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Abstract. This paper investigates the pull-in instability of functionally graded poly-SiGe micro-beams
under the combined electrostatic and intermolecular forces and temperature change. The exponential
distribution model and Voigt model are used to analyze the functionally graded materials (FGMs). Principle
of virtual work is used to derive the nonlinear governing differential equation which is then solved using
differential quadrature method (DQM). A parametric study is conducted to show the significant effects of
material composition, geometric nonlinearity, temperature change and intermolecular Casimir force.
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1. Introduction

Recently, devices in micro-electro-mechanical-systems (MEMS) are typically designed to
operate in one or more energy domains due to their unique advantages such as small size, lower
power consumption, lower operation cost, increased reliability and higher precision. Therefore,
numerous analytical, numerical and experimental studies have been conducted on the pull-in
instability of the MEMS devices (Legtenberg and Tilmans 1994, Tilmans and Legtenberg 1994,
Abdel-Rahman et al. 2002, Batra et al. 2006, 2008b).

It is known that a conventional MEMS device made of a single layer material is almost
impossible to simultaneously meet all material and operational requirements. Most recently, the
use of functionally graded materials (FGMs) in MEMS structures has been proposed (Craciunescu
and Wuttig 2003, Fu et al. 2003). FGMs offer many advantages including improved stress
distribution, enhanced thermal resistance, higher fracture toughness, and reduced stress intensity
factors that make them very attractive in many engineering applications (Birman and Byrd 2007).
Witvrouw and his co-workers (Witvrouw and Mehta 2005, Gromova et al. 2006) developed a
multilayer poly-SiGe deposition process for fabricating MEMS structural layers that fulfill all
material and economical requirements.
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of functionally graded MEMS due to heat generated by an electric current. Jia et al. (2010, 2011)
first studied the pull-in instability of electrostatically actuated FGM micro-beams allowing for
geometric nonlinearity and intermolecular Casimir force, but without considering the temperature
change. Mohammadi-Alasti et al. (2011) investigated the mechanical behavior of a cantilever
FGMs micro-beam subjected to a nonlinear electrostatic pressure and a temperature change. Their
study showed that due to variable thermal expansion coefficient along the thickness, a temperature
change results in the deflection of FGM micro-beam. Nabian et al. (2013) and Sharafkhani et al.
(2012) studied the stability of the rectangular and circular FGM micro-plates respectively.
However, the two important factors—geometric nonlinearity and intermolecular force were
neglected.

This paper investigates the pull-in instability of fixed poly-SiGe graded micro-beams under a
combined action of electrostatic force, intermolecular Casmir force and a temperature change
within the framework of von Karman nonlinearity and Euler-Bernoulli beam theory. The nonlinear
pull-in results of the micro-beam are obtained by using the differential quadrature method (DQM).
The effects of temperature change, material composition, geometrical nonlinearity and
intermolecular Casimir force are discussed in detail through a parametric study. To the authors’
best knowledge, no previous studies which cover all these issues are available.

2. FGM beam model

Shown in Fig. 1 is the structure of a typical micro-switch where the key components are a fixed
electrode modeled as a ground plane and a movable electrode modeled as a poly-SiGe graded
micro-beam of length L, width b, and thickness h, separated by a dielectric spacer with an initial
gap go. The origin of the x-coordinate is taken to be the left end of the movable electrode whose
deflection is denoted by w. The deflection of the micro-beam is caused by:

e Electrostatic force induced by an applied voltage,

e Intermolecular Casimir force,

e Temperature change.

The axial force due to residual strain from fabrication process is denoted by N, and is positive
for a tensile force. Under the influence of temperature change and/or the application of a driving
voltage V,, the micro-beam deflects towards the ground electrode under the action of a distributed
electrostatic force F., Casmir force F. and/or thermal strain. Both F, and F; are nonlinear functions
of the gap g(x) = go—w(x) between the deformed micro-beam and the ground electrode.

When the voltage increases beyond a critical value, the movable electrode becomes unstable
and collapses to the fixed electrode. This phenomenon, known as pull-in instability, is a subject of
prime importance in the design of NEMS devices (Mobki et al. 2013). In this paper, we define the
critical temperature variation when the micro-beam collapses only subjected to temperature change
as “pull-in temperature variation”, and the critical voltage corresponding to the micro-beam under
the application of V, and temperature change as “pull-in voltage”. The pull-in deflection denotes
the critical deflection when the micro-beam collapses.
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Fig. 1 An MEMS device with a poly-SiGe graded electrode
Table 1 Material properties of Germanium and Silicon

Material E(GPa) v o (Kh
Ge 155 0.26 5.9x10°
Si 188 0.26 2.6x10°

*a.: thermal expansion coefficient at 293K (20°C)
Taking into account the first-order fringing field correction, the electric field force per unit
length can be written as (Gupta 1997, Huang et al. 2001)

g0V, 0.65¢,V,
= 5 +
2[go(x)—w]"  2[go(x)~W]

1)

e

where ¢£,=8.854x10" C*N'm™ is the permittivity of vacuum. The Casimir force takes the form
of (Lamoreaux 2005)

_ z°hch
240[g,(x) —w]4

)

c

in which h =1.055x10*Js is Planck’s constant divided by 27 and ¢=3x10°ms™is the
speed of light.

The functionally graded poly-SiGe micro-beam is a mixture of germanium (Ge) as material
phase 1 whose volume fraction is V,, and silicon (Si) as material phase 2 whose volume fraction is
V,. Their material properties are listed in Table 1.

The mixing ratio of the FGMs changes smoothly and continuously along the thickness
direction, and V, +V, =1. Based on the exponential distribution model, the Young’s modulus and

thermal expansion coefficient of the beam vary in the thickness only (Erdogan and Wu 1997)

E(Z) _ Ebe;/(z—hlz), OZ(Z) _ abei(z—hlz) (3)
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where E, and «, are the values of the Young’s modulus and thermal expansion coefficient at
the bottom surface (z=h/2) of the beam respectively, y and A corresponds to the constants
defining the material property variation along the thickness direction. Note that y=0and 1 =0

correspond a special case where the beam is homogenous. In this paper, the bottom surface of the
beam is 100% silicon. Poisson’s ratio 1 is taken to be constant since its influence is quite limited
(Erdogan and Wu 1997).

To determine the material properties at the top surface (z =—h/2) of the micro-beam, the Voigt
model is used, by which the effective material properties P; at the top surface such as Young’s
modulus E, and thermal expansion coefficient «, can be calculated by(Yang et al. 2006)

R = Plvl + P2V2 (4)

where P, and P, are the corresponding material properties of Ge and Si.

3. Theoretical formulations and solution procedures

3.1 Theoretical formulations

It is noted that the ratio h/L is usually small so that the shear deformation is negligible. The
total strain at the x direction is the sum of the mechanical strain &, and thermal straine, , i.e.,

&, =¢&, +& . For micro-beams undergoing moderately large deformation, von Karman type
nonlinear strain ¢, is

&

W= ———L—+
dx dx= 2

_du _d’w 1(3\)/02 )

and & =a(T -T,)=aAT , where AT is the temperature change, measured with respect to the initial

temperature T,. It is noted that this paper takes into account the uniform temperature change.
The strain energy of the micro-beam can be calculated from

2 2 2
vzjj*axdgxdvzle d_“_zd_vjﬁ(d_wj +aAT | dV (6)
Ve v2 |dx dx® 2\ dx

The total transverse distributed force per unit length q=F, +F, is measured positive in the
direction of the deflection w and its potential energy is

Lf pw L ewl gbV?  0.65gV7 7°heh
W= ([ o= Do {2(90 w7 2(g,-w) " 240(g, W)’ }dw}dx )

While the potential energy associated with the axial residual stress is
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1L dw )’
WN :E-[O Na[&j dx (8)

Based on the principle of virtual work 6(Wy+ Wy + V) = 0, the governing equations can be
expressed as

3(dw) d*w d%udw dud’w du d*w dw
-k | =] = — - +k +(J,AT =N = 9
l{Z(dxj dx>  dx? dx dx dxz} 2ad Caxt (% ) i (%)

d du 1(dw) d’w
k| =4+ = k. —\=0 9b
dx{ {deFZ(dxj}r dez} (%)

The associate boundary conditions for fixed beam can be expressed as
u=0, w=0, dw/dx=0atx=(0and L) (10)

in which
h h h, h LI
pi = [% pbdz, k= [ Ebdz, k, = [3 Ebzdz, k, = [? Ebz’dz, J, = [3 Eabdz (11)
2 2 2 2 2

where the effective modulus E=E for a narrow beam (b<5h)and E=E/(1-v*) for a wide
beam (b >5h). Noted that for a homogenous micro-beam whose Young’s modulus is a constant
k, =0, Eq. (9) reduces to the nonlinear governing equations for a homogenous micro-beam.

From Eg. (9) and boundary conditions (10), the motion equation for a FGM micro-beam
subjected to temperature change accounting for geometric nonlinearity due to mid-plane stretching
can be derived as

k2 d*w d2w d®w | k (dw) k, d?w
k,——2 =4 (JAT=N.)— — - e R 1 dx = 12
[3 kl]dx“ (3, ) ge dszo{zL(dxj de2} | 12

To facilitate theoretical formulation and for generality of solutions, the following dimensionless
guantities are introduced

=k —k2 ko = (AT~ N, ), &, =kg? /2K,

&, =K, 90 /K, Wy =W, /g, , X = x/L (13)

Hence, Eq. (12) can then be rewritten in dimensionless form as
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d'w  d? W d W d’w |, _
dx* +y diz _[ l:é[ j _52 d)(Tz:| dx =q (14)
The dimensionless distributed force is
. R, BV, 2 BV
q(x) + " = (15)
(1-w) (1-w) (1-w)
21, 4 4
where R, =%, B= &bl f=0.65&. The non-dimensional boundary conditions are
2409,k 293k b

W=0, dw/dx=0at x=(0and1).
3.2 Solution procedures

Eqg. (14) and the associated boundary conditions form a nonlinear ordinary differential equation
system whose exact solution is not available. The DQ method is therefore used to solve this
nonlinear system numerically. According to the DQM, the dimensionless deflection W and its

derivatives at an arbitrary point X. are approximated by (Shu 2000, Yang and Xiang 2007)

W= Z| L 00w(x;) (16a)
j=1
d*w N e
& = 2C() (st
X=X, =1

where N is the total number of sampling points X

unevenly distributed over the domain

The weighting coefficients Cigk) are dependent on the distribution of sampling points only
and can be calculated from recursive formulae

Lj=12,...N;i# ] (18a)
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N
c = —ZC,(; i,j=12,..,Njizk;i=] (18b)

:ﬁ(z_ij) i# (18c)

j=1

The higher-order weighting coefficient can then be obtained through matrix multiplication

N

p+1 ch kjp)1 (p=12..) (19)

k=1
Applying DQ approximations to the governing Eq. (14), one has
N N ( _ N | | N (1)_ 2 N (2)_ _
Scim S-S Sich-ch) 4 S | 53w |5 -0
j=1 j=1 k=1 j=1 =1

inwhich C' = (C(l) )_1, and the distributed force per unit length can be expressed as

2 2
_ R, BV . BY

q = — - (22)
| (1_"_"1)4 (1_"_"1)2 (1-w,)

Accordingly, the boundary conditions become
=0, Zczjw =0, Zc NW; =0, W, =0 (22)

It should be noted that discarding the geometrically nonlinear terms in Eqg. (20) leads to the
following equations without the effect of geometric nonlinearity

N

N
Zci(j4)wj + '//Z CiEZ)V_Vj -q;=0 (23)

Deno;ing the unknown static displacement by W = {Wi }Tand the transverse force vector by
q= {c_]} the nonlinear and linear solutions of pull-in temperature variation AT, , pull-in voltage
V,, and puII in deflection W, , when exists, can be determined from Egs. (20) and (22) and from
Egs. (22) and (23), respectively, following an iterative process below

(1) Assuming a trial voltageV,, letg, = (2ﬁ+ f+4R)W + B+ fS+R, (i=12,..N), which
is the linear part in the Taylor series expansion of @ .solve Eq. (23) and the associated boundary
conditions (22) to find W which is taken as the initial value W' to be used in the 1st round of
iteration.
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(2) Substituting W =W" into Eq. (21) to obtain a new force vector § and expressing Egs.
(22) and (23) with this updated @ in matrix equation yields

KW =0 (24)

where K is the “stiffness matrix”. The solution of this equation is denoted as W® .
(3) Update W~ by W™ =wW™ and repeat step (2) to gain a new solution w‘®
(4) Repeat step (3) until the deflection converges to a prescribed error tolerance

(25)

to obtain the linear deflection W under the assumed trial voltage. AW™is updated in each
iteration by AW® =w®® —w® .

(5) Increase the trial voltage V, and repeat steps (1)-(4) until the stiffness matrix K
becomes singular or the iterative process fails to converge. The last trial voltage V, under which
the deflection is solvable is the linear pull-in voltageV,, , and the corresponding deflection is the
linear pull-in deflectionw,,, .

(6) In order to find the pull-in parameters with the effect of geometric nonlinearity, the initial
iterative values W~ needs to be put into Eq. (20) and its relevant boundary conditions. Repeat
steps (3)-(5) to obtain the nonlinear pull-in parameters.

(7) Assuming a trial temperature variation AT and settingV, =0, the “pull-in temperature
variation” AT, and the corresponding pull-in deflection can be obtained according to the steps
above.

4. Results and discussions
4.1 Validation example

Table 1 lists the material properties used in all of the examples except those in Table 2. The
geometric parameters of the micro-beams are L =410 pm, b =100 ym, g,=1.18 um, h= 1.5 pm,

unless stated otherwise. Since there are no experimental or theoretical results for FGM
micro-beams, to validate the present analysis, the linear and nonlinear pull-in voltage results for a
homogeneous micro-beam are compared with the experimental results and Ritz method-based
solutions provided by Tilmans and Legtenberg (1994), in which E = 151GPa, the axial residual
force Na = 0.0009 N. The convergence study is given in Table 2 where the pull-in voltages of
clamped micro-beams of different lengths with varying total number of sampling points N are
compared. It is seen that convergent results can be achieved when N> 17 for both linear and
nonlinear analyses.

As can be observed, the Ritz method gives significantly lower pull-in voltages. The present
analysis, however, yields results that are in much better agreement with the experimentally
obtained pull-in voltages (Tilmans and Legtenberg 1994). The relative difference percentage
between the experimental results and our theoretical pull-in voltages increases as the beam length
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L increases and the percentage reaches 4.1% for L =510 um in linear analysis and only 2.6% in
nonlinear analysis. This indicates that the geometric nonlinearity due to mid-plane stretching
should be taken into account, particularly for long micro-beams (Abdel-Rahman et al. 2002, Batra
et al. 2008a).

Table 2 Pull-in voltages (in V) of electrostatically actuated homogenous clamped micro-beams

N=13 N =17 N =19 Ritz Method Experiment
L(um) =, i - : : : (Tilmans and (Tilmans and
Linear Nonlinear Linear Nonlinear Linear Nonlinear Legtenberg 1994) Legtenberg 1994)
210 27.500 28.350 27.506 28.352 27.506 28.352 24.98 27.95
310 13.833 14.181 13.834 14.182 13.834 14.182 11.46 13.78
410 8.769 8.945 8.769 8.945 8.769 8.945 6.55 9.13
510 6.300 6.401 6.300 6.401 6.300 6.401 4.23 6.57

Table 3 Characteristics of 6 poly-SiGe graded micro-beam types

Type A y 2

1 0 128678 -546294
2 20 100879 -467207
3 40 74192 -377458
4 60 48533 -273720
5 80 23825 -150811
6 100 128678 -546294
1.9x10" 610"

E(Pa)

18

——Type 1
——Type 2
——Type 3
——Type 4
——Type 5
15— . : - Typee 2L— ' : : :
T 06 _-03 00 03 0.6 x10°° -06  -0.3 0.0 0.3 0.6 x10°°
Thickness direction z(m) Thickness direction z(m)
(a) Young’s modulus (b) Thermal expansion coefficient
Fig. 2 Young’s modulus and thermal expansion coefficient along thickness for the six FGM
micro-beam

17

a(Kh

16
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Fig. 3 Pull-in instability of poly-Si and poly-SiGe micro-beams for six types
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Fig. 4 The effect of beam length on the pull-in instability of poly-Si and poly-SiGe micro-beams
for different beam types
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4.2 FGM micro-beam under the influence of uniform temperature change

Table 3 and Fig. 2 gives the characteristics of 6 different types of FGM micro-beams, in which
V,” denotes the volume fraction of Si among the top beam surface, the constants y and A can be

worked out from Egs. (3) and (4) (Mohammadi-Alasti et al. 2011).
The effect of uniform temperature change on the pull-in instability of poly-Si (Type 6) and
poly-SiGe graded micro-beams (V=0V) is shown in Fig. 3, where W, __is the deflection of the

Omax

middle point of the fixed FGM beam. In this and the following figures, solid lines and dashed lines
denote the nonlinear and linear results, respectively. Fig. 3 shows that the deflection of the
micro-beam increases with the growth of the temperature until a certain value. Then, the deflection
increases sharply and the micro-beam loses its stability and spontaneously collapse or pulls in onto
the fixed electrode. The micro-beam with a higher value of Vv,” has a larger “pull-in temperature

variation” AT, , which are (11.91, 12.68, 13.62, 14.78, 16.26, 18.24) K for Types 1-6 respectively.

This is because such a micro-beam contains more Si whose thermal expansion coefficient is
smaller than that of Ge. However, the difference between linear and nonlinear results is
insignificant as shown in Fig. 3.

0.00010 0.00010
0.00008 | 0.00008 -
%0.00006 1 0-5um  |1.5pum  2.0um 2.5um 0.00006 05um  |1.5um |2.0um 2.5um
£
= 1=
0.00004 0.00004
0.00002 | 0.00002 +
0.00000 0.00000 .
0 40 0 10 20 30 40 50
Temperature change AT(K Temperature change AT(K)
(a) Type 1 (b) Type 4
0.00010
0.00008 +

20.00006' 0.5um 15um  2.0um 2.5um

o
=
0.00004

0.00002

0.00000 ‘ -
0 10 20 30 40 50 60

Temperature change AT(K)
(c) Type 6

Fig. 5 The effect of beam thickness on the Pull-in instability of poly-Si and poly-SiGe
micro-beams for different beam types
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Plotted in Figs. 4 and 5 are curves showing the effect of FGM beam length and thickness on
the w,, . versus the unifrom temperature change for different micro-beam types, respectively. As
expected, the micro-beam with smaller beam length and larger beam thickness has considerably
larger “pull-in temperature variation” AT, . It is noted that increase tendency of AT, is more
obvious with the decease of the beam length and growth of the beam thickness, especially in beam
type with a higher value of V," . Besides, another noteworthy phenomenon in Fig. 4 is W, is not
zero when AT=0 for micro-beam with h =0.5 um , The reason is that the FGM micro-beam deflects
under the effect of the Casimir force between the micro-beam and the fixed electrode.

The influence of axial residual force on the pull-in instability of poly-Si and poly-SiGe
micro-beams for different beam types are dictated in Fig. 6, where N,= 0 corresponds to a
micro-beam without the action of axial residual stress. It is noted that as the axial residual stress
N, changes from a compressive force to a tensile force, the “pull-in temperature variation” AT,

a
increases gradually for all the three beam types. These results imply that a negative axial residual
stress can soften while the action of an axial residual tensile force can strengthen the FGM
micro-beam.

0.00010 0.00010
0.00008 0.00008
-9x10* N
é 0.00006 % 0.00006 —5x10~N
£
=3 =3
5x1074N
0.00004 0.00004 o104 N
0.00002 0.00002
0.00000 0.00000 : :
0 5 10 15 20 25 0 4 8 12 16 20 24 28
Temperature change AT(K) Temperature change AT(K)
(a) Type 1 (b) Type 4
0.00010
0.00008
% 0.00006 |-
5
=
0.00004 5510~ N
9x107IN
0.00002

0.00000

0 4 8 12 16 20 24 28 32
Temperature change AT(K)

(c) Type 6
Fig. 6 The effect of axial force on the Pull-in instability of poly-Si and poly-SiGe micro-beams
for different beam types
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Fig. 7 Pull-in instability of poly-Si and poly-SiGe micro-beams subjected to electrostatic force
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Fig. 8 The influence of Casimir force on the pull-in instability of poly-Si and poly-SiGe
micro-beams
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4.3 FGM micro-beam subjected to temperature change and nonlinear electrostatic force

Fig. 7 depicts the linear and nonlinear pull-in instability of the poly-Si and poly-SiGe
micro-beams subjected to electrostatic force and temperature change AT=10 K. It is noted that
neglecting the effect of geometric nonlinearity results in underestimated pull-in voltage and
deflection. Both the linear and nonlinear pull-in voltage is increasing from Type 1 to Type 6.
However, the nonlinear pull-in deflection is decreasing with the growth of Vv, , but the linear

pull-in deflection seems not to be impacted.

The intermolecular force is of prominent importance in some micro-switches where the
micro-beam may collapse onto the fixed ground plane due to the Casimir force only (Batra et al.
2008b). Once the stiffness of the micro-beam decrease to some extent, the micro-beam may
collapse even in the absence of an applied voltage and temperature change. As an example, we
consider a micro-beam of length L=410xm , aspect ratio b/L =0.244 and initial gap

g, =0.5um. The effect of intermolecular Casimir force on the pull-in instability of different type

of poly-SiGe graded micro-beams with varying temperature change AT is displayed in Fig. 8,
where the curves plus hollow symbols denote the results without Casimir force, while the curves
plus solid symbols represent the results considering the effect of Casimir force. As can be seen
from the results, neglect of Casimir force may lead to a considerably higher pull-in voltage for all
the beam types. The discrepancy tends to be smaller as temperature change AT increases. Besides,
it is noted that the linear and nonlinear results are almost identical in this case.

5. Conclusions

The pull-in instability of poly-SiGe graded micro-beams under electrostatic and intermolecular
Casimir forces, and temperature change is studied based on Euler-Bernoulli beam theory and von
Karman type geometric nonlinearity. The governing equation and boundary conditions are solved
numerically through DQ approximation to obtain the “pull-in temperature variation”, pull-in
voltage and pull-in deflection for fixed micro-beams. In this paper, the material property of the
ploy-SiGe graded micro-beam varies along the thickness direction, and it can be indicated by
exponential distribution model and Voigt model. A comprehensive study has been conducted to
analyze the pull-in instability characteristics, it concluded that

e The poly-SiGe micro-beam deflects towards the ground electrode under the action of

temperature change even without the application of the driving voltage V,. the FGM

micro-beam with a higher volume fraction ratio Vv, exhibits less obvious thermal expansion

phenomenon and can sustain a higher temperature change, in particular, for micro-beams with
smaller beam length, larger beam thickness and positive axial residual stress N, .

e The pull-in voltage decreases with the growth of the temperature when the micro-beam
under the combined effect of driving voltage V, and temperature change. It is noteworthy that
neglecting the effect of geometric nonlinearity results in underestimated pull-in voltage and
deflection.

o |t is noted that neglect of Casimir force may lead to a considerably higher pull-in voltage
once the stiffness of the micro-beam decrease to some extent.
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