,
X1 = [G2Gg — GgGg],

X2 = [G1Gg — G,Gg3],

X3 = [G1Gg — G2G],

Xa = [GsGg — GgGg],

X5 = [G4Go — GG,

X6 = [G4Gg — G5G],

Gi = liq;9;,

Gits = 1:0; + ui0;,

Give = 0290 + (1 =) 1; 6;,

cosh(q;z) = 6;, sinh(q;z) =9;,i = 1,2,3.

5. Applications
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As an application of the problem, we take the source function F(r, z) which decays
exponentially as moving away from the centre of the thick circular plate in the radial direction and
symmetrically increases along the axial directions is specified by

F(r,z) = z%e7%, § > 0, (40)

f(r,t) = H(a —r)e'®t (41)

Where H(a — r) is the Heaviside function.
Applying Hankel Transform, on Egs. (28) and (29), gives

- z%5
F(§2) = m (42)
+ 2
f(é” w) = QIIT(fa)eiwt (43)

The expressions of components of displacement, stress components, can be obtained from Eqs.
(34)-(39), by substituting the value of F (£,z) and f (¢,w) from (42) and (43).
6. Inversion of the transforms

For obtaining the solution in physical domain, invert the Hankel transforms in Egs. (34)-(39)
using

(2, w) = f EF (&, 2, )] (Er)dE. (44)
0

and integrate the Eq. (44) as described in Press et al. (1986).

7. Numerical results and discussion
To demonstrate our theoretical results and effect of frequency and two temperature, the

physical data for cobalt material, which is transversely isotropic, is taken from Dhaliwal and Singh
(1980) is given as

c11 = 3.07 X 10 Nm~2,
€12 = 1.650 x 101 Nm~2,
c13 = 1.027 x 101°Nm™2,
c33 = 3.581 x 10''Nm~2

C4q = 1.510 X 101*'Nm~2,
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Cp = 4.27 X 10%jKg~deg™},
f1 = 7.04 x 10°Nm=2deg~1,p = 8.836 x 103Kgm™3
B3 = 6.90 x 10°Nm~2deg™?,
K; = 0.690 x 10’Wm~'Kdeg™?, K3 = 0.690 x 10°Wm 1K1,
K{ =0.02 X 102NSec™?deg™1,

K; = 0.04 X 10°NSec™2deg™1.

A comparison of the dimensionless form of the field variables normal force stress t,,,
tangential stress t,,, radial stress t,,., and conductive temperature ¢for a transversely isotropic
plate with two temperature and frequency is demonstrated graphically as:

i. The black line with square symbol relates to frequency i.e., w = 0.25 for a; =0.02, a; =
0.04,

ii. The blue line with circle symbol relates to frequency i.e., = 0.50 for a; =0.02, a; =
0.04,

iii. The red line with triangle symbol relates to frequency i.e., w = 0.75 for a; =0.02, a3 =
0.04,

iv. The green line with star symbol relates frequency i.e., w = 1.00 for a; =0.02, a; = 0.04,

a,=0.02,a,=0.04
4874 - =025

- ¥
Sadlh —— w=0.50

1 ; - i —
1.5 —— w=1.00
1.0 e, -
0.5 7] \\- i Y 4 T e
0.0 = - e
0.5 \.\ g ,/"/ B S SN +::“Fr_ﬁ
1.0 R
1.5 .
2.0
254 .
-3.0
35,
4.0
4.5
5.0
55 . N —
0 2 4 6 8 10 12

Distance r

Displacement Component u

Fig. 1 Variations of displacement component u with distance r

Fig. 1 demonstrates the deviations of the displacement component u. The displacement
component u, with two temperature a; =0.02, a; = 0.04 follow oscillatory pattern for »=1.00,
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although for w=.25, deviations are very small. In the starting range of distance r, there is a sharp
increase in the value of displacement component for the curves when the »=0.75, whereas there is
a sharp decrease in the value of displacement component for »=0.5. It is clear that two
temperature with « have major effect on the displacement component in all the cases. Behaviour
of displacement component u, is oscillatory with variance in the magnitude corresponding to the
four different frequencies.

3.5 a,=0.02,a,=0.04
304 «— w=0.25
«— w=0.50
2 254
c
o - ! w=1.00
Qo “V4
Q
5 154
(@]
5 1.0 4
£
S 054 -
% \\“ B R T
g 0.0 R
.0.5-‘.’ - .
-1.0 'S T T T T T T
0 2 - 6 8 10 12
Distance r

Fig. 2 Variations of displacement component w with distance r

3X10“_ a1=0.02,a3=0.04
—=— w=0.25
g «— w=0.50
5 2x10* ‘ )
© w=1.00
8
S ik
@ 1x10* 44
o) L
2 o
© & -
3 o e s ==
S .7; —
O ;"/’
-1x10* |
e
T T T T T T
0 2 4 6 8 10 12
Distance r

Fig. 3 Depicts the behaviour of conductive temperature ¢

Fig. 2 depicts the displacement component w with distance r. In the initial range 0 < r < 4of
distance r, there is an increase in the value of displacement component when ©»=0.50 and »=1.00
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and there is a sharp decrease in the value of displacement component for »=0.25 and »=0.75 but
again away from the loading surface, it follows opposite oscillatory patterns near the zero value.

Fig. 3 demonstrations the deviations of conductive temperature ¢ with r. There is a sharp
increase in the value of displacement component when »=0.50 and there is a sharp decrease in the
value of conductive temperature ¢ for =0.75 and »=1.00 in the initial range of distance r, but
again away from the loading surface, it shows opposite oscillatory behaviour near the zero value.
The angular frequency major effect in the range 0 < r < 4 for all the cases and curves show
reverse oscillation in the remaining range.

()]
(]
£ a,=0.02,a,=0.04
2 - —— w=0.25
= —— w=0.50
O _ 4 |
& —— =1.00
F 20
25 -
-30 4
' T > T L 1 . T o T x 1
0 2 4 6 8 10 12
Distance r

Fig. 4 Variations of tangential stress t,, with r

A= wm-wk‘—kﬁ—ﬁfu—b—i
7 )
" a,=0.02,a,=0.04
‘;" —— w=0.25
g —=— w=0.50
& — w=0.75
T —— w=1.00
E
s}
z
T T T T T T
0 2 4 6 8 10 12
Distance r

Fig. 5 Variations of normal stress t,, with distance r
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Fig. 4 illustrates the deviations of tangential stress ¢, with r. In 0 < r < 5 range of r, the value
of t,, follow oscillatory pattern for all the curves when the two temperatures are a; =0.02, a3 =
0.04 for »=1.00, ©®=0.75, »=0.50 and »=0.25.

Fig. 5 shows the deviations of normal stress t,, with r. There is a sharp increase in the value of
normal stress t,, for a; =0.02, az = 0.04 for »=1.00, »=0.75, »=0.50 and »=0.25.for 0 <r < 2
in the range of r, and then the variations are very small.

2 -
OA-\\ »"'*LW{:
IR
24 A
2 ‘ ':\/
£ el |a,=0.02,2,=0.04
.= .
~ 1f/f - w=0.25
o 641/ ‘_._
o ] w=0.50
2 o1 \
T |7 —— w=1.00
? -1041
LT
-12 4
14 4
-16 4
T T T T T T
0 2 4 6 8 10 12

Distance r
Fig. 6 Variations of radial stress t,,. with distance r

Fig. 6 displays the deviations of radial stress t,,. with r. There is a sharp increase in the value of
radial stress t,,- with in the initial range of distance r, when the two temperatures are a, =0.02,
az = 0.04 for ®=1.00, »=0.75, »=0.50 then the variations are very small. For »=0.25 first it
shows decrease in the value of radial stress t,,- with distance r and then it follows an oscillatory
pattern.

8. Conclusions

From the analysis of the graphs, it is clear there is a significant influence of transversely
isotropy on the deformation of various displacement components, conductive temperature and
various stress components of thick circular plate while relating the influence of frequency w with
two temperatures. The effect of time harmonic sources frequency in transversely isotropic thick
circular plate with two temperatures plays a significant role in the analysis of the deformed
medium. As distance r, varied from the point of use of the time harmonic source, variations of
displacement components, conductive temperature and various stress components undergoes
sudden changes, causing an inconsistent patterns of curves and shows an oscillatory pattern. The
shape of curves shows the impact of frequency w on the body and fulfils the purpose of the study.
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The outcomes of this research are extremely helpful in the 2-Dproblemwith dynamic response of
time harmonic sources in transversely isotropic thermoelastic solid with two temperature, which
beneficial to dissect the deformation field such as geothermal engineering; advanced aircraft
structure design, thermal power plants, composite engineering, geology, high-energy particle
accelerators, and many emerging technologies.
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CC

Nomenclature

8ij Kronecker delta,
Cijki Elastic parameters,
Bij Thermal elastic coupling tensor,

T Absolute temperature,
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Reference temperature,
conductive temperature,
Stress tensors,

Strain tensors,

Components of displacement,
Medium density,

Specific heat,

Two temperature parameters,
Linear thermal expansion coefficient,
Materialistic constant,
Thermal conductivity,

Frequency





