Coupled Systems Mechanics, Vol. 13, No. 1 (2024) 73-93
https://doi.org/10.12989/csm.2024.13.1.073 73

Time varying LQR-based optimal control of geometrically
exact Reissner’s beam model

Suljo Ljukovac'?2, Adnan Ibrahimbegovic*!® and Maida Cohodar-Husic*

"University of Technology Compiégne-Alliance Sorbonne University, Laboratoire Roberval,
Centre de Recherche Royallieu, Rue du Docteur Schweitzer, Compiégne, 60200, Hauts-de-France, France
2Faculty of Civil Engineering, University of Sarajevo,
Patriotske Lige 30, Sarajevo, 71000, Bosnia & Herzegovina
3Institut Universitaire de France, 1 Rue Descartes, Paris, 75000, France
4Faculty of Mechanical Engineering, University of Sarajevo,
Vilsonovo Setaliste 9, Sarajevo, 71000, Bosnia & Herzegovina

(Received November 14, 2023, Revised November 16, 2023, Accepted November 21, 2023)

Abstract. In this work, we propose combining an advanced optimal control algorithm with a geometrically exact
beam model. For simplicity, the 2D Reissner beam model is chosen to represent large displacements and rotations.
The difficulty pertains to the nonlinear nature of beam kinematics affecting the tangent stiffhess matrix, making it
non-constant, which compromises direct use of optimal control methods for linear problems. Thus, we seek to
accommodate a time varying control using linear-quadratic regulator (LQR) algorithm with the proposed
geometrically nonlinear beam model. We provide a detailed theoretical formulation and its numerical implementation
in a variational format form. Several illustrative numerical examples are provided to confirm an excellent
performance of the proposed methodology.

Keywords: geometrically exact kinematics; linear-quadratic regulator; optimal control; Reissner’s beam

1. Introduction

With a quest for increasing renewable energy share, the European Community has launched the
grand challenge of delivering wind-turbine installations that can provide 10 MW electric power
per year, which doubles the current maximal capacity in Europe. Our main research hypothesis
(see Fig. 1) is that such a production increase can be achieved with combined efforts of exploring
technological innovation towards larger wind-turbines with flexible blades as flexible multibody
systems in order to guarantee the turbine safety under extreme wind conditions.

The main impact of this project is to significantly improve upon the currently dominant system
of wind-turbines with stiff blades developed for offshore locations in Denmark and Northern
Germany, which offer near optimal conditions with steady winds. In order to further quantify
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Fig. 1 Meeting 10 MW EU challenge (a) single wind-turbine with 10MW production rough estimate
(Ibrahimbegovic 2018) at 10 m/s wind speeds requires 100 m long flexible blades; (b) direct problem: wind-
turbine farm loads computations with reduced power for each wind-turbine due to wakes and drag forces; (c)
control of large vibration of flexible wind-turbine blades

existing margins for progress for the location with variable wind speeds, we note that the Danish-
German wind-turbine system, which is currently predominantly used in France, remains
operational on the average only 24.7% of the time. Furthermore, even the optimal wind conditions
cannot deliver the maximum production, since the blades are stopped for wind speeds of over 90
km/h (e.g., only 78.8% of full capacity was provided by storm Ciara that hit France on February
10, 2020, since the turbines at coastal location had to be switched off due to wind speeds reaching
120 km/h).

The main goal of this work is to provide the increased interval of wind speeds in that we will
allow for an increase of the highest operational wind speeds and thus for better harvesting of wind
resources. Such improvement requires corresponding contributions in nonlinear dynamics and,
more precisely, the numerical models of large wind-turbines with flexible blades that will provide
improved safety under extreme wind conditions. Also, in order to control stability and avoid
damage, we need to provide the corresponding algorithms for control of the vibrations of the
geometrically exact beam that is used as the basic ingredient in constructing the numerical model
of flexible wind-turbine blades.

In order to ensure the desired response of the structure and suppress its vibrations, many papers
and books are focused on searching for the most appropriate control algorithm. The proportional-
integral-derivative (PID) controllers have been used for many years for linear problems, due to
their simplicity, efficiency and reliability, PID controllers and their different modifications are still
the most popular to use for control processes of flexible systems. Special attention is focused on
optimization of PID controller parameters. To design an optimal analogue and discrete PID
controller, an analogue and discrete time linear quadratic regulator (LQR) as suggested in (Das et
al. 2013). Optimal tuning of PI/PID controller for time-delay processes using LQR is further
proposed in (He et al. 2000).

Many studies have investigated the control problems of the flexible system mechanics. In
addition to other analyses, (Rafiee et al. 2017) gave a critical review of control algorithms applied
to rotating composite beams and blades. The position control of a flexible four bar mechanism has
been provided by PID controller while proportional controller has been used to suppress vibration
in (Trevisani et al. 2003). Optimal control algorithms, based on linear quadratic regulator (LQR),
are very popular due of their robustness and has been used to improve overall performances of
flexible structures: with friction compensation for flexible high-speed rack feeders in (Schindele et
al. 2014); for Stewart platform with flexible legs (Chen et al. 2018), for flexible beam linkage
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Fig. 2 Initial and deformed configuration of a geometrically exact 2D beam

(Zhou et al. 2001), flexible riser (Song et al. 2021), Timoshenko beam (Hernandez et al. 2011).

Active vibration control of a piezoelectric beam was investigated in (Neto et al. 2013, Vasques
et al. 2006), where several different popular control strategies were applied and compared: the
constant gain velocity feedback (CGVF), the constant amplitude velocity feedback (CAVF), LQR
and Linear Quadratic Gaussian controller (LQG) in (Vasques et al. 2006) and CAVF, CGVF and
LQR regulator (Neto et al. 2013). More works on control theory can be referenced in the books of
(Trelat 2005, Lewis et al. 2012, Glad et al. 2000, Kirk 2004). The main novelty of this work is to
choose among numerous control algorithms the most suitable strategy for control of the vibrations
of the geometrically exact Reissner beam. In this paper we still use the optimal control based on
LQR algorithm but accounting for changing tangent stiffness resulting with a nonlinear form of the
Kalman gain based upon Riccati’s solution.

The outline of the paper is as follows. In Section 2, we briefly present the geometrically exact
beam model that is used for representing the large motion of the flexible blades in nonlinear
dynamics framework. In Section 3, we present the corresponding developments of optimal
nonlinear control for this model with a state feedback loop. Details of numerical implementation
are given in Section 4, followed by the results of numerical simulation given in Section 5. In
Section 6, we state the conclusions.

2. Brief on 2D Reissner’s beam model

We consider a geometrically exact 2D Reissner's beam with the points of its neutral axis
parametrized by s € [0, L], see Fig. 2, where L is its length and A is the beam cross-section. Thus,
the beam volume V is given as V = L x A. Let the beam domain Q can be considered as an open
bounded set V = L x A with smooth boundary 0Q = 9Q,UdQ, and @ = 0Q,N3Q,. The initial
configuration is described by the position vector x of a point on the beam neutral axis and an
orthonormal basis with unit vectors e;, (i = 1,2).

Thus, the tangent to the neutral axis is defined as e; = x’, where el - e; = 0. The notation
(1) =0(-)/0s indicates the partial derivative with respect to s =x. The beam deformed
configuration is described by
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P =@ +aty  p=(zt+uler+(y+v)e 1)

where ¢, t, and x, € A are the position vector of the neutral axis in the deformed configuration,
the unit vector normal to ¢, that lies in the cross-sectional plane and corresponding cross-sectional
parameter, respectively. The unit vector ¢, in the deformed configuration is orthogonal to the beam

cross-section, but not necessarily tangent to the neutral axis.
By considering the shear flexibility of the beam, we can state that the orthogonality condition

no longer holds in the deformed configuration

u v
tg"P’?éO; o = (1—0—%)&—0—%&2 2
We recall the special orthogonal transformation SO (2), which is the necessary ingredient of the
finite strain theory, and it is responsible for planar rotation or mapping between the basis e; to t;,
(i = 1,2). Such transformation is given by the rotation tensor A(y): e; — t; with the components

cos?y —sin 1,[)]

A=t;® e;; = t;, = Aei; A= [sindﬁ COST,[) (3)

2.1 Beam kinematics and weak form of balance equations in statics

The spatial strain measure for shear flexible beams with curvature is defined as the difference
between beam neutral axis tangent ¢’ and cross-section unit normal t, (see Fig. 2), which is

defined as
el (¥t
=1~ {%ver ) Q

where & represents axial, and shear strains and and x contains the curvature strain, respectively.
The same strain measure can be formulated in the material form by using the pull-back operation
(Ibrahimbegovic et al. 2023), along with rotation tensor A in Eq. (3)

E—ATe g J(+35)cosy+ Gising—1
K=#; —(1+ 3_5) sin ) + %cosw

8

(%)

Once we obtain the strain measures in Egs. (4) and (5), we can state the stress resultant forces
N and moment M in the material description by employing the simplest constitutive law of linear
elasticity

N = C,E: C,, = diag(FA,GA) ©)
M=C,K; C, =FEI
where the strains E and K are given in Eqg. (5). The spatial force n and moment m resultants can
be transformed by push-forward operation of the material objects in Eq. (6)
n=AN; €= AE;
m=M; &=K;

b

(")

For clarification, the stress resultants in Eg. (6) are obtained through the integration of the Biot-
type stress Te; = AT Pe; (where P is the first Piola-Kirchhoff stress) over the beam cross-section
(e.g., see Reissner 1972) with
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NI:fT“dA; N2:f T*dA; M= —fmgT”dA (8)
A A A

where N = (N;, N,)T and M = Me5. The work conjugate couple of the stress resultants in Eq. (8)
and strain measures in Eg. (5) can be given in an alternative form proposed by Reissher as r =
(N,V,M)T = (N;,N,, M)T and £ = (2, T, K)T = (E;, E,, K)T, respectively. Thus, one can write
the Biot strain measure as
Y—mmK 0
S A ®

r 0

The internal strain energy of the geometrically exact beam can be stated with respect to
different work conjugate couples
1

H;int:%‘/;(eT'n'F K,Tvm)d.s:EfT(ETvN—O- KT'M)dSZ%frET'rdS (10)

By finding the first variation of the strain energy in Eg. (10) with respect to the virtual
displacement and rotation, one can obtain the internal virtual work in following form

G™ (¢, 9; dep, 61)) ::ff L(SF:PdAds:ff LéH:TdAds:fI %7 . rds (11)

where 6F, 5H and §X are variations of the deformation gradient, the Biot strain tensor and the
Reissner strain measure [4], respectively. These variations of the strains in Eq. (4) are obtained by
push-forward (e.g. see [1]) sequence of the material strains in Eq. (5)

d
be = A—[A] (¢’ — ti)], , = 8¢’ — YW

& , (12)
ok = IE Ty, o = dd'es

2.2 Dynamics framework

To simulate the beam response in real-time control, we need to extend the Reissner beam
model to the dynamics framework. The inertial velocity of the material point in Eqg.(1) can be
obtained by taking the first derivative with respect to time

¢ = @ + moto; P = ue; + ves; (13)
where the notation superposed dot indicates the time derivative (*) = d(-)/dt. The material
velocity of points located on the neutral axis is given by ¢, while the change in direction of the

unit base vectors t; corresponds to the material velocity of the rotating frame. In that sense, we
first need to find the time derivative of the orthogonal tensor A as

o 0 -1
A = yWA; W—[l 0] (14)

where W is a skew-symmetric matrix. By using the result in Eq. (14), one can further find the time
derivative of unit vectors t; in Eq. (13) as follows

t; = YWAe; = YyWt;; = {tl} = w{ © } (15)
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Reference Control Control Input ‘ Dynamic system Output
"

P(x(T).T) | ulx(®)t) u(t) | (1) = fix(t),u(t). 1) v(t)

State variables
x(t)

Fig. 3 Modern control sequence with state feedback (closed) loop signa

With the help of the result in Egs. (13) and (15), the kinetic energy of the beam can be written as a
guadratic form

K= / /A pé” - fdAds = f (4,67 ¢+ 7,97 ds (16)

where A, = ) , pdAand ], = 1} P px2dA are mass of the beam per unit length and cross-sectional
moment of inertia, respectively. The total system energy is constructed as the Hamiltonian
functional (as a quadratic form of the generalized coordinates and its time derivatives), which
involves the sum of kinetic and potential energy given in Egs. (10) and (16)

H(pvi¢,9) = K(¢,9) + D(e,v) (17)

The dynamic equilibrium can be obtained by finding the variation of the energy functional in
Eq. (17) with respect to virtual displacements and rotation. Next, by applying Hamilton’s principle
we can state the weak form of equilibrium equations in spatial description as

Glp,vsdp,60) = [ (67 4,6+ 60 1) ds

(18)

+ f ((&p’ - 51/)W<p')T ‘n+ dpel . m) ds — G =0
L

where the static term corresponds to the one already stated in Eq. (11).

3. Optimal nonlinear control with state feedback loop

In this section, we consider a development of the modern control algorithms (see Fig. 3), which
we seek to use for the presented Reissner’s beam model. Such a procedure includes dynamic
optimization with respect to cost-to-go function (also referred to as index performance or payoff
function) and imposed boundary conditions, with the goal of achieving that the system behaves in
an optimal manner. The key ingredients of the optimal control problem can be formulated as
follows: i) a mathematical model, which is given in Eq. (18), represented by a set of non-linear
differential equations, ii) specification of the cost-to-go function, from where we derive optimal
control law by finding extremum, iii) imposed boundary conditions on the states and/or controls.

We note that the optimization procedure for this kind of problem is standard, but the
complexity can vary with respect to the type of control we wish to implement. Here, we are
interested in delivering the optimal control for the MIMO (multiple-inputs-multiple-outputs)
system based on the state variable representation, from which we derive a set of first-order
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differential equations. Moreover, the dynamic optimization task involves the conditions and
system variables that change in time, which is a more challenging task than controlling a system
under steady-state conditions, (see e.g., Trelat 2005, Kirk 2005, Lewis 2012). We further trace the
necessary steps in nonlinear control design in order to cast the optimal control law for a finite time
linear quadratic regulator.

3.1 State-space form

In control theory, it is common to recast the quotations of motion in a so-called state-space
form in order to simplify the analysis, resulting with a set of first-order differential equations that
describe the system response in dynamics. We start by modifying the linearized form of dynamic
equilibrium presented in Eq. (18), by selecting the first vector of state variables as x;(t) =

(), ()"
M, (t) + K(8)x:1 () = £ (t) + u(t) (19)

where M, K and u are mass matrix, stiffness matrix and control variables, respectively. By further

selecting another state space vector x,(t) = x;(t) = (¢(t), ¥ (t))T, we can obtain the state-space
representation

X, (t) = XQ(tl

X =M " (K(t)x

) = M0 +u(t) 20)
x3(0) = x;

where x;(0) and x,(0) are initial conditions of the state variables. With this state-space
representation, which is given in Eq. (20), we have decreased the order of the differential
equations from second-order to first-order. Thus, we can apply standard numerical solution
procedure that are more stable and accurate. On the other side, the number of differential equations
has doubled, from n to 2n, which implies a higher computational cost. However, this increase in
computational cost is often outweighed by the benefits that the state-space form offers in terms of
numerical stability, analysis and control design.

A standard state-space representation can be given in matrix form, by introducing x(t) =
(1 (), ()T in Eq. (20) as follows

)~ Lo ol o) L0 @
x(t) A(t) x(t) T

where A € R™™ and B € R™" are state (or system) and input matrices. The expression in Eq.
(21) can be rewritten in more compact form as

x(t) = A(t)x(t) + Bu(t) = f(x(¢),u(t),t)

£(x(t),ult).t)

(22)

where f(x(t), u(t),t) is a state function. Since we consider time-varying systems, we note that
only the state matrix A(t) changes in time, while the input matrix B remains constant. However,
the following development should hold for both cases.
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Table 1 The cost-to-go function can be constructed to support different problems in optimal control

33
1. Minimum time J = [ ldr =t;—ty =t*
Lo f.j-
2. Minimum control energy J:f u”(2) - Ru(t)dr
t
3. Terminal error J =xT(tg) - Sx(t;)
Ly
4. Squared tracking error J=[ xT(t)-Qx(t)dr

t

5. Linear quadratic regulator (LQR) J(x(t),t) = x"(t5) - Qpx(ts) + [I(X(f) - Qx(t) + u(t) - Ru(t))dt

3.2 The Hamilton-Jacobi-Bellman (HJB) equation

A fundamental concept in optimal control involves various forms of cost-to-go functions which
can be formulated with respect to the minimization objective, encompassing factors such as
control of time, control of energy, terminal error, etc (see Table 1).

Such a cost-to-go function J, represent a quantitative measure of how well a controlled dynamic
system performs over a certain time, and thus one can give a general form of the function as

by
T=a(x(tp)t)+ [ Lex(0),u(0), 0 (23)
to
where the terms @(-) and [ L(-)dt are given as a quadratic form representing terminal constraint
at the final time and the sum of the cost rates, respectively. The integral function L(:) is also
referred to as Lagrangian. Furthermore, we exploit the additive interval property of integrals to
state the incremental change in the cost-to-go function for the time interval [t, t + At]

t+At
J(x(t),t) = /t L(x(t),u(t), t)dr + J(x + Ax,t + At) (24)

where 7 is a dummy variable. We note that the cost-to-go function in Eq. (24) is updated
recursively, where x + Ax is the state at time t + At which is computed as a system response for
x(t) and u(t). Among all the potential costs to go from time ¢ to tf, given by Eq. (24), we select
only the candidates J * (x(t),t) that optimize the function J(x(t),t) within the interval [t +
At, t¢]. Assuming that the optimal cost J = (x + Ax, t + At) and control law u(t + At) are known
for all x + Ax, we can therefore compute optimal control law u(t) for all x(t) on the time interval
[t, t + At] through the corresponding minimization procedure

t+ AL
J*(x(t),t) = min { ft L(x(t), u(t), t)dr + J*(x(t+At),t+At)} (25)

u(r)eR”

which casts the principle of optimality on T € [t, t + At]. By finding the Taylor series expansion
of the right hand side of Eq. (25) around the point (x(t), t), we get
AT (x(t),t)

aJ*(x(t),
(ait} D A+ o x(t)At} (26)

Through a minor manipulation of Eq. (27) and by taking the limit as At — 0, we can derive the
partial differential equation that governs the optimal cost J * (x(t), t)

u(rgie%n{ll(x(t), u(t), t)At + J*(x(t),t) +
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AJ* (x(t), t ) aJ* (x(t), )\ T
_% = u(rggllig"{L(X(t),U(t),t) + (%) : x(t)} (27)

where the result is denoted as the Hamilton-Jacobi-Bellman (HJB) equation. If we denote the
Lagrange multipliers as % = A(t), and the state equation as x(t) = f(x(t),u(t),t), we
can rewrite the HJB equation as follows
—W = u(r:l)llglg{“{L(x(t),u(t),t) + AT(t) - f(x(t),u(t),t)} (28)
The result in Eg. (28) can be recast in a more standard form that employs the Hamiltonian
H(x(t),u(t), A(t),t) in place of the Lagrangian L(x(t), u(t), t), where the relation is given as
H(x(t),u(t),A(t),t) = L(x(t),u(t),t) + AT(t)- f(x(t),u(t),t) (29)
We can further introduce the result Eg. (29) into the HIB equation in Eqg. (28), which results
- — min (H (), u(6), A0, 0) (30)

The result obtained in Eq. (30) yields the optimal control law for a nonlinear system using
closed-loop or state feedback, where the solution, in most cases, can only be obtained numerically.

3.3 Finite time linear quadratic regulator (LQR) algorithm

Here we present the advanced control algorithm, denoted as linear quadratic regulator (LQR),
which optimizes both the control effort (minimal control energy) and the performance of the
system with respect to time. In order to determine the optimal control law u  (t), we first define
the cost-to-go function J(x(t), t) as a quadratic form (see Table 1)

TOx(0),1) = 5x0(t) - Qux(tn) + 5 [ (x(6)- Qx(t) + u(®) - Ru(®)at 31)

where Q = QT > 0, Qsand R = RT > 0 are matrices related to the penalty of state error, terminal
error and control effort. According to Eg. (29) we can define the Hamiltonian as follows

H(x(t),u(t), At),t) = %(XT(t) -Qx(t) + u' (R -u(t)) +AT(t) - (A(t)x(t) + Bu(t))  (32)

To perform optimization of function in Eq. (31), we employ the HIB principle in Eq. (30),
where the minimization task reads
0T (x(2),t)

X0 i {7 QxR 4 A7 (A B ) @)

Now, we can obtain stationary condition, state and co-state equations by finding the first
derivative of the Hamiltonian H with respect to control variable w, state x and Lagrange
multipliers A, respectively

H
D:(Z_u)zRu+BT’\§ = uw(A@®),H)=-R'B"A

. OH

. (OH\ '
X = (ﬁ) = Ax -+ Bu
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where we obtain the optimal control law u * (A(t), t) which minimizes the functional in Eq. (33).
The result in Eq. (34) can be rewritten in matrix form as

X

\ (35)

{x} |A -BR'B’

Al |-qQ —AT
To provide the closed-loop or state feedback control, we a priori need to redefine the optimal

control u * (A(t), t) in terms of the state variable x(t). If we assume that the optimal cost-to-go

function has a following solution form J = (x(t),t) = %xT - §(t)x, where S(t) = ST(t) > 0, then
the Lagrange multipliers and time variation of the cost-to-go function can be given as

arr 2 A N R
o S(t)x = A et -S(t)x; (36)
Now, we can rewrite the optimal control law u * (x, t) in Eq. (34) as
u'(x,t) = —R'BTS(t)x (37)

where —R™1BTS(t) is denoted as Kalman gain. By combining the results in Egs. (35), (36) and
(37), one can cast the Riccati differential equation in matrix form as follows

~8(t) = Q — S(t)BR 'BYS(t) + S(t)A + AT S(1) (38)

where the final state condition is given S(t;) = Q. For clarification, the solution procedure of the
LQR problem reduces to numerical integration of the Riccati differential equation Eq. (38)
backwards in time. Once the solution S(t) is obtained, we can compute the optimal feedback gain
u *(t) at the time t (see Eq. (37)), and then update the state equation

x(t) = (A(t) - BR 'B"S(t))x(¢) (39)

Thus, we can proceed with the computation of the system response forward in time for the
given control signal in Eqg. (37).

4. Numerical implementation

In this section, we present the numerical implementation of the 2D beam with nonlinear
kinematics. Since the linearization of the weak form was elaborated in [2,3], we will omit a
detailed explanation. Furthermore, we show the essential steps involved in the development of
discrete computation algorithm of optimal control law.

4.1 Discrete approximation for geometrically exact beam with 2-node element

Here, we briefly discuss the choice of the shape functions. The piece-wise linear shape
functions are chosen for discretization of the displacement and rotation fields that correspond to a
2-node element. We consider a domain Q € R? divided into a finite number of elements with
length Q€. It holds that Q =Ugqe; Q¢, where I is a set with all elements. To construct the real and
virtual fields, we use the same isoparametric shape functions defined as follows

(€)= 22 Ne(©)es;
Y€)= Yo Ne(&Y;

a=1

N©-30160. &={Y 1Z) el o
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where N,°(&) is the linear piece-wise shape function. The corresponding first derivatives of
displacement and rotation fields, which are necessary ingredient to compute the strains, can easily
be computed with

‘P!h(‘f) = di’;h(f) = Zi*] B:‘;(E)(PE; dNC _1 .
PSRRI LA o “ 7 (44)
- - a=1"a

df a’

where the transformation to isoparametric coordinates employs the Jacobian, which is given by
Jj = Z—i = L; The same choice of shape functions can be used for discretization of real and
virtual fields of velocity and acceleration.

4.2 Linearized weak form of dynamic equilibrium

Such a highly nonlinear dynamic problem we need to linearize, by finding the directional
derivative with respect to incremental change in displacements and rotation. Taking into account
that equilibrium is attained for the previous time step, we can write the linearized internal work of
weak equilibrium equations in Eg. (18) as

LinlG(p, )] = “L[Clp + tAp, 9+ tAY)],_y

= f del - AC,ATAe + 0T - AC,,ATAk + ASe” -n+ AS&” - m | ds
£ material geometric
+ f (JcpT-ApAc,b-l-(ﬁ,bJpAgﬁ)ds
L
inertia
where A¢g and Ay are incremental displacements and rotation, respectively. It can be noticed that
in Eq. (46) we get material K,,, and geometric K, part of the tangent stiffness as a product of

consistent linearization, such that K = K,,, + K,. Furthermore, we can write explicit form of the
material part of internal virtual work

(44)

s’ T I 0 I 0] (A
s " A r
{52} ~Km{A:;}_/ 5o % l—wWe' 0 [ACSA (CO] ~W¢' 0| { Ay bds (45)
il 0 I " 0 1] LAy
as well as the linearized geometric part of internal virtual work K,
s * A &p'}T [ 0 Wn :|{/_\<p"}
K — .
God Aot = L) Lowar el (46)
The linearized inertia term is given as
s " {A{o‘} /{&p}T [Apl 0]{A¢}
-M .= . . od 47
{&p} apf T LS Lo p\agf® 49
thus, the linearized equilibrium equations can be written in a simplified form
A{P A(P _ ext int
M{A¢} S e B i) (48)

residual ~= 0
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4.3 Discrete time computation algorithm of optimal control

In this section, we provide the solution procedure for the LQR problem in a time discrete form.
The state differential equation in Eq. (34) can be numerically integrated by explicit Euler forward
scheme, where the state variables at time step n + 1 are computed

Xp+l = Xp + At - (Anxn + Bnun)
= (I+ AA,)x, + AtB,u,

A B
= Ax, + Bu,
With the help of the expression in Eq. (24), we can rewrite the cost-to-go function in discrete
form for arbitrary time instant ¢ € [0,n + 1] as

1 n
Jr (X7, T) = m&n{a Z(xg - Qxi +uy - Rug) + T (X1, m + 1)} (50)
k=T
where the computation of 7 < n + 1 is performed recursively. For clarification, if we consider two
adjacent time instantes n and n + 1, the cost-to-go function is known for n + 1 and it has a form
Jn+1(xn+1an + ]-) = %Xg} 1° Snt1Xnt1 (51)

while the cost-to-go function at time n needs to be computed backwards in time. By using result in
Egs. (51) and (53), one can express the cost-to-go function at time n with respect to variables in
the same time instant as follows

Jn(xn: n) = E (XZ ' an + ug ’ Run + x?;:rl : Sn—lxn+1)
1 _ _p _ _ (52)
=3 (xf - Qx, +ul - Ru, + (Ax, + Bx,) - Su1(Ax, + an))
According to the expression Eq. (37) the optimal control law in discrete form becomes
0= gi” — Ru,B'S,(Ax, +Bx,) = u,=— (R + BTSH_,.lB)_lBTS”_HAxn
i (53)

K.
= - Knxn

where K, is Kalman gain. Now, the optimal cost-to-go function from time n to n + 1 can be
expressed in terms of Kalman gain as follows

T (Xn,n) = 2xT - (Q +K,RK, + (A - BK,)'S,.,(A - BK,,_))xn (54)

By combining results in Egs. (51) and (54) one can obtain the Riccati differential equation (see
Eqg. (38)) in discrete form

_ T - T i _T = 1_7p x
S, —Q+A’S, A A SHHB(RJrB SHHB) B'S, 1A (55)

where the solution is computed recursively.

5. Numerical examples

In this section, we present several numerical examples that illustrate performance of the
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Fig. 5 Validation of the present model with Matlab functions (a) state-space response; (b) time history of
displacement

proposed optimal control approach and its capabilities. The code development and computations
are performed by using the research version of FEAP software, developed by Prof. R.L. Taylor at
UC Berkeley (Taylor 2014).

5.1 Linear case of uniaxial vibration of Reissner’s beam

In this example, we firstly consider a simple 1D problem to verify the control algorithm for
linear response of Reissner’s beam with an uniaxial tension load, see Fig. 4. Hence, we can verify
the element control algorithm for the case where both stiffness and mass matrix are constant in
time. For such a linear problem we can verify the computed response against the Matlab solvers
LQR and discrete algebraic Riccati equations (idare). The beam of length L = 10 is clamped at the
left end, and submitted at the right end to imposed initial displacement of magnitude p = 1. The
rest of input data geometry and material properties are given in Fig. 4. We employed a single finite
element model in order to provide the simplest possible illustration that can be compared against
the spring-mass system. We note that by refining the mesh with (many) more beam elements, one
has to control high frequency modes which can pollute the results and impair convergence.

We performed numerical computation by using the Euler backward time integration scheme.
To avoid amplitude decay, yet called numerical damping, due to insufficient scheme accuracy, we
use a very small time step of At = 0.0001s with 10* steps for 1s. First, we verify the proposed
element accuracy in free vibration without control against the system response to initial states of
state-space  model in Matlab, obtained by calling the functions (sys=ss(A,B,C,D)] and
[[y,t]=initial(sys,x0)). The results of these computations are given in Fig. 5., where the results are
almost indistinguishable.

Next, we seek to verify the computational response of the system against two Matlab solution
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Fig. 6 State-space response (a) Q = 10; (b) Q = 10%; (c) Q = 103, (d) Q = 10*

algorithms for algebraic Riccati’s equation Igr ([K,S,P]=Igr(A,B,Q,R,N)) and differential algebraic
Riccati’s equations idare ([X,L,G]=idare(A,B,Q,R)). These algorithms provide the steady state
solution and the time discrete solution of differential Riccati’s equations. The computations are
performed for different values of penalty state error: Q = qI,q = (0,10,10%, 103 10*) and R =
rI,r = 1. In Fig. 6., we present the computer state space diagrams for several values of matrix Q.
It can be seen from the figures that with the increase of the penalty value g, the amplitudes of
oscillation of the displacement and velocity decrease. In both cases, when g = 0, the amplitudes of
oscillation of the displacement and velocity remain the same (undamped free vibrations), and at
q = 10*, the oscillatory character of the time change for the displacement and velocity almost
completely disappears. The oscillation amplitude of the displacement decreases from the initial
value of 1 to zero at a time slightly greater than 0.2 s. The velocity changes from a zero initial
value and reaches a value of around -7, and at a time of 0.3 s it drops to zero. In the case of a
control law that is equal to zero at ¢ = 0, with an increase in the penalty value g, the control law
takes on an oscillatory character and the oscillation amplitude increases with an increase of q. For
value of g = 10*, the oscillatory character of the control signal disappears, but there is an
overshoot that is more than 6-10? at peak time of 0.09 s. Moreover, the output results match very
well by comparing those obtained via idare and the present model. On the other hand the Igr with
constant control law does not provide the same output, unless we increase the penalty state error
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(compare Fig. 6(a) and 6(d)). The small value of the penalty state error is insufficient to achieve
the optimal control goal by placing the structure in the final position within the given time.

In Fig. 7, we show the comparison of computed results for time evolution of displacement,
velocity and control with the proposed model for different penalty values. We see in Fig. 7(a) that
increasing value of penalty state error leads to decreasing amplitude (much analogous to increased
damping) for both displacement (Fig. 7(a)) and velocity (Fig. 7(b)), whereas it results in increased
values of optimal control (Fig. 7(c).).

To verify the solution algorithm of the Riccati differential equations in matrix form we present
the Frobenius norm of the solution with respect again to different penalty values of Q, see Fig. 8. It
can be noticed that results are practically the same in the case of idare and the presented model.
We note that for the steady state case, the Riccati solution remains constant in agreement with Eq.
(38), which has influence on convergence rate (Fig. 6(a)).

5.2 Slightly nonlinear case: Transverse vibration of Reissner’s beam

In this example, we consider a slightly nonlinear case of the Reissner’s beam kinematics, where
we impose small initial perturbation p = 0.1 in the transverse direction to the beam axis. Input
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10*

data are the same as in the previous example, but with additional flexural stiffness EI = 10%. We
perform computations for 2, 4 and 8 finite elements in order to check the stability of computations
due to presence of high frequency modes. Here we impose the control algorithm only in transverse
direction, and we apply such control for all the elements with following penalty state error Q =
ql,q = 10° and penalty control R = rI,7 = 1. The simulations are performed with time step of
At = 0.0001s for total time of 5s. The output results are given in Fig. 9, for state space response
and time evolutions of free end displacement, velocity and control variable.

Here we show the ability to establish the control of the system that evolves over the time,
where the stiffness matrix is nearly constant in time, since the small vibration amplitudes remain
close to the linear domain of small displacements and rotations. We observe that by increasing the
number of elements the FE model contains more high frequency modes which makes the system
more difficult to control (see Fig. 9(a)). Nonetheless, in this example the control algorithm for all
discretizations successfully damped the vibrations.

5.3 Nonlinear case: Large displacements and rotations of cantilever beam

This example is chosen from (Ibrahimbegovic et al. 2004) controlled for quasi-static case. Here
we present the computation for nonlinear dynamics that is made to transform the cantilever beam
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in the vertical position closest to the letter T. We present here the LQR algorithm that drives the
system to non-zero setpoint, where the end states are x = 0,y = 15.356 and ¢y = m. To simulate
dynamic response we adopted an additional parameter that pertains to mass density p = 1. The
geometry and the rest of material properties are given in (Ibrahimbegovic et al. 2004).

We simulate a simplified model with few finite elements in order to avoid activation of high
frequency modes. Also, we set on the control algorithm at the node 3 (see Fig. 10) for all three
degrees of freedom. The adopted values of penalty terms of state error Q = qI,q = 10* and
control error R = rI,r = 0.1. The computation is performed with time step At = 0.001 s for total
time of t = 4 s. The output configurations and its y-displacement field at 6 times instants are given
in Fig. 10. The state-space diagram and the state variables time dependency are presented in Fig.
11.

The simulation results show that the control algorithm managed to drive the system to non-zero
setpoint in the domain of large displacements and rotations with optimal control policy.
Additionally,
one can observe in Fig. 11(a). that system converges to given values of displacement where u and
v are components of displacements in x and y direction, and i is angle with respect to initial
configuration.
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Fig. 10 Displacement field in y direction for following time instants (a) t = 0s, (b) t =0.8s, (c)t = 1.6 s,
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6. Conclusions

We have explored the efficiency of the time varying advanced control algorithm applied to the
geometrically exact 2D beam model. We chose the linear-quadratic regulator (LQR) algorithm to
drive the system into the desired state, where the optimal control strategy considers minimization
task of the cost-to-go functional with respect to the state error and control effort. Due to the
nonlinear nature of kinematics of the Reissner’s beam model, the beam tangent stiffness is
constantly changing, Yet, the proposed optimization task reduces to the computation of the
differential Riccati’s equation in each time step.
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Fig. 11 Output data (a) state-space response, (b) displacement vs. time, (c) velocity vs. time

The performance of the proposed model is simulated on several numerical examples. The first
of them has verified that the method applies with no difficulty to a simple 1D linear case, which is
confirmed by comparing the output data with computed results of widely known algorithms Iqr
and idare in Matlab. The second example deals with the finite element model with a slightly
nonlinear case, where one can notice that the system provided stability by converging to the initial
zero setpoint. In the final example we computed the response of a nonlinear system in the domain
of large displacements and rotations setting, where we report that due to occurrence of high
frequency modes the system is difficult to control. Therefore, here the penalty coefficients must be
selected carefully.
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