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Abstract.  Despite the exceptional mechanical properties of individual carbon nanotubes (CNTs), the 

effective properties of CNT-reinforced composites remain below expectations. The composite’s 

microstructure has been identified as a key factor in explaining this discrepancy. In this contribution, a 

method for generating representative volume elements of aligned CNT sheets is presented. The model 

captures material characteristics such as random waviness and entanglement of individual nanotubes. Thus it 

allows studying microstructural effects on the composite’s effective properties. 

Simulations investigating the strengthening effect of the application of a pre-stretch on the CNTs are 

carried out and found to be in very good agreement with experimental values. They highlight the importance 

of the nanotube’s waviness and entanglement for the mechanical behavior of the composite. The presented 

representative volume elements are the first to accurately capture the waviness and entanglement of CNT 

sheets for realistically high volume fractions. 
 

Keywords:  carbon nanotubes; CNT reinforced composites; RVE generation; representative volume 
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1. Introduction 
 

Since their discovery by Iijima (1991) in the 1990s, carbon nanotubes (CNTs) have attracted 

great interest and have been subject to many studies. Experiments revealed an exceptionally high 

stiffness (Wong et al. 1997, Salvetat et al. 1999) and strength (Yu et al. 2000, Demczyk et al. 

2002) of CNTs as well as the ability to withstand large deformations (Demczyk et al. 2002, 

Thostenson et al. 2005). Their outstanding mechanical properties raise the desire to employ CNTs 

in structural components. Especially, the application in composites is promising. Here, a polymer 

matrix connects individual CNTs and prevents slippage. However, effective mechanical properties 

reached in CNT composites are far below expectations from rule of mixtures (Goh et al. 2014). 
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Besides other factors such as CNT orientation (Mecklenburg et al. 2015) and agglomeration 

(Goh et al. 2014) or interfacial load transfer (Andrews and Weisenberger 2004), the CNT’s 

waviness seems to be a key factor that limits full exploitation of the amazing mechanical 

properties of CNTs in a composite (Fisher et al. 2002 and 2003, Shady et al. 2010, 

Dastgerdi et al. 2013). 

In order to reduce the waviness and, thus, improve the composite’s properties, Nam et al. 

(2014) propose to pre-stretch horizontally aligned CNT sheets before they are incorporated in the 

polymer matrix in order to reduce the waviness. In an experimental study, they conducted tensile 

tests after embedding pre-stretched CNT sheets in an epoxy matrix to determine effective 

mechanical properties of the composite. They observed an increase of more than 80 % in elastic 

modulus and 110 % in tensile strength after pre-stretching of CNT sheets. As an additional positive 

side effect of pre-stretching, an increase in volume fraction was detected. This experimental study 

motivates the present contribution. Here, the effect of pre-stretching the CNT sheets and the 

influence of the microstructural geometry before the incorporation in a matrix is modelled and 

investigated numerically with the finite element method.  

To date, CNTs are mainly modelled on the atomic scale and often analytical homogenisation 

techniques are used to determine effective material properties of composites. In ab-initio 

(Hernandez et al. 1998, Van Lier et al. 2000), molecular dynamics (Yakobson and Smalley 1996, 

Jin and Yuan 2003) and molecular structural mechanics (Li and Chou 2003, Cheng et al. 2009, 

Wernik et al. 2010) simulations, only small sections of individual CNTs are modelled. Analytical 

homogenisation schemes like Mori-Tanaka were employed to determine the mechanical properties 

of macroscopic composites, e.g., by Shady et al. (2010), Dastgerdi et al. (2013) and 

Tsuda et al. (2014). Despite the evident interest in CNT reinforced composites, there is a lack of 

studies attempting to accurately model the microstructure of a composite with several CNTs and a 

polymer matrix. As the CNTs’ waviness is a dominant factor in the deviation of the composite’s 

properties from expectations, a number of approaches taking into account the waviness have been 

proposed. Most studies modelled individual CNTs as having a sinusoidal (Fisher et al. 2002 and 

2003, Bradshaw et al. 2003, Paunikar and Kuma 2014) or helical (Shi et al. 2004, Shady et al. 

2010) shapes. However, Ginga et al. (2014) point out that the waviness is highly random and 

regular geometries might not represent it correctly. Subsequently, they extracted points from 

micrographs of CNTs and used Fourier series or splines to connect these points and recreate single 

CNTs. Recent studies by Herasati and Zhang (2014) and Stein et al. (2015) identify distributions 

of parameters to describe the waviness from micrographs and utilise them to create CNTs with 

random waviness. 

In the following, an enhanced version of the approach of Herasati and Zhang (2014) is 

presented in which the randomly generated points are connected by cubic splines to model 

realistically smooth CNTs without kinks. With these CNT geometries, periodical representative 

volume elements (RVEs) (Kouznetsova et al. 2010, Schneider et al. 2016) are built in which an 

entanglement of randomly wavy CNTs is possible. Numerical studies are carried out to analyse the 

influences of wavy geometry and pre-stretching on the effective elastic modulus of CNT 

reinforced composites. 

 

 

2. RVE generation of the microstructure 
 

To accurately describe the complex microstructure of an aligned CNT sheet, we model  
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Fig. 1 Stepping scheme to generate spline points for a random wavy CNT. The procedure follows 

Herasati and Zhang (2014) 
 

 

individual CNTs based on cubic splines that capture the random waviness of a real CNT. The 

spline points are randomly generated, using an algorithm based on the approach of Herasati and 

Zhang (2014). Each CNT is composed of a sequence of straight line segments. Starting from an 

initial point on the RVE face, each segment is constructed on the basis of a right circular cone 

where the tip is located at the endpoint of the last segment and the middle axis is in direction of the 

last segment. 

This algorithm is used to generate the geometry defining spline points. At the beginning of the 

CNT generation procedure, the diameter and the starting point on the bottom surface of the RVE 

are fixed. Then, new points are generated stepwise until the desired CNT length is reached. To 

ensure random waviness of the CNT, the angle of the cone θ is randomly assigned based on a 

normal distribution obtained from analysis of CNT sheet micrographs
†
. The rotational angle   

describes the position of the point on the cone base and is assigned fully randomly. In contrast to 

the work of Herasati and Zhang (2014), we set the projected length of each segment in alignment 

direction to a value ds. This guarantees that each CNT is constructed with the same amount of 

points which simplifies the enforcement of periodicity.  

After each such generation of a point, the minimum distance to other CNTs is calculated to 

check for intersections. The determination of the minimum distance is not trivial as the CNTs are  

                                                      
†
As the simulations are based on the experiments of Nam et al. (2014) with CVD synthesized CNTs (Inoue 

et al. 2008), the characteristics of the modelled CNTs are taken from publications of that group. To extract 

information from the micrographs for the waviness, points are placed along a number of CNTs. The points 

are connected by line segments and the angle   between consecutive line segments is calculated for a total of 

379 line segments. 
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Fig. 2 Discretisation of CNTs into capsules for minimum distance calculation to check for intersections 
 

 

modelled as cylinders swept along splines. Here, the CNTs are discretised into capsules and the 

minimum distance towards the capsules of previously generated CNTs is calculated. This 

discretisation and the basic principle of the minimum distance calculation are illustrated in Fig. 2. 

If no intersection occurs, the newly generated point is saved. Otherwise, the point is rejected and a 

new one is generated. In this fashion, new CNTs are generated until the desired volume fraction is 

reached. 

The so established points of an individual CNT are connected using cubic splines instead of the 

straight line segments employed by Herasati and Zhang (2014). This guarantees C
2
 continuity of 

the modelled CNTs within the RVE and, therefore, prevents artificial kinks and sharp edges in the 

geometry that might result in unphysical stress concentrations. Furthermore, the procedure as 

presented by Herasati and Zhang (2014) does not yield a periodic RVE as a CNT entering the RVE 

at the bottom does not necessarily leave it at the top, resulting in clipped, very short CNTs. To 

overcome this drawback
‡
, we enforce local periodicity by incrementally orienting randomly 

generated segments close to the RVE’s top surface towards the desired end point. In order to 

guarantee the periodicity of the CNTs, any CNT entering the RVE must leave it at the same point 

on the opposite side. This is enforced by a linear combination of the randomly generated step 

vector and a vector pointing in the direction of the desired end point over the last quarter of points 

with increasing weight on the vector in the direction of the desired end point. Therefore, CNTs are 

regarded as endless fibres - a reasonable approximation as CNTs have an exceptionally high aspect 

ratio of 100000 (length/radius). 

Based on splines, CNTs are modelled as thin-walled hollow tubes. To this end, a circle with 

diameter D of a CNT is swept along the spline. This diameter is assigned randomly based on the 

properties of real CNT sheets, compare Section 4. These CNTs are then discretised with 

quadrilateral shell elements of type S4R. Reduced integration is used to decrease computational 

cost. 

For the thickness t of the shell elements, the product of the number of walls nw in a multi-wall  

                                                      
‡
Instead of a periodic RVE, another option would be to use approximate periodic boundary conditions (Yuan 

and Fish 2008, Kassem 2010, Schneider et al. 2017) 
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Fig. 3 Cut through CNT sheet RVE illustrating random waviness and entanglement of CNTs 

 

 

CNT with the thickness of a single CNT wall is used as proposed by Govindjee and Sackmann 

(1999). For the thickness of a single CNT wall, a value of 0.34 nm is usually assumed 

corresponding to the inter-wall spacing of CNTs (Grady 2011). 

This RVE generation technique captures random waviness and especially entanglement of 

aligned CNT sheets as visible in Fig. 3. In contrast to previous works on wavy and entangled 

RVEs (Herasati and Zhang 2014), our RVEs are periodic and allow to study high CNT volume 

fractions. 

 

 

3. Modelling pre-stretched CNT composites 
 

As in the experimental procedure proposed by Nam et al. (2014), the modelling of pre-

stretched CNT composites is a two-step procedure. In a first simulation, the RVE of the CNT sheet 

is stretched using tensile loading in alignment direction. This deformed and pre-stressed CNT 

sheet is then embedded into a polymer matrix. In the following, the underlying principles of the 

two simulation steps are described. Numerical studies using these principles are then presented in 

Section 4. 

 

3.1 Application of the pre-stretch 
 

For pre-stretching the CNT sheet, all displacement degrees of freedom are fixed at the bottom. 

At the top, displacements in transverse directions are fixed while a displacement ups corresponding 

to the desired pre-stretch is applied in alignment direction. The theory of finite deformations is 

used since geometric nonlinearities occur due to straightening the CNTs during the pre-stretching 

procedure. 

Due to the entanglement of the CNTs in the RVE, the pre-stretch simulation prior to the 

embedding in the matrix involves complex contact conditions. Each CNT may interact with all 

other ones and contact can take place at nearly any point on the CNTs. Therefore, a highly 

nonlinear problem arises because of drastically changing boundary conditions. Thus, an explicit 

dynamic solver to perform quasi-static analyses with complex contact conditions is employed. The 
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general contact algorithm implemented in ABAQUS is used which detects contact between all 

CNTs as well as self-contact. It considers node-into-face as well as edge-to-edge penetrations and 

applies contact forces to prevent these. In case of contact behavior in normal direction, a “hard” 

contact is assumed, i.e., no contact force is applied before contact occurs and afterwards it can get 

infinitely high to prevent a penetration. For tangential contact behaviour, no friction is assumed as 

the friction coefficient of CNTs is very low (Dickrell et al. 2005, Cumings and Zettl 2000). 

The simulation is conducted in two steps. First, the desired displacement ups is applied via a 

constant velocity boundary condition over a specified time span. Second, the displacement in 

alignment direction is fixed after the desired value is reached and oscillations due to the abrupt 

changes of the boundary conditions are damped until they fade out. Global mass scaling is applied 

to enlarge the stable time increment of the explicit integration by increasing the density. In order to 

ensure that the simulation is quasi-static, the energies are monitored during simulations.  

 
3.2 Embedding CNTs in a polymer matrix 

 
After the CNTs are stretched, they are incorporated in a polymer matrix to form a composite. 

Here, the embedded element technique provided by ABAQUS is utilised: elements of the CNT 

reinforcement are embedded within the host elements of the matrix. Evidently, the embedded and 

host element intersect each other. For an embedded element's node, the translational degrees of 

freedom are constrained by interpolated values of the host element at that position. The rotational 

degrees of freedom remain unconstrained. 

An advantage of the employment of the embedded element technique is that the meshes of the 

embedded CNTs and the host matrix are generated independently of each other. A perfectly 

structured mesh with hexahedral C3D8R solid elements is obtained as the matrix is geometrically 

modelled as a cuboid. The perfectly structured mesh is automatically periodic, allowing for 

periodic boundary conditions. As this structured mesh does not have to resolve the microstructure, 

no small or distorted elements in between two close CNTs arise. Employing the embedded element 

technique implies perfect contact between CNTs and matrix. This assumption is admissible as in 

general good bonding is found in measurements of polymer-CNT interfacial shear strength 

(Andrews and Weisenberger 2004). 

In order to incorporate deformed CNTs from the pre-stretch application into the matrix, they 

are imported as an orphan mesh from the end of the explicit pre-stretch simulation. At the end of 

the explicit simulation, stresses due to pre-stretching are saved in all integration points over the 

thickness of the shell elements and are subsequently applied as a pre-stress in the composite 

simulation. 

 

 
4. Numerical examples 

 
In the following, the experiments of Nam et al. (2014) are simulated to gain insight into the 

mechanisms behind strengthening by pre-stretching observed in these experiments. Nam et al. 

(2014) worked with CNTs (Inoue et al. 2008) synthesised by the group of Prof. Inoue at Shizuoka 

University, Japan. Hence, the characteristics of the modelled CNTs are taken from publications of 

that group. 

The CNT diameter D is assigned randomly for each CNT based on a normal distribution with a 

mean value of μD = 38.1 nm and a standard deviation of σD = 6.6 nm as determined by Nam et al. 
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(2015). Data to model the waviness is obtained from the analysis of micrographs published by 

Inoue et al. (2011) and Nam et al. (2014). In order to account for loss of information in the third 

dimension when analysing two-dimensional micrographs, a correction factor of √  is used as 

proposed by Stein et al. (2015). This emulates a view angle of 45°. For the angle θ, cf. Fig. 1, a 

mean value of μθ = 5.3511° and a standard deviation of σθ = 5.0279° are obtained from 

micrographs. 

Furthermore, the multi-wall CNTs are assumed to have nw = 8 walls resulting in a thickness   

t = 2.72 nm of the shells used to model the CNTs. CNTs are constructed based on 21 spline points 

with a distance of ds = 200 nm to each other in alignment direction, resulting in a total height of the 

RVE of x2,RVE = 4 μm. The size of the RVE in transverse directions x1,RVE and x3,RVE is chosen in 

dependence of the desired volume fraction Vf. For Vf ≈ 7 %, the RVE has a base area of 0.65 μm × 

0.65 μm and for Vf ≈ 16 %, the base area is 0.3 μm × 0.3 μm. 

Jin and Yuan (2003) performed MD simulations of CNTs and discovered that they can be 

considered fully isotropic. Therefore, a hyperelastic isotropic material model of Neo-Hookean type 

is used here with the strain-energy function 

𝑊 =
𝜇

 
[I1(�̂�) − 3] +

𝜅

 
[𝐽 − 1]2 (1) 

where μ is the shear modulus, I1 the first invariant of a tensor, �̂� the distortional component of the 

left Cauchy-Green strain tensor,  𝜅 the bulk modulus and 𝐽 is the determinant of the deformation 

gradient. Here, an elastic modulus for CNTs of ECNT = 1 TPa is chosen (Lu 1997, Wong et al. 

1997, Van Lier et al. 2000). Poisson’s ratio is set to be vCNT = 0.28 as determined by Lu (1997) and 

previously used to describe CNTs synthesised by the Inoue group (Tsuda et al. 2014). This leads 

to a shear modulus μCNT = 391 GPa and a bulk modulus  𝜅CNT = 758 GPa. 

For the epoxy matrix, the nonlinear hyperelastic material model of Neo-Hookean type with the 

strain energy function from Eq. (1) is utilised as well. The elastic properties of this epoxy have 

been determined in studies of the Inoue group: Ogasawara et al. (2011) as well as Tsuda et al. 

(2014) determined an average elastic modulus of Eepoxy = 2.5 GPa experimentally and, in addition, 

Tsuda et al. (2014) provide a Poisson’s ratio of vepoxy = 0.3. 
  

4.1 Effect of the matrix 
 

In order to investigate the effect of the matrix stiffness on the CNT deformation, a simplified 

model is generated in which only a single wavy CNT is considered. Periodic boundary conditions 

are applied. Two different matrices, one with an unrealistically compliant elastic modulus of  

Eunreal = 2.5 MPa and a realistic epoxy matrix with Eepoxy = 2.5 GPa, are considered. For 

comparison, a tensile test of a single wavy CNT without a matrix is modelled as well. In this case, 

the displacement degrees of freedom are fixed at the bottom in all directions and at the top in 

transverse directions while stretching is prescribed in length direction. In all three cases, a large 

displacement is applied to see the effects exaggeratedly for visualisation purposes. A real 

composite would not be able to sustain such strains and fracture earlier. 

Force-displacement curves for these three test cases are shown in Fig. 4. The curves for the 

single CNT and the composite with an unrealistically compliant matrix coincide almost perfectly. 

In the beginning, the slope is small, that is, the stiffness is low. With increased stretching, the 

stiffness increases up to a constant value that is the intrinsic strength of a perfectly straight CNT. A 

matrix with such a low stiffness seems to have no influence on the mechanical behaviour of the 

CNT. Contrarily, for the realistic epoxy matrix a completely different behaviour is observed. Here,  
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Fig. 4 Force-displacement curves of a single CNT and a single CNT embedded in matrices with 

different stiffnesses under tensile loading 
 

 
Fig. 5 Force-displacement curve of a single wavy CNT depicting the increase in stiffness during 

stretching due to straightening under tensile loading 
 

 

almost perfectly linear elastic behaviour occurs. This is also observed in the experiments of Nam 

et al. (2014). Furthermore, the slope of the force-displacement curve is higher than that of the 

single CNT even if it is completely stretched. The stiffness of the matrix strongly influences to the 

composite behaviour and illustrates the promising properties of CNT reinforced composites. 

Next, we look at the CNT’s geometry during deformation. Fig. 5 illustrates the load 

displacement curve of a single CNT without a matrix with the corresponding deformed 

configurations along the curve. In the region of low stiffness, the CNT is wavy. Due to stretching, 

the CNT is gradually straightened, resulting in a pronounced increase in stiffness as the 

deformation mode of the CNT changes from bending and torsion dominated towards pure tensile 

loading. Evidently, the matrix affects the load transfer and, therefore, the composite’s material 

response. In Fig. 5, the undeformed and deformed configurations of all test cases are depicted. The 

CNT without a matrix and the one with an unrealistically compliant matrix show the same 

straightening behavior (Fig. 6(a) and (b)). For the latter, the matrix is pushed to the side and does 

not hinder the CNT deformation. At the top and bottom of the RVE, matrix elements close to the 

embedded CNT are strongly distorted because of their low stiffness. A completely different 

behaviour is observed for the composite with the realistic matrix in Fig. 6(c). Here, the matrix  
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(a) No matrix (b) Unrealistically compliant matrix (c) Realistic matrix 

Fig. 6 Undeformed and deformed configurations of (a) a single CNT and (b,c) a single CNT embedded 

in matrices with different stiffnesses under tensile loading 

 

 

hinders the straightening of the CNT such that it remains wavy. Since the CNT cannot respond 

with a significant straightening to the applied force, its stiffness response is evidently similar to 

that of an already straight CNT. Thus, in case of perfect contact, a polymer as stiff as possible 

would be the ideal candidate for the matrix. In reality, the interface between CNTs and polymer 

will most probably cause larger problems for stiffer matrices, such that a trade-off between 

stiffness and interface conditions needs to be made. 

Thus, if CNTs and matrix are in perfect contact the full potential of the mechanical properties 

could be used irrespective of the waviness of the CNTs. Contrarily, in reality there are problems to 

transfer the theoretical stiffness of CNTs to a composite due to non-perfect contact behaviour. 

Voids from the manufacturing process might be an explanation: the distance between CNTs in a 

sheet is so small that perfect infiltration by polymer resin is unlikely. In turn, this leads to 

shortcomings in the load transfer between CNTs and matrix. Furthermore, the interfacial shear 

strength and load transfer between CNT and polymer could be problematic (Goh et al. 2014). The 

perfect atomic structure of CNTs results in smooth surfaces and therefore reduces the efficiency of 

the load transfer between matrix and reinforcement. To counteract these effects that are difficult to 

overcome, Nam et al. (2014) suggest the possibility of pre-stretching CNT sheets before 

embedding in the polymer. The effect of such a pre-stretching is studied in the following. 

 

4.2 Effect of pre-stretching 
 

To investigate the effect of pre-stretching of CNTs before embedding them in the matrix, pre-

stretches of εps = 0.02 and εps = 0.03 for the pure CNT sheets are modelled in accordance with 

experiments of Nam et al. (2014). Higher pre-stretches such as εps = 0.04 are not investigated 

because these lead to sliding within CNT sheets in experiments due to van der Waals forces. The 

simulation results are then compared with the experiments of Nam et al. (2014) to investigate the 

potential of pre-stretching in transferring the outstanding theoretical mechanical properties of 

CNTs to composites. 
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εps = 0.00 εps = 0.02 εps = 0.03 εps = 0.00 εps = 0.02 εps = 0.03 

(a) Volume fraction of Vf ≈ 7 % (b) Volume fraction of Vf ≈ 16 % 

Fig. 7 Straightening of wavy CNTs during pre-stretching of CNT sheets corresponding to RVEs with a 

volume fraction of Vf ≈ 7 % and Vf ≈ 16 %. Arbitrary CNTs are highlighted by colours in order to 

visualise the deformation behaviour 
 

 
Fig. 8 Cut through a pre-stretched CNT sheet showing regions in which several CNTs are twisted and 

wound around each other, forming dense bundles 
 

 

CNT sheet RVEs that correspond to composites with a volume fraction of Vf ≈ 7 % and  

Vf ≈ 16 % are displayed in Fig. 7 under different amounts of pre-stretch. Due to the pre-stretch, the 

waviness is considerably reduced for Vf ≈ 7 % as seen in Fig. 7(a). Nevertheless, some of the 

CNTs still remain relatively wavy. Furthermore, a twisting and winding of CNTs around each 

other in the middle of the sheet is visible, see Fig. 3. These two effects lead to a more slender 

sheet. For Vf ≈ 16 %, a pre-stretch significantly reduces the waviness as well, as seen in Fig. 7(b). 

In contrast to Fig. 7(a), there is almost no CNT that still exhibits higher waviness. Except for 

twisting and winding in the middle of the sheet, all CNTs are almost straight. In addition, 

slimming of the sheet is observed. This leads to an increase in volume fraction and is even more 

distinct than for the lower volume fraction CNT sheet RVE. 

Several CNTs cluster together as bundles and form ropes inside the sheet as also observed in 

experiments (Nam et al. 2014). This is visible in the cut through a pre-stretched CNT sheet 

presented in Fig. 8. It also depicts the complexity of the contact boundary conditions arising from  
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Fig. 9 Comparison of influence of pre-stretch εps on effective elastic modulus E of the composite for 

experiments of Nam et al. (2014) and FEM simulations 
 

 

the deformation. An individual CNT can be in contact with several other ones and the twisting can 

lead to a spiral like line contact around the circumference of the CNT. 

The pre-stretched CNT sheet RVEs are then embedded in an epoxy matrix as described in 

Section 3.2. To account for the slimming of the sheet and the resulting increase in volume fraction, 

the dimensions of the cuboid matrix are chosen to be only slightly larger than the outermost points 

of the deformed sheet. 

Tensile test simulations of the composite RVEs including pre-stretched CNTs are carried out 

with a maximum strain of ε = 0.005 to determine the composite’s effective stiffness. For larger 

strains, fracture occurred in the experiments of Nam et al. (2014). The simulated stress response to 

an applied strain is used to determine the effective elastic modulus from a least squares fit of 

Hooke’s law. 

For both volume fractions of Vf ≈ 7 % and Vf ≈ 16 %, three RVEs are analysed. An unstretched 

and two pre-stretched CNT sheets with εps = 0.02 and εps = 0.03 are considered as reinforcements. 

A comparison of FEM simulations and experiments of Nam et al. (2014) in terms of the effective 

elastic modulus E of the composite under the influence of pre-stretch εps is shown in Fig. 9. The 

simulation results are in very good agreement with experiments and show an increase in stiffness 

of about 30 % in response to a 3 % pre-stretch for higher volume fraction. For lower volume 

fraction, the increase in stiffness of the RVEs is not as pronounced. Without pre-stretch, the lower 

volume fraction RVEs are slightly more compliant than the experiments while the higher volume 

fraction RVEs behave a little stiffer. One possible explanation for this discrepancy lies in the 

waviness of CNTs which in the following is quantified by the tortuosity τ 

𝜏 =
𝑙CNT
ℎRVE

 . (2) 

The tortuosity relates the arc length lCNT of an indivual CNT to its projected length in 

alignement direction, which in case of the considered endless CNTs is given by the height of the 

RVE hRVE.  

In Fig. 10(a), the effective elastic modulus E of the composite is displayed in dependence of the 

tortuosity τ. The tortuosity is considerably higher for lower volume fraction RVEs. From 

experiments (Yu et al. 2000) it is known that for straight multi-wall CNTs under tension, almost  
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(a) Influence of tortuosity τ on elastic modulus E (b) Influence of pre-stretch εps on tortuosity τ 

Fig. 10 Effective elastic modulus E of the composite under influence of tortuosity τ and its own 

dependence on pre-stretch εps 

 

 

the whole load is carried by the outermost layer as the interlayer shear strength is small. 

Contrarily, for bending deformation, all walls are “active” and carry load (Ru 2000). Tensile 

loading of a wavy CNT is a combination of tension and bending deformation. With increasing 

tortuosity of the CNTs, bending becomes the dominant deformation mode. Thus, for the lower 

volume fraction RVEs with higher tortuosity, more walls are “active” and the choice of nw = 8 

might be smaller than in reality. In contrast, for the higher volume fraction RVEs with lower 

tortuosity, less walls are “active” and the choice of nw = 8 might be too high. The number of 

“active” walls is not captured by the proposed model as all walls are modelled with a single shell 

layer. The walls would need to be modelled individually to account for this effect. Here, nw = 8 is 

used since this results in reasonable deviations for both volume fraction RVEs. However, a refined 

model could give further insight into the phenomenon. 

 

 

5. Conclusions 
 

A procedure to generate RVEs that accurately model the microstructure of an aligned CNT 

sheet embedded into a polymer matrix is presented. The RVEs generated with the presented 

technique are the first to exhibit realistically high volume fractions while also accounting for 

random waviness and intertwining of CNTs. Waviness, entanglement and intertwining are 

accounted for by introducing randomness into the geometry generation. The parameters 

characterising the waviness are obtained from micrographs of CNT sheets. The randomly wavy 

geometry of an individual CNT is described by a sweep of a circle along a cubic spline. Thus, the 

high continuity of CNTs is captured and artificial stress concentrations at kinks are avoided that 

arise in other modelling approaches based on sequences of straight line segments. Modelling 

multi-walled CNTs as a single layer of shell elements yields a very good compromise between 

representation accuracy and computational time. 

Our RVEs are naturally periodic and capture high volume fractions of CNTs without resulting 

in excessively fine or distorted meshes. We study the material behaviour of aligned CNT sheets as 
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well as embedment into a matrix to investigate composites. 

Numerical studies of pre-stretching CNT sheets before inclusion in a polymeric matrix are 

carried out using the proposed RVE. Due to the realistic representation of the wavy, entangled 

geometry of CNT, our analysis gives valuable insight into how different influencing factors such 

as matrix properties, volume fraction and waviness interact and evolve during the process and how 

they affect the composite’s effective mechanical properties. Pre-stretching is shown to significantly 

reduce the waviness of the reinforcing CNTs and to increase the stiffness of the composite. The 

qualitative and quantitative information gained from numerical studies based on RVEs as detailed 

as the proposed one helps in developing methods to transfer the outstanding mechanical properties 

of individual CNTs to composite materials. 
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