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Abstract.  This paper studies, the analysis of nonlinear thermal vibration of fluid-infiltrated FG nanobeam with 
voids. The effect of nonlinear thermal in a FG ceramic-metal nanobeam is determined using Murnaghan’s model. 
Here the influence of fluids in the pores is investigated using the Skempton coefficient. Hamilton’s principle is used 
to find the equation of motion of functionally graded nanobeam with the effect of refined higher-order state space 
strain gradient theory (SSSGT). Numerical solutions of the FG nanobeam are employed using Navier’s solution. 
These solutions are validated against the impact of various parameters, including imperfection ratio, fluid viscosity, 
fluid velocity, amplitude, and piezoelectric strain, on the behavior of the fluid-infiltrated porous FG nanobeam. 
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1. Introduction 
 

A class of Japanese scientists initiated the development of Functionally Graded Materials 
(FGMs) as a type of composite to regulate the volume fractions of two or more materials in the 

mixture. These materials exhibit spatially varying properties, typically combining the best features 
of ceramics and metals, which makes them highly desirable in various engineering fields such as 
aerospace, mechanical, and biomedical engineering. The mechanical properties of FGMs, 
particularly their behavior under different loading conditions, have garnered significant interest 
among researchers. Due to their layered structure, understanding how flaws during production 
affect their mechanical behavior has become one of the essential objectives in contact mechanics. 
Ke et al. (2012), explores the nonlinear vibration behavior of piezoelectric nanobeams using 
nonlocal and Timoshenko theory. It examines the effects of size parameter, alterations in 

temperature and ambient electric effect of the nanobeam Ke et al. (2012), employed the nonlocal 
theory to explore the free vibration and thermo electro coupling effect of electro elastic nanobeam. 
Additionally, Ebrahimi et al. (2021), presented a study on wave scattering in viscoelastic 
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functionally graded (FG) nano beams. Furthermore, within the context of shear bending in third 
mode deformation theory, vibration features of magneto thermo electro elastic FG nanobeams 
were studied by Ebrahimi et al. (2018), A new higher-order shear deformation theory for the 
analysis of buckling and free vibration in isotropic and functionally graded (FG) sandwich beams 
was put forth by the author Nguyen et al. (2015). Alibeigi et al. (2018), introduced the buckling 
behavior of nanobeams using the Euler-Bernoulli beam model with the inclusion of von Kármán 

geometrical nonlinearity. Furthermore, Shariati et al. (2020), investigated the bending of size 
dependent magneto-electro-elastic (MEE) nanobeams over nonlinear substrate. Some studies of 
Ebrahimi et al. (2020), have been carried out encompassing diverse facets. These include studies 
on loading of hygrothermal and bending of electromagnetically responsive piezoelectric nanobeam 
systems, progressive analysis of intelligent nanostructures, and frequency assessment of 
functionally graded thin beams after thermal post-buckling was studied by Li et al. Additionally, 
the distinction elastic nanobeams driven by stress and strain has been addressed through integral 

elasticity in the studies of Roamno et al.  
A study by Barretta et al. employed the kinematic model to investigate buckling in beams 

composed of FG materials subjected to multiple thermal loads. The work of Kiani et al. focused on 
analyzing the propagation of waves in infinite functionally graded plates within a thermal 
environment. (Sun et al., Thai et al.) developed a consistent refined higher-order shear 
deformation theory (HSDT) to examine the free vibration of functionally graded plates resting on 
an elastic foundation and to explore the impact of boundary conditions on natural frequencies. 
Thai et al. studied nonlinear bending in nanobeams and discussed using the (FEM) finite element 

method. A study by Reddy et al. surveyed the variation of natural frequencies using the nonlocal 
theory on a viscoelastic sheet. Analyzing size-dependent elements of beams was an objective of 
the research by Ebrahimi et al. Graphene sheets were used to model thermo-elastic problems in 
Lim et al. study via nonlocal strain gradient theory (NSGT). Li et al. examined the stiffness-
softening-hardening effect of FG beams. Furthermore, Ebrahimi et al. discussed the free vibration 
of 3D FGM Euler-Bernoulli nano beams, taking into account the small-scale effect. Alibeigi et al. 
investigated the buckling response of a nanobeam was investigated by applying the Euler-

Bernoulli theory (EBT) via shear models.  
Another study by Ke et al. (2014), explored the Timoshenko beam theory to examine reliable 

temperature rise, external electric and magnetic potential, incorporating nonlocal formulations for 
magneto-electro-elastic vibrations. This analysis considered different thermal loads, as well as the 
influence of electrical and magnetic fields.  Additionally, the bending characteristics of magneto-
electro-elastic nanobeams were thoroughly investigated by Ebrahimi et al. (2021). Notably, studies 
on size-dependent advancement and issues have been employed with different shear model was 

studied by Ebrahimi et al. (2020). Additionally, Ebrahimi et al. (2018) delved into examine the 
influence of scale oriented wave propagation in different physical moduli. Notably, Ebrahimi et al. 
(2016), undertakes the investigation of hygrothermal wave characteristics in nanobeams crafted 
from inhomogeneous material with porosity and magnetic field. The free vibration of functionally 
graded doubly curved nanoshells was studied and presented findings on the vibration of FG 
sandwich nanoplates by Vinh et al. (2022). The authors Ebrahimi et al. (2020), discussed about the 
buckling behavior of MEE-FG beam with porosity phases. Temperature dependent FG beams with 
porosities are investigated and discussed by Ebrahimi et al. The stability analysis of hygrothermal 

environment under nonlinear thermal field was studied by Subrat et al. (2020). In reference with 
the authors Arshid et al. (2023), the advanced fluid infiltrated porous shells with GPLs-reinforced 
nanocomposite been studied with its buckling behavior. Additionally elastic buckling behavior of 
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fluid infiltrated porous plates with an analytical approach was studied by Rad et al. (2020). The 
authors Selvamani et al. (2023), discussed about the vibration analysis of magneto thermo 
piezoelectric functionally graded material (FGM) nanobeam. In a reference which describes the 
two entirely different physical characteristics of materials and structures at nanoscale by Lim et al. 
(2015). In Ghobadi et al. (2020) studied the size-dependent nonlinear free vibration of functionally 
graded flexoelectric nano-plate under the magnetic field. Alghamdi et al. (2024) investigated the 

vibration of a thermoelastic nano-ceramic (Si3N4) beam exposed to a magnetic field under the 
effect of a moving heat source and different types of thermal loads. The torsional porous 
flexoelectric microtubes made of functionally graded (FG) materials are investigated by Beni et al. 
(2022). Mirjavadi et al. (2020) nonlinear dynamic characteristics of a nonlocal two-phase piezo-
magnetic beam including geometric imperfections by considering piezoelectric reinforcement 
scheme. Beni et al. (2022) analyzed the dynamic stability of an isotropic viscoelastic Euler-
Bernoulli nano-beam using piezoelectric materials. Wave propagation analysis of a FG nanobeam 

with rectangular cross section resting on Visco-Pasternak foundation was studied by Arefi et al. 
(2017). Author Beni et al. (2023) studied the electro-thermal buckling in a flexoelectric 
microbeam. Flexoelectric/piezoelectric in a rotating microbeams was studied by the author 
Hosseini et al. (2023). Authors Wan et al. (2019) nonlinear thermal buckling and post-buckling of 
magneto-electro-thermo-elastic functionally graded porous nanobeams is analyzed. Despite, these 
significant contributions, there remains a need for a comprehensive study that considers the 
combined effects of nonlinear thermal vibrations, fluid infiltration, and the interaction of magnetic 
and piezoelectric fields on FG nanobeams with voids. This paper builds upon these foundational 

studies by focusing on the nonlinear thermal vibration behavior of fluid-infiltrated magneto-
piezoelectric variable nonlocal FG nanobeams with voids. Nonlinear thermal effects can 
significantly alter the stiffness and damping characteristics of nanobeams, impacting their stability 
and functionality. The presence of voids and fluid infiltration further complicates the vibrational 
response, influencing the material’s overall performance. By considering the interactions between 
thermal, electrical, and magnetic fields, along with the effects of fluid infiltration and structural 
imperfections, this study aims to provide a comprehensive analysis of these complex systems. The 

novelty of this work is to understand the interplay of multiple physical phenomena in FG 
nanobeams, which is critical for designing advanced materials capable of operating effectively 
under combined thermal, electrical, and magnetic conditions. 

The objective of this study is to explore the effects of nonlinear thermal vibration on a fluid-
infiltrated porous nanobeam, taking into account nonlocal variables. The structure of this paper is 
outlined as follows: Section 2 establishes the fundamental equations governing the behavior of the 
fluid-infiltrated porous FG nanobeam under nonlinear thermal conditions. In Section 3, the 

equations of motion considering the nonlocal nature of the FG nanobeam are derived based on 
Hamilton’s principle. Section 4 employs Navier’s solution technique to solve the motion 
equations. Finally, a summary of the conclusions along with graphical results is presented. 
 

 

2. Formulation of the problem 
 
An examination of thermo-electro-magneto functionally graded material (FGM) has been 

followed up using the refined higher order SSSGT. The nanobeam possesses dimensions including 

length (𝐿), width (𝑏)and thickness (ℎ̂). The FGM, in this case, is comprised of two distinct 

sections: a ceramic segment BaTiO3 and a metallic segment CoFe2𝑂4. In order to accommodate 
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behaviors influenced by temperature, the study incorporates an analysis of the individual 
components within the FGM. 

In this section, the properties have been computed using power-law relations. To determine 
these properties in the thickness direction with respect to temperature variable, the volume fraction 
of metallic and ceramic phase is calculated using the power law model. Consequently, the 
fractional volume of the ceramic part can be Ebrahimi (2021) 

𝐹𝑐 = (
𝑧

ℎ̂
+
1

2
)
𝑝

, 𝐹𝑚 + 𝐹𝑐 = 1 (2.1) 

While the exponential power law𝑝and thicknessℎ̂explore the property distributions in each 
layer of the nanobeam and the desired material property can be considered at local temperature as 
(Ebrahimi 2021) 

Ρ = Ρ0(Ρ−1𝑇
−1 + 1 + Ρ1𝑇 + Ρ2𝑇

2 + Ρ3𝑇
3) (2.2) 

whereas, Ρ0, Ρ−1,Ρ1,Ρ2,Ρ3  are the coefficients of material phases. 
 

2.1 Porous MPE (Magneto Piezo Electric) FG nanobeam 
 

The effective material properties 𝛲𝑓 of FGM nanobeam by using the modified rule of mixture 

can be expressed by Arshid et al. (2023) 

𝛲𝑓 = 𝛲𝑚(𝐹𝑚 −
𝛼

2
) + 𝛲𝑐(𝐹𝑐 −

𝛼

2
) (2.3) 

Here, 𝛲𝑚 and 𝐹𝑚 is the metal property and volume fraction of metallic property.𝛲𝑐and𝐹𝑐is the 
ceramic property and its volume fraction. According to the Eqs. (2.1) and (2.3) the effective 
material properties of porous MPE nanobeam with even porosities across the thickness direction is 

𝛲(𝑧) = (𝛲𝑐 − 𝛲𝑚) (
𝑧

ℎ̂
+
1

2
)
𝑝

+ 𝛲𝑚 − (𝛲𝑐 + 𝛲𝑚)
𝛼

2
 (2.4) 

 

2.2 Kinematic relations  
 

Eringen’s theory of nonlocality proposes that the stress state at a particular location within a 

body is a function of the strains across all adjacent regions. The fundamental equations for this 
theory, considering the absence of body related forces, can be expressed in the following manner:  
Xiao et al. (2019) 

𝜎𝑖𝑗 = ∫𝛼(|𝑦
''− 𝑦 '|

𝑣

, 𝜏)[𝐶'𝑖𝑗𝑘𝑙𝜀𝑘𝑙(𝑦
'') − 𝑒𝑚𝑖𝑗𝐸𝑚(𝑦

'') −Ω𝑛(𝑦
'') − 𝐶'𝑖𝑗𝑘𝑙𝛼𝑘𝑙Δ𝑇]𝑑𝑉(𝑦

'') 

(2.5) 𝐷𝑖 = ∫𝛼(|𝑦
'' −𝑦 '|

𝑣

, 𝜏)[𝑒𝑖𝑘𝑙𝜀𝑘𝑙(𝑦
'') − 𝐸𝑚(𝑦

'') + Ω𝑛(𝑦
'') − Δ𝑇]𝑑𝑉(𝑦 '') 

𝐵𝑖 = ∫𝛼(|𝑦
'' −𝑦 '|

𝑣

, 𝜏)[𝜀𝑘𝑙(𝑦
'') + 𝐸𝑚(𝑥

') + 𝜒𝑛𝑖Ω𝑛(𝑦
'') − 𝜆𝑖Δ𝑇]𝑑𝑉(𝑦

'') 

Here, the symbols 𝜎𝑖𝑗 and 𝜀𝑖𝑗  represents stress and strain. 𝐸𝑖  and 𝐷𝑖 denotes electric field and 

electric displacement, while 𝐵𝑖 indicates magnetic induction andΩ𝑖as magnetic field. The terms 

𝛼𝑘𝑙 and Δ𝑇 encompass thermal variation moduli and temperature difference. Furthermore, 𝐶' 𝑖𝑗𝑘𝑙 
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and 𝑒𝑚𝑖𝑗 represents the elastic and piezoelectric terms. Whereas, magnetic constant is denoted as 

𝜒𝑖𝑗. Additionally, 𝜏 = 𝑒0𝑎/𝑙 defines the scale coefficient and as well as𝑎, 𝑙stand for characteristic 

lengths within the internal and external facets, respectively. 𝑒0  is constant of the material 
considered. 

The governing equations of the nanobeam are derived using a precise kinematic theory that 
accounts for accurate stress-strain variations in rigid materials. Additionally, the higher-order shear 
deformation theory provides insight into these stress-strain changes. Based on Ebrahimi (2021), 
we consider the refined deformable shear beam’s direction as 

𝑢𝑥(𝑥, 𝑧, 𝑡̃) = 𝑢(𝑥, 𝑡̃) −
∂𝑤𝑏(𝑥, 𝑡̃)

∂𝑥
𝑧 −

∂𝑤𝑠(𝑥, 𝑡̃)

∂𝑥
ϒ(𝑧) (2.6) 

𝑤𝑧(𝑥, 𝑧, 𝑡̃) = 𝑤𝑏(𝑥, 𝑡̃) + 𝑤𝑠(𝑥, 𝑡̃) (2.7) 

Here, 𝑢 , 𝑤𝑏  and 𝑤𝑠  are the longitudinal, bending and shear components of the transverse 

displacement. Furthermore, with the intention of shear strain dispersion, ϒ(𝑧) is the interpolation 
function (shape function) which is designed as Ebrahimi (2021) 

ϒ(𝑧) =
ℎ̂𝑒𝑧

ℎ̂
2
+𝜋2

[𝜋 𝑠𝑖𝑛 (
𝜋𝑧

ℎ̂
)+ ℎ̂ 𝑐𝑜𝑠 (

𝜋𝑧

ℎ̂
)] −

ℎ̂
2

ℎ̂
2
+ 𝜋2

 (2.8) 

When addressing the presence of shear strain and stress within the deformed structural cross-
section through this function, uncertainties arise. Nevertheless, it is imperative to maintain the 
assumption of shear strain absence at free surfaces. The nonzero strains can be described using the 
continuum infinitesimal strain tensor. 

𝜀𝑥𝑥 =
∂𝑢

∂𝑥
− 𝑧

∂2𝑤𝑏
∂𝑥2

−ϒ(𝑧)
∂2𝑤𝑠
∂𝑥2

 (2.9) 

𝛾𝑥𝑧 = Γ(𝑧)
∂𝑤𝑠
∂𝑥

 (2.10) 

As 

Γ(𝑧) = 1−
𝑑ϒ(𝑧)

𝑑𝑧
 (2.11) 

In matrix form 

{𝜀𝑥𝑥} = {𝜀𝑥𝑥
0 } + 𝑧{𝜀𝑥𝑥

1 } +ϒ(𝑧){𝜀𝑥𝑥
2 } (2.12) 

{𝛾𝑥𝑧} = Γ(𝑧){𝛾𝑥𝑧
0 } (2.13) 

In which 

{𝜀𝑥𝑥
0 } = {

∂𝑢

∂𝑥
} 

(2.14) {𝜀𝑥𝑥
1 } = −{

∂2𝑤𝑏
∂𝑥2

} 

{𝜀𝑥𝑥
2 } = {

∂𝑤𝑠
∂𝑥
} 

{𝛾𝑥𝑧
0 } = {𝑤𝑠} 
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2.3 Constitutive relations 
 
The constitutive relation of the nanobeam is, Vinh and Tounsi (2022) 

{
𝜎𝑥𝑥
𝜏𝑥𝑧

} = {
𝑐11 0
0 𝑐66

} {
𝜀𝑥𝑥
𝛾𝑥𝑧
} (2.15) 

Such as, 𝑐11 =
𝐸(𝑧)

1−𝜈2
; 𝑐66 =

𝐸(𝑧)

2(1+𝜈)
  

 

2.4 Review of nonlinear thermal environment 
 

Based on thermal elasticity theory, the axial force due to thermal environment (𝛮𝛵) can be 
given as, Subrat Kumar Jen et al. (2020) 

ΝΤ = ∫ (𝑐11(𝑧), 𝑐66(𝑧))𝛼𝑥(𝑧)Ψ(ΔΤ)𝑑𝑧
ℎ/2

−ℎ/2

 (2.16) 

In which Ψ(ΔΤ) is the nonlinear elastic stress temperature coefficient which may be defined as 

Ψ(ΔΤ) = 𝐸𝛼𝑥ΔΤ− ℎ̂𝛼𝑥
2ΔΤ2 (2.17) 

with ℎ̂ = 𝑙1(1 − 2𝜈) − 2𝑚1(𝜈
2 − 1) + 𝑛1𝜈

2  

where Δ𝛵 is the change in temperature, 𝛼𝑥 is the coefficient of thermal expansion, (𝑙1,𝑚1, 𝑛1) are 
Murnaghan’s third order elastic constants and 𝜈 is the Poisson’s ratio. Substituting the above 
equations 

ΝΤ = ∫Ψ(ΔΤ)𝑑𝐴
𝐴

 

(2.18) = ∫(𝐸𝛼𝑥ΔΤ− ℎ̂𝛼𝑥
2ΔΤ2)𝑑𝐴

𝐴

 

= 𝐸𝐴𝛼𝑥ΔΤ− 𝐴ℎ̂𝛼𝑥
2ΔΤ2 

 

2.5 Fluid infiltrated MPE porous FG nanobeam 
 
Here, the MEPT FG nanobeam porous core is infiltrated with fluid and the stiffness 

components for the fluid can be stated in two terms namely, drained (𝜈) and undrained (𝜈𝑢) 
Poisson’s ratio, Arshid et al. (2023) 

𝑐11 = 2𝐺(𝑧)
1−4𝜈+2𝜈𝑢

1−3𝜈+2𝜈𝜈𝑢
  (2.19) 

𝑐66 = 2𝐺(𝑧)
−𝜈+2(1−𝜈)𝜈𝑢

1−3𝜈+2𝜈𝜈𝑢
  (2.20) 

Where, 𝜈𝑢 =
(3𝜈+Δ)

(3−Δ)
, 

In which Δ = 𝐵ƛ(𝑧)(1 − 2𝜈);  where the Skempton coefficient is depicted by B that 

demonstrates the pressure of the fluid inside the pores, ƛ(𝑧) is the Biot’s coefficient that can be 
determined via 1 −𝐺(𝑧)/𝐺0.  Also 𝐺(𝑧)  equals 𝐸(𝑧)/2(1+ 𝜈). 𝐸(𝑧)  is Young’s elasticity 
modulus of the nanobeam. The material properties of the FG nanobeam can be 
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{

𝐸(𝑧)
𝜌(𝑧)
𝛼𝑥(𝑧)

} = {
𝐸1
𝜌1
𝛼1

}(1− {

𝜃

1 −√1 − 𝜃

1 −√1 − 𝜃

}ℜ(𝑧)) (2.21) 

Here, 𝜃 is the imperfection ratio which is demarcated as the ratio of pores to the whole volume. 
ℜ(𝑧) is the imperfection function. And the three distinguished types of imperfection are Arshid et 
al. (2023), 

Imperfection type 1: 

If the pores are scattered non-symmetrically then 

ℜ(𝑧) = 𝑐𝑜𝑠 [
𝜋

2ℎ̂
(𝑧 +

ℎ̂

2
)] (2.22) 

Imperfection type 2: 

ℜ(𝑧) = 𝑐𝑜𝑠 (
𝜋𝑧

ℎ̂
) (2.23) 

Imperfection type 3: 
If the pores are thickness free then this pattern rules for Young’s modulus and density 

𝐸(𝑧) = 𝐸1(1 − 𝜃𝜒) 

(2.24) 𝜌(𝑧) = 𝜌1√1− 𝜃𝜒 

𝛼𝑥(𝑧) = 𝛼1√1− 𝜃𝜒 

Where 

𝜒 =
1

𝜃
−
1

𝜃
(
2

𝜋
√1 − 𝜃 −

2

𝜋
+ 1)

2

 (2.25) 

 

2.6 Nonlocal elasticity theory 
 

The concept of nonlocal elasticity theory postulates that the stress experienced at any point is 
impacted by the strains occurring at all neighboring points within the continuum body. The 
nonlocal parameter remains constant irrespective of variation of materials. The differential form of 
the nonlocal elastic theory is as follows 

(1 − 𝜇∇2)𝜎𝑖𝑗 = 𝜉𝑖𝑗 (2.26) 

Where 𝜎𝑖𝑗, 𝜉𝑖𝑗  are nonlocal stress and stress tensors, ∇2=
∂2

∂𝑥2
+

∂2

∂𝑦2
 is the second Laplace 

operator, 𝜇 = (𝑒0𝑎)
2  is the nonlocal parameter, 𝑒0  is a material constant and 𝑎  is an internal 

characteristic length. In this study, it is postulated that the nonlocal parameter undergoes alteration 
concurrent with the modifications in other material attributes within the functionally graded 
material Vinh and Tounsi (2022). 

{
𝜉𝑥𝑥
𝜉𝑥𝑧
} = {

𝜎𝑥𝑥
𝜏𝑥𝑧

} − 𝜇(𝑧)∇2 {
𝜎𝑥𝑥
𝜏𝑥𝑧

} 
(2.27) 

= [
𝑐11 0
0 𝑐55

] {
𝜀𝑥𝑥
𝛾𝑥𝑧
} 
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The influence of the nonlocal parameter varies along the thickness dimension of the 
functionally graded nanobeam. The connection between nonlocal stress and strain is not solely 
governed by changes in Young’s modulus and Poisson’s ratio; it also hinges on variations in the 
nonlocal parameter. 
 
 

3. Motion equations 
 
The protracted lagrangian can be defined in accordance with Hamilton’s principle is 

𝐿 = Τ− Κ+ Η  

Therefore, Hamilton’s principle can be expressed as 

𝛿∫ (Τ− Κ+Η)𝑑𝑡̃ = 0
𝑡2

𝑡1

 (3.1) 

In Eq. (3.1), variables Τstrain energy, 𝛨 work done and Κ is the kinetic energy. Hence, the 
virtual strain energy can be 

𝛿Τ = ∫ (𝜎𝑥𝑥𝛿𝜀𝑥𝑥 + 𝜏𝑥𝑧𝛿𝛾𝑥𝑧 − 𝐷𝑥𝛿𝐸𝑥 −𝐷𝑧𝛿𝐸𝑧)𝑑𝑥
𝐿

0

 (3.2) 

𝜙(𝑥, 𝑧, 𝑡̃) = −𝑐𝑜𝑠(𝛽𝑧)𝜙(𝑥, 𝑡̃) +
2𝑧𝑉0

ℎ̂
𝑒−𝑖𝑘𝑡 (3.3) 

Where, 𝐷𝑧 = 𝑒31𝜀𝑥𝑥 + 𝑒33𝐸𝑧  and 𝐷𝑥 = 𝑒15𝛾𝑥𝑧 + 𝑒11𝐸𝑥 . The variation of electric potential 

towards the direction of 𝑥  is 𝛽 = 𝜋/ℎ̂;𝜙(𝑥, 𝑡̃); Ω  is the natural frequency of the piezoelectric 
nanobeam and 𝑉0 is the external electric voltage. 

By infusing Eqs. (2.9) and (2.10) in Eq. (3.2)  

𝛿Τ = ∫ (𝑁
∂𝛿𝑢

∂𝑥
−𝑀𝑏

∂2𝛿𝑤𝑏
∂𝑥2

−𝑀𝑠
∂2𝛿𝑤𝑠
∂𝑥2

+𝑄
∂𝛿𝑤𝑏
∂𝑥

−𝐷𝑥𝐸𝑥 −𝐷𝑧𝐸𝑧)𝑑𝑥
𝐿

0

 (3.4) 

the stress resultants can be obtained 

[𝑁,𝑀𝑏,𝑀𝑠] = ∫[1, 𝑧,ϒ(𝑧)]𝜎𝑥𝑥𝑑𝐴
𝐴

 (3.5) 

𝑄 = ∫Γ(𝑧)𝜎𝑥𝑧𝑑𝐴
𝐴

 (3.6) 

The kinetic energy of the system can be arrived as 

𝛿Κ = ∫ 𝜌(𝑧) [
∂𝑢𝑥
∂𝑡̃

∂𝛿𝑢𝑥
∂𝑡̃

+
∂𝑢𝑧
∂𝑡̃

∂𝛿𝑢𝑧
∂𝑡̃

]𝑑𝑥
𝐿

0

 (3.7) 

Infusion of Eqs. (2.6) and (2.7) in the Eq. (3.7) 
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𝛿Κ = ∫

(

 
 
 
 
 
 
 
 
 
𝐼0
* (
∂𝑢

∂𝑡̃

∂𝛿𝑢

∂𝑡̃
+
∂(𝑤𝑏 +𝑤𝑠)

∂𝑡̃

∂𝛿(𝑤𝑏 +𝑤𝑠)

∂𝑡̃
)

−𝐼1
* (
∂𝑢

∂𝑡̃

∂2𝛿𝑤𝑏
∂𝑥 ∂𝑡̃

+
∂2𝑤𝑏
∂𝑥 ∂𝑡̃

∂𝛿𝑢

∂𝑡̃
)

−𝐽1
* (
∂𝑢

∂𝑡̃

∂2𝛿𝑤𝑠
∂𝑥 ∂𝑡̃

+
∂2𝑤𝑠
∂𝑥 ∂𝑡̃

∂𝛿𝑢

∂𝑡̃
)

+𝐼2
*
∂2𝑤𝑏
∂𝑥 ∂𝑡̃

∂2𝛿𝑤𝑏
∂𝑥 ∂𝑡̃

+ 𝐾2
*
∂2𝑤𝑠
∂𝑥 ∂𝑡̃

∂2𝛿𝑤𝑠
∂𝑥∂𝑡̃

+𝐽2
* (
∂2𝑤𝑏
∂𝑥 ∂𝑡̃

∂2𝛿𝑤𝑠
∂𝑥 ∂𝑡̃

+
∂2𝑤𝑠
∂𝑥 ∂𝑡̃

∂2𝛿𝑤𝑏
∂𝑥 ∂𝑡̃

)
)

 
 
 
 
 
 
 
 
 

𝐿

0

𝑑𝑥 (3.8) 

In accordance with the magnetic field 

ΜΒ = 𝜂𝐴Ω𝑥
2 ∂

2𝑤

∂𝑥2
  

Whereas, ΜΒ  is magnetic field; 𝜂  is field permeability; A is cross sectional area of the 

nanobeam and Ω𝑥 stands for magnetic potential of the longitudinal magnetic field, the work done 

𝑁𝑥 with a temperature fluctuation due to thermal environment can be 

𝛿Η = (
1

2
∫ 𝑁𝑥 +𝐸𝐴𝛼𝑥ΔΤ−𝐴ℎ̂𝛼𝑥

2ΔΤ2 +𝜂Ω𝑥
2 ∂

2𝑤

∂𝑥2

𝐿

0

)𝑑𝑥 (3.9) 

Coupled Euler-Lagrange equation is derived from the Eqs. (3.4), (3.8) and (3.9) as 

∂𝑁

∂𝑥
= 𝐼0

*
∂2𝑢

∂𝑡̃2
− 𝐼1

*
∂3𝑤𝑏
∂𝑥 ∂𝑡̃2

− 𝐽1
*
∂3𝑤𝑠
∂𝑥 ∂𝑡̃2

 (3.10) 

∂2𝑀𝑏
∂𝑥2

= 𝐼0
* ∂

2(𝑤𝑏 +𝑤𝑠)

∂𝑡̃2
+ 𝐼1

* ∂3𝑢

∂𝑥 ∂𝑡̃2
− 𝐼2

* ∂4𝑤𝑏
∂𝑥2 ∂𝑡̃2

− 𝐽2
* ∂4𝑤𝑠
∂𝑥2 ∂𝑡̃2

 

−(𝑁𝑥 + 𝐸𝐴𝛼𝑥ΔΤ−𝐴ℎ̂𝛼𝑥
2ΔΤ2 + 𝜂Ω𝑥

2 ∂
2𝑤

∂𝑥2
) 

(3.11) 

∂2𝑀𝑠
∂𝑥2

+
∂𝑄𝑥𝑧
∂𝑥

− 𝑁𝑥
∂2𝑤

∂𝑥2
= (𝐼0

* ∂
2(𝑤𝑏 +𝑤𝑠)

∂𝑡̃2
+ 𝐽1

* ∂3𝑢

∂𝑥 ∂𝑡̃2
− 𝐽2

* ∂4𝑤𝑏
∂𝑥2 ∂𝑡̃2

−𝐾2
* ∂4𝑤𝑠
∂𝑥2 ∂𝑡̃2

) 

−(𝑁𝑥 + 𝐸𝐴𝛼𝑥ΔΤ−𝐴ℎ̂𝛼𝑥
2ΔΤ2 + 𝜂Ω𝑥

2 ∂
2𝑤

∂𝑥2
) 

(3.12) 

𝛿𝜙 = ∫ [𝑐𝑜𝑠(𝛽𝑧) (
∂𝐷𝑥

∂𝑥
)] + 𝛽 𝑠𝑖𝑛(𝛽𝑧)𝐷𝑧

ℎ̂
2

−ℎ̂
2

 (3.13) 

Where, 𝑁,𝑀𝑏,𝑀𝑠 and 𝑄𝑥𝑧 are the stress resultants and calculated as 

(𝑁𝑥𝑥) = ∫ (𝜉𝑥𝑥)𝑑𝑧
𝐿

0
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(𝑀𝑥𝑥
𝑏 ) = ∫ (𝜉𝑥𝑥)𝑧𝑑𝑧

𝐿

0

 

(𝑀𝑥𝑥
𝑠 ) = ∫ (𝜉𝑥𝑥)ϒ(𝑧)𝑑𝑧

𝐿

0

 

(𝑄𝑥𝑧) = ∫ (𝜉𝑥𝑧)Γ(𝑧)𝑑𝑧
𝐿

0

 

(𝐷𝑥𝑧) = ∫ (𝜉𝑥𝑧)𝜙(𝑧)𝑑𝑧
𝐿

0

 

(3.14) 

Substituting (2.17) in (3.14) 

{

𝑁
𝑀𝑏

𝑀𝑠

𝑄

} = [

𝐴 𝐵 0 0
𝐵 𝐷 𝐹 0
𝐸 𝐹 𝐻 0
0 0 0 𝐴𝑠

]

{
 
 

 
 𝜀𝑥𝑥

0

𝜀𝑥𝑥
1

𝜀𝑥𝑥
2

𝛾𝑥𝑧
0
}
 
 

 
 

 (3.15) 

Where, 

𝑁 = {𝑁𝑥𝑥},𝑀
𝑏 = {𝑀𝑥𝑥

𝑏 },𝑀𝑠 = {𝑀𝑥𝑥
𝑠 }, 𝑄 = {𝑄𝑥𝑧}  

𝜀0 = {𝜀𝑥𝑥
0 }, 𝜀1 = {𝜀𝑥𝑥

1 }, 𝜀2 = {𝜀𝑥𝑥
2 }, 𝛾0 = {𝛾𝑥𝑧

0 }  

The inertial mass moments from the above definition can be defined as,  

[𝐼0
*, 𝐼1

*, 𝐼2
*, 𝐽1

*, 𝐽2
*, 𝐾2

*] = ∫𝜇(𝑧)𝜌(𝑧)[1, 𝑧, 𝑧2,ϒ(𝑧), 𝑧ϒ(𝑧),ϒ2(𝑧)]𝑑𝑥
𝐴

  

The material properties considered in this analysis include the effective mass density 𝜌(𝑧) and 

effective nonlocal parameter 𝜇(𝑧). While the nonlocal parameter shows variations across different 
materials, a variable nonlocal parameter implies that nonlocal effects can vary spatially or with 
respect to specific parameters within the structure. This parameter adapts to the model, influenced 
by factors like material properties, dimensions, or environmental conditions. The parameter 

denoted as 𝜅 = 𝜇𝑐/𝜇𝑚 represents the proportion between the ceramic and metal phases. In cases 

where the nonlocal parameter is constant, 𝜅equals one (𝜅 = 1). Vinh and Tounsi (2022). 
 

 

4. Analytical solution 
 
In this study, the Navier’s solution technique is employed to solve the equation of motion. 

𝑢(𝑥, 𝑡̃) = ∑𝑢𝑛 𝑐𝑜𝑠(
𝑛𝜋

𝐿
)𝑥𝑒𝑖𝜔𝑡

∞

𝑛=1

 

𝑤(𝑥, 𝑡̃) = ∑𝑤𝑛 𝑠𝑖𝑛(
𝑛𝜋

𝐿
)𝑥𝑒𝑖𝜔𝑡

∞

𝑛=1

 

𝑄(𝑥, 𝑡̃) = ∑𝑄𝑛 𝑐𝑜𝑠(
𝑛𝜋

𝐿
)𝑥𝑒𝑖𝜔𝑡

∞

𝑛=1

 

 

346



 

 

 

 

 

 

Nonlinear thermal vibration of fluid infiltrated magneto piezo electric variable… 

𝜙(𝑥, 𝑡̃) = ∑𝜙𝑛 𝑠𝑖𝑛(
𝑛𝜋

𝐿
)𝑥𝑒𝑖𝜔𝑡

∞

𝑛=1

 (4.1) 

{

𝑢
𝑤𝑏
𝑤𝑠
} = {

𝑢 𝑒𝑥𝑝[𝑖(𝛽𝑥 −Ω𝑡̃)]

𝑤𝑏 𝑒𝑥𝑝[𝑖(𝛽𝑥 −Ω𝑡̃)]

𝑤𝑠 𝑒𝑥𝑝[𝑖(𝛽𝑥 −Ω𝑡̃)]

} (4.2) 

The amplitudes of the propagating waves are denoted as 𝑢,𝑤𝑏 and 𝑤𝑠. Whereas, Ω is frequency 

and 𝛽 is the wave number. And substituting the above expression into the Eqs. (3.10)-(3.13), then 
the attained form will be 

{[𝐾𝑠] + [𝐶𝑑]Ω+ [𝑀𝑚]Ω
2} {

𝑢
𝑤𝑏
𝑤𝑠
} = 0 (4.3) 

From the above definition [𝐾𝑠] represents stiffness, [𝐶𝑑] stands for damping and [𝑀𝑚] is for 
mass matrices. The elements of these matrices are 

𝑘𝑎1
𝑠 = (1+ 𝜆2𝛽2)𝐴𝑥𝑥𝛽

2 

(4.4) 

𝑘𝑎2
𝑠 = 𝑖(𝑁𝑥 + 𝜂Ω𝑥

2)(1 + 𝜆2𝛽2)𝐵𝑥𝑥𝛽
5 

𝑘𝑎3
𝑠 = 𝑖(𝑁𝑥 + 𝜂Ω𝑥

2)(1 + 𝜆2𝛽2)𝐵𝑥𝑥
𝑠 𝛽5 

𝑘𝑎4
𝑠 = 𝑒31(1 − 𝜆

2𝛽2)𝛽 𝑠𝑖𝑛(𝛽𝑧)𝜙 −
2𝑉0𝑒

𝑖𝑘𝑡

ℎ̂
 

𝑘𝑏2
𝑠 = −(𝑁𝑥 +𝜂Ω𝑥

2)𝐸𝐴𝛼𝑥ΔΤ− 𝐴ℎ̂𝛼𝑥
2ΔΤ2(1 + 𝜆2𝛽2)𝐷𝑥𝑥𝛽

6 

𝑘𝑏3
𝑠 = −(𝑁𝑥 +𝜂Ω𝑥

2)𝐸𝐴𝛼𝑥ΔΤ− 𝐴ℎ̂𝛼𝑥
2ΔΤ2(1 + 𝜆2𝛽2)𝐷𝑥𝑥

𝑠 𝛽6 

𝑘𝑏4
𝑠 = 𝑒31(1 − 𝜆

2𝛽2)𝛽 𝑠𝑖𝑛( 𝛽𝑧)𝜙 −
2𝑉0𝑒

𝑖𝑘𝑡

ℎ̂
 

𝑘𝑐3
𝑠 = −(𝑁𝑥 + 𝜂Ω𝑥

2)𝐸𝐴𝛼𝑥ΔΤ−𝐴ℎ̂𝛼𝑥
2ΔΤ2(1 + 𝜆2𝛽2)(𝐻𝑥𝑥

𝑠 𝛽6 +𝐴𝑠𝛽4) 

𝑘𝑐4
𝑠 = 𝑒31(1 − 𝜆

2𝛽2)𝛽2 𝑠𝑖𝑛( 𝛽𝑧)𝜙 −
2𝑉0𝑒

𝑖𝑘𝑡

ℎ̂
 

𝑐𝑎1
𝑑 = −𝐴𝑥𝑥𝜏𝛽

2 

 

𝑐𝑎2
𝑑 = 𝑖(𝑁𝑥 + 𝜂Ω𝑥

2)𝐵𝑥𝑥𝜏𝛽
5 

𝑐𝑎3
𝑑 = 𝑖(𝑁𝑥 + 𝜂Ω𝑥

2)𝐵𝑥𝑥
𝑠 𝜏𝛽5 

𝑐𝑎4
𝑑 = 𝜏𝑒31(𝛽

2 𝑐𝑜𝑠( 𝛽𝑧)
𝑑𝑧

𝑑𝑡
𝜙 − (

2𝑉0𝑒
𝑖𝑘𝑡

ℎ̂
(𝑖𝑘))) 

𝑐𝑏2
𝑑 = −(𝑁𝑥 +𝜂Ω𝑥

2)𝐷𝑥𝑥𝜏𝛽
6 

𝑐𝑏3
𝑑 = −(𝑁𝑥 +𝜂Ω𝑥

2)𝐷𝑥𝑥
𝑠 𝜏𝛽6 

𝑐𝑏4
𝑑 = 𝜏𝑒31 (𝛽

2 𝑐𝑜𝑠( 𝛽𝑧)
𝑑𝑧

𝑑𝑡
𝜙 −(

2𝑉0𝑒
𝑖𝑘𝑡

ℎ̂
(𝑖𝑘))) 

𝑐𝑐3
𝑑 = −(𝑁𝑥 +𝜂Ω𝑥

2)𝜏𝛽4(𝐻𝑥𝑥
𝑠 𝛽2 +𝐴𝑠) 
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𝑐𝑐4
𝑑 = 𝜏𝑒31 (𝛽

2 𝑐𝑜𝑠( 𝛽𝑧)
𝑑𝑧

𝑑𝑡
𝜙 − (

2𝑉0𝑒
𝑖𝑘𝑡

ℎ̂
(𝑖𝑘))) (4.5) 

  𝑚𝑎1
𝑚 = −(1+ 𝜇(𝑧)2𝛽2)𝐼0

* 

(4.6) 

𝑚𝑎2
𝑚 = 𝑖(𝑁𝑥 +𝜂Ω𝑥

2)𝛽2(1 + 𝜇(𝑧)2𝛽2)𝐼1
* 

𝑚𝑎3
𝑚 = 𝑖(𝑁𝑥 +𝜂Ω𝑥

2)𝛽2(1 + 𝜇(𝑧)2𝛽2)𝐽1
* 

𝑚𝑏2
𝑚 = −(1+ 𝜇(𝑧)2𝛽2)(𝐼0

* + 𝐼2
*(𝑁𝑥 +𝜂Ω𝑥

2)𝛽4) 

𝑚𝑏3
𝑚 = −(1+ 𝜇(𝑧)2𝛽2)(𝐼0

* + 𝐽2
*(𝑁𝑥 +𝜂Ω𝑥

2)𝛽4) 

𝑚𝑐3
𝑚 = −(1+ 𝜇(𝑧)2𝛽2)(𝐼0

* + 𝐾2
*(𝑁𝑥 +𝜂Ω𝑥

2)𝛽2) 

𝑚𝑐4
𝑚 = (1+ 𝜇(𝑧)2𝛽2)𝑒31(𝛽

2 𝑐𝑜𝑠(𝛽𝑧)
𝑑𝑧

𝑑𝑡
𝜙 − (

2𝑉0𝑒
𝑖𝑘𝑡

ℎ̂
(𝑖𝑘))) 

 

 

5. Results and discussion 
 
This section illustrates the magneto-thermo vibration of FG Nanobeam with the numerical 

examples. Table 1 presents the material properties of BaTiO3, CoFe2𝑂4 while Table 2 details the 
material properties related to piezoelectricity PZT-4. Table 3 provides a comparison of the non-
dimensional critical buckling load of the FGM beam for various power-law exponent values by 

taking the nonlocal parameter as 𝜇𝑐 = 𝜇𝑚 = 0, without fluid environment.  From Table 3, we can 
see a consistent agreement of the physical varibles with the literature, Nguyen et al. (2015). 

Fig. 1 illustrates the influence of nonlocal values on varying temperature gradient and 

imperfection ratio. For materials with weaker nonlocal effects (𝑒0 = 1), the temperature gradient 
may exhibit a moderate increase or remain relatively stable with increasing imperfection ratio. 

Conversely, materials with stronger nonlocal effects (𝑒0 = 1.5 or 2) may show a more pronounced 
decrease in temperature gradient as the imperfection ratio increases. Fig. 2 illustrates the impact of  

imperfection ratio on the nondimensional frequency via different nonlocal parameters, specifically 
characterized by different values of 𝑒0 . The imperfection ratio shows a decreasing trend with 

developing nonlocal material constants 𝑒0 from 1 to 2 as the nondimensional frequency increases. 
The variation of magnetic potential to wave frequency with full ceramic shows an increase in 

natural frequency with the magnetic potential. Additionally, it is noted that when the material is 

ceramic-rich (𝜇𝑐 = 0.1 to 0.4), then the magnetic potential increases with an increase in the  
 

 
Table 1 Material properties of BaTiO3 and CoFe2𝑂4  

Material Properties 

BaTiO3 
E [Pa] 

𝜌 [kg/m3] 

𝜈 [-] 

166 

5800 

1.1945 

e33 (N/m2K) (7.124×10-9) 

e15 (c/m2) 14.1 

CoFe2𝑂4 
E [Pa] 

𝜌 [kg/m3] 

𝜈 [-] 

286 

5300 

1.167 

e31 (c/m2) -(4.1) 

e11 ( c/Vm) (5.841×10-9) 
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Table 2 Material property of PZT-4, Ke et al. (2012) 

PZT - 4 
e31 (c/m2) e11 ( c/Vm) e33 (N/m2K) e15 (c/m2) 

-4.1 5.841×10-9 7.124×10-9 14.1 

 
Table 3 Comparison of non-dimensional critical buckling load of FGM beam for various power-law 

exponents, Nguyen et al. (2015) 

L/h  p=0 p=0.5 p=1 p=2 p=5 p=10 

5 
(Nguyen et al. 2015) 48.8406 32.0013 24.6894 19.1577 15.7355 14.1448 

Present 48.835 31.967 24.6870 19.1605 15.7401 14.13 

10 
(Nguyen et al. 2015) 52.3083 34.0002 26.1707 20.3909 17.1091 15.5278 

Present 52.3082 34.0087 26.1727 20.3936 17.1118 15.5291 

 

 

Fig. 1 Influence of nonlocality on temperature gradient and imperfection ratio 

 
 

natural frequency Ω = 0.5 as shown in Fig. 3. Similarly, Fig. 4 shows that the frequency and 

magnetic potential increase with an increase in the metallic-rich nonlocal variable from (𝜇𝑚 = 0.1 

to 0.4) . In Fig. 5, the changes in dimensionless frequency against fluid velocity is presented, it is 
seen that the convergence occurs until a specific point, beyond which resonance phenomena are 
initiated among the modes. When the dimensionless frequency converges till the fluid velocity 
reaches 3.0, resonance behavior occurs with higher fluid velocity. Also, damping occurs when the 
fluid velocity reaches 4.4 along with increasing dimensionless frequencies in the context of 
metallic nonlocal variable. 

Applications in microfluidic sensors demonstrate that higher fluid viscosity decreases the 

dimensionless frequency, indicating that more viscous fluids dampen the vibrations of the FG 
nanobeam, leading to a slower response, while higher fluid velocity induces a resonant behavior 
with the dimensionless frequency, suggesting that increased fluid flow can amplify the vibrations, 
potentially enhancing the dynamic response of the nanobeam. In Fig. 6, a gradual decrease in 
honey’s behavior is observed, starting around 1.2 and damping at 1.0, exhibiting a resonant 
response driven by the influence of the nonlocal metal variable at smaller scales. In comparison, 
water, with its inherently lower viscosity, demonstrates less damping and a milder response to the 

nonlocal metal variable at smaller scales than honey. Furthermore, when contrasted with honey  
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Fig. 2 Influence of nonlocality on dimensionless frequency and imperfection ratio 

 

 

Fig. 3 The variation of dimensionless frequency versus magnetic potential with the dominance 

of metal phase 

 
 

and water, vacuum responds more favorably to the dynamic interaction of dimensionless 
frequency and fluid viscosity. Similarly, in Fig. 7, the variation of dimensionless frequency over 
fluid viscosity in the context of ceramic nonlocal variable has been studied. Comparing honey and 
water, honey shows a damping behavior, potentially influenced by ceramic nonlocal variable, 

whereas water shows a moderate damping behavior. Hence, honey, water, and vacuum converge at 
some point. 

Nonlinear thermal effects play a critical role in enhancing the mechanical and electromagnetic 
performance of FG nanobeams. The stable amplitude response under varying electric voltages 
suggests that the material can maintain consistent performance despite changes in electrical input, 
which is essential for applications requiring precise control. Fig. 8 demonstrates the variation of 
the amplitude versus dimensionless frequency of the FG nanobeam. For an increasing 

dimensionless frequency, the amplitude shows linear growth in the curve until  Ω = 1.9, and 

afterwards, the curve reaches a rapid increment when electric voltage 𝑉0 = 1. Likewise, when  
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Fig. 4 The variation of frequency versus magnetic potential with the dominance of ceramic phase 

 

 

Fig. 5 Effect of dimensionless frequency over fluid velocity in the context of metal nonlocal variable 

 
 

𝑉0 = 0.5,1.5, the dimensionless frequency reaches its maximum point of amplitude. Hence, at 
some watts of voltages, the amplitude-frequency relationship shows higher and lower modes 
eventually. 

Considering Fig. 8, Fig. 9 shows an enlargement in amplitude axis from 0 to 2 with various 

electric voltages 𝑉0 = 0.5,1,1.5  for the same amplitude-frequency relationship of nonlinear 

thermal FG nanobeams. In Fig. 10, the impact of variable nonlocal parameters 𝜇𝑐, 𝜇𝑚  with 
magnetic field shows an ascending trend owing to its properties of ceramics and metals. Metals 
usually respond linearly to a magnetic field. Furthermore, the temperature increases with a rise in 
ceramic phase and decreases with the metal phase. Ceramics can show a range of magnetic and 
thermal responses based on their composition and structure. In Fig. 11, the impact of 
dimensionless frequency over piezoelectric strain and Young’s modulus with different mode 
numbers is depicted. The 3D representation in Fig. 12 shows the changing behavior of temperature 

over the physical variables time and distance. 
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Fig. 6 Effect of dimensionless frequency on fluid viscosity with variants of viscous fluids in metal phase 

 

 

Fig. 7 Effect of dimensionless frequency on fluid viscosity with variants of viscous fluids in ceramic phase 

 

 

Fig. 8 The amplitude-frequency response of nonlinear thermal FG nanobeams with various electric voltages 
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Fig. 9 The amplitude-frequency response of nonlinear thermal FG nanobeams with various electric voltages 

 

  

Fig. 10 Effect of variable nonlocal (𝜇𝑐 , 𝜇𝑚) over magnetic field and temperature 

 

 

Fig. 11 A 3D plot shows the behavior of Young’s modulus, Piezoelectric strain and 

Dimensionless frequency 
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Fig. 12 A 3D plot shows the impact of time and distance on temperature 

 

 

6. Conclusions 
 

The study presented above focuses on the free vibration analysis of a fluid infiltrated porous 
nanobeam made of Functionally Graded Materials (FGM). To acquire the motion equations of the 
FG nanobeam, Hamilton’s principle was employed. The derivation of the governing equations was 
achieved by inserting the displacement field equations into the Euler-Lagrange equations of the 
beam. These equations were then formulated as symmetric matrices using Navier’s Solution 
method to obtain the necessary solutions. The significant outcomes of this research are highlighted 

as follows: 
• Materials with stronger nonlocal effects has more pronounced decrease in temperature 
gradient as the imperfection ratio increases. 
• The impact of variable nonlocal parameters with magnetic field shows an ascending trend 
owing to its properties of ceramics and metals. 
• The imperfection ratio decreases with developing nonlocal material constants. 
• Higher fluid viscosity, which in turn decreases the dimensionless frequency whereas, higher 

fluid velocity makes a resonant behavior with dimensionless frequency.  
• For higher electric voltages, there will be larger the deformations or displacements which 
results in larger amplitudes.  
• Nonlinear thermal effects significantly impact mechanical and electromagnetic performance 
of FG nanobeam, as evidenced by the stable amplitude with varying electric voltages and the 
ascending trend with variable nonlocal parameters in a magnetic field.  
The study’s findings can serve as benchmark results for future research, particularly in the 

dynamic analysis of nanostructures incorporating variable small-scale parameters along with 

electromagneto-thermal effects. 
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