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Abstract.  In this paper, an improved theoretical interfacial stress and slip analysis is presented for simply supported 

composite steel-concrete beam bonded with an adhesive. The adherend shear deformations have been included in the 

present theoretical analyses by assuming a linear shear stress through the thickness of the adherends, while all existing 

solutions neglect this effect. Remarkable effect of shear deformations of elements has been noted in the results. It is 

observed that large shear is concentrated and slip at the edges of the composite steel-concrete. Comparing with some 

experimental results from references, analytical advantage of this improvement is possible to determine the normal and 

shear stress to estimate exact prediction of normal and shear stress interfacial along span between concrete and steel 

beam. The exact prediction of these stresses will be very important to make an accurate analysis of the mode of fracture. 

It is shown that both the normal and shear stresses at the interface are influenced by the material and geometry 

parameters of the composite steel-concrete beam. This research is helpful for the understanding on mechanical 

behavior of the connection and design of such structures. 
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1. Introduction 

 
The steel-concrete composite structures, which combine the high tensile strength of steel and the 

high compressive strength of concrete, have been widely used in multi-storey buildings and bridges 

all over the world. At the beginning of the 1960s, an efficient adhesive bonding technique (Henriques 

et al. 2020, Dezi et al. 1993, Adim et al. 2016c, Partov and Kantchev 2007, Tounsi et al. 2008, Jones 

et al. 1988, Krour et al. 2014, Liu et al. 2019, Panjehpour et al. 2016, Wang et al. 2020, Daouadji et 

al. 2016c, Lowe et al. 2020, Chen et al. 2019, Abderezak et al. 2018b, Benferhat et al. 2016c, Kumar 

et al. 2017, Larbi et al. 2007, Draiche et al. 2019, Draoui et al. 2019, Abderezak et al. 2019, Kaddari 

et al. 2020, Karami et al. 2019a, b, Adim et al. 2016d, Daouadji 2013, Mahmoudi et al. 2019, Medani 

et al. 2019, Adim and Daouadji 2016, Benferhat et al. 2016a, Benhenni et al. 2019a, Bensattalah et 

al. 2018, Rahmani et al. 2020, Daouadji et al. 2016a, Smith and Teng 2002, Tsai et al. 1998 and 

Zhao and Li 2008) was introduced to connect the concrete slab and the steel girder by an adhesive 

joint, not by the conventional metallic shear connectors. This so-called adhesive bonded steel-

concrete composite beam is considered to be a very prospective alternate structure because it has the 
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advantages of relieving stress concentration, avoiding site welding, and using the prefabricated 

concrete slab. Recently, a number of studies on the experimental tests and numerical simulation of 

adhesive bonded steel-concrete composite beams have been presented in literatures (Bouazaoui et 

al. 2007, Lowe et al. 2020, Refrafi et al. 2020, Sahla et al. 2019, Tounsi et al. 2020, Zarga et al. 

2019, Dezi et al. 1996, Gupta et al. 2015, Tahar et al. 2019, Lacki et al. 2019, Souici et al. 2013, 

Daouadji 2017, Benachour et al. 2008, Bouakaz et al. 2014, Chaded et al. 2018, Addou et al. 2019, 

Abualnour et al. 2019, Benferhat et al. 2016b, Rabia et al. 2019, Rabia et al. 2018, Benhenni et al. 

2018, Alimirzaei et al. 2019, Benferhat et al. 2016b, Daouadji et al. 2008, Balubaid et al. 2019, 

Daouadji et al. 2016d, Belbachir et al. 2019, Belbachir et al. 2020, Berghouti et al. 2019, Abdederak 

et al. 2018a, Abdelhak et al. 2016, Belkacem et al. 2018, Adim et al. 2016a, Boukhlif et al. 2019, 

Bensattalah et al. 2016, Hadj et al. 2019, Adim et al. 2016b, Boulefrakh et al. 2019, Bousahla et al. 

2020, Daouadji et al. 2016b, Boussoula et al. 2020, Daouadji and Benferhat 2016a, Boutaleb et al. 

2019, Benhenni et al. 2019b, Rabahi et al. 2016, Chaabane et al. 2019, Henriques et al. 2020, 

Daouadji and Adim 2016c, Guenaneche and Tounsi 2014, Daouadji 2016c, Wang et al. 2020, Si and 

Au 2011). 

The main objective of this research is to develop theoretical interfacial stress and slip are 

presented for simply supported composite steel-concrete beam. The adherent shear deformations 

have been included in the present theoretical analyses by assuming a linear shear stress through the 

thickness of the adherents. Hence, the adopted improved model describes better actual response of 

the composite steel-concrete beams and permits the evaluation of the interfacial stresses, the 

knowledge of which is very important in the design of such structures. 

 

 

2. The method of solution 
 

2.1 Assumptions of the present solution 
 

This analysis takes into account the transverse shear stress and deformation in the steel beam and 

the reinforced concrete slab, but ignores the normal transverse stress therein. One of the analytical 

approaches for concrete slabs glued to steel beams (Fig. 1) was presented in order to compare it with 

an experimental analysis from the literature. This analytical approach is based on the following 

assumptions: 
 

 

 

 

Fig. 1 Simply supported composite steel-concrete beam 
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Fig. 2 Forces in infinitesimal element of a composite steel-concrete beam 

 

 

– Elastic stress strain relationship for concrete, steel and adhesive; 

– There is a perfect bond between the imperfect concrete slab and the steel beam; 

– The adhesive is assumed to only play a role in transferring the stresses from the concrete slab 

to the steel beam; 

– The stresses in the adhesive layer do not change through the direction of the thickness. 

 

A differential section dx, can be cut out from the composite steel-concrete beam (Fig. 1) as shown 

in Fig. 2. The composite beam is made from three materials: concrete, adhesive and steel beam. In 

the present analysis, linear elastic behavior is regarded to be for all the materials; concrete and steel 

which must share in resisting the forces and moments caused by the transverse loads P. In the general 

case, the deformations that result must accommodate any interface slip in addition to the usual 

flexural and axial strains. 

 

2.2 Shear stress distribution along the steel–concrete interface 
 

The strains in the concrete near the adhesive interface and the external steel beam can be 

expressed as, respectively 
 

휀𝑐(𝑥) =
𝑑𝑢𝑐(𝑥)

𝑑𝑥
= 휀𝑐

(𝑀)
+ 휀𝑐

(𝑁)
 (1) 

 

휀𝑆(𝑥) =
𝑑𝑢𝑠(𝑥)

𝑑𝑥
= 휀𝑠

(𝑀)
+ 휀𝑠

(𝑁)
 (2) 

 

Where 𝑢𝑐(𝑥) and 𝑢𝑠(𝑥) are the longitudinal displacements at the bottom of the concrete slab 

and the top of steel beam, respectively. 휀𝑐
(𝑀)

  and 휀𝑠
(𝑀)

  are the strains induced by the bending 
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moment at the concrete slab and beam steel, respectively and they are written as follow 

 

휀𝑐
(𝑀)

(𝑥) =
𝑑𝑢𝑐

(𝑀)
(𝑥)

𝑑𝑥
=

𝑦𝑐

𝐸𝑐𝐼𝑐
𝑀𝑐(𝑥) (3) 

 

휀𝑠
(𝑀)

(𝑥) =
𝑑𝑢𝑠

(𝑀)
(𝑥)

𝑑𝑥
=

𝑦𝑠

𝐸𝑠𝐼𝑠
𝑀𝑠(𝑥) (4) 

 

Where E is the elastic modulus and I the second moment of area. The subscripts c and s denote 

element concrete and steel beam, respectively. 𝑀(𝑥)  is the bending moment while and are the 

distances from the bottom of the concrete slab and the top of the steel beam to their respective centric. 

휀𝑐
(𝑀)

and 휀𝑠
(𝑀)

 are the unknowns longitudinal strains of the concrete and steel beam, respectively, 

at the adhesive interface and they are due to the longitudinal forces. Theses strains are given as 

follow 

휀𝑐
(𝑁)

(𝑥) =
𝑑𝑢𝑐

(𝑁)
(𝑥)

𝑑𝑥
 (5) 

 

휀𝑠
(𝑁)

(𝑥) =
𝑑𝑢𝑠

(𝑁)
(𝑥)

𝑑𝑥
 (6) 

 

Where 𝑢𝑐
(𝑁)

(𝑥) and 𝑢𝑠
(𝑁)

(𝑥) represents the longitudinal force-induced adhesive displacement 

at the interface between the upper the concrete slab and the adhesive, also at the interface between 

the lower the steel beam and the adhesive. 

To determine the unknowns longitudinal strains 휀𝑐
(𝑁)

  and 휀𝑠
(𝑁)

 , shear deformations of the 

adherents are incorporated in this analysis. It is reasonable to assume that the shear stresses, which 

develop are continuous across the adhesive–adherent interface. In addition, equilibrium requires the 

shear stress be zero at the free surface. Using the same methodology developed by Tsai et al (1998) 

this effect is taken into account. A parabolic variation of longitudinal displacements 𝑈𝑐
(𝑁)

(𝑥, 𝑦) and 

𝑈𝑠
(𝑁)

(𝑥, 𝑦) in both adherents (concrete slab and steel beam) is assumed. 

 

𝑈𝑐
(𝑁)

(𝑥, 𝑦) = 𝐴1(𝑥)𝑦2 + 𝐵1(𝑥)𝑦 + 𝐶1(𝑥) (7) 

 

)()()(),( 2

'

2

2'

2

)( xCyxByxAyxU N

s ++=
 

(8) 

 

Where 𝑦(𝑦’) is a local coordinate system with the origin at the top surface of the upper lower 

adherent Fig. 2. 

The shear stresses in the two adherents are given by 

 

𝜎𝑥𝑦(𝑐) = 𝐺𝑐𝛾𝑥𝑦(𝑐) (9) 

 

𝜎𝑥𝑦’(𝑠) = 𝐺𝑠𝛾𝑥𝑦’(𝑠) (10) 

With 
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𝛾𝑥𝑦(𝑐) =
𝑑𝑈𝑐

(𝑁)

𝑑𝑦
+

𝑑𝑊𝑐
(𝑁)

𝑑𝑥
 (11) 

 

𝛾𝑥𝑦(𝑠) =
𝑑𝑈𝑠

(𝑁)

𝑑𝑦
+

𝑑𝑊𝑠
(𝑁)

𝑑𝑥
 (12) 

 

𝐺𝑐 and 𝐺𝑠 are the transverse shear moduli of the concrete slab and steel beam, respectively. 

Neglecting the variations of transverse displacement 𝑊𝑐
(𝑁)

 and 𝑊𝑠
(𝑁)

 (induced by the longitudinal 

forces) with the longitudinal coordinate x. 
 

𝛾𝑥𝑦(𝑐) ≈
𝑑𝑈𝑐

(𝑁)

𝑑𝑦
 (13) 

 

𝛾𝑥𝑦(𝑠) ≈
𝑑𝑈𝑠

(𝑁)

𝑑𝑦
 (14) 

 

And the shear stresses are expressed as 
 

𝜎𝑥𝑦(𝑐) = 𝐺𝑐(2𝐴1𝑦 + 𝐵1) (15) 

 

𝜎𝑥𝑦(𝑠) = 𝐺𝑠(2𝐴2𝑦’ + 𝐵2) (16) 

 

The shear stresses must satisfy the following conditions 

 

𝜎𝑥𝑦(𝑐)(𝑥, 𝑡𝑐) = 𝜎𝑥𝑦(𝑠)(𝑥, 0) = 𝜏(𝑥) = 𝜏𝑎 (17) 

 

𝜎𝑥𝑦(𝑐)(𝑥, 0) = 0,         𝜎𝑥𝑦’(𝑠)(𝑥, 𝑡𝑠) = 0 (18) 

 

𝑡𝑐, 𝑡𝑠 are the thickness of the concrete slab and steel beam, respectively. 

Condition (17) follows from continuity and the assumption of the uniform shear 

stresses(𝜏(𝑥) = 𝜏𝑎) through of adhesive. Condition (18) states there is no shear stresses at the top 

surface of the concrete slab (i.e., at 𝑦 = 0) and at the bottom surface at the steel beam (i.e., at 𝑦’ =
𝑡𝑠). These conditions yield 

 

𝜎𝑥𝑦(𝑐) =
𝜏(𝑥)

𝑡𝑐
𝑦 (19) 

 

𝜎𝑥𝑦(𝑠) = (1 −
𝑦’

𝑡𝑆
) 𝜏(𝑥) (20) 

 

Then with a linear material constitutive relationship the element shear strain for the concrete slab 

and for the steel beam are written as 
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𝑦𝑥𝑦(𝑐) = 𝑦𝑐 = (
𝜏𝑎

𝐺𝑐𝑡𝑐
) 𝑦 (21) 

 

𝑦𝑥𝑦(𝑠) = (1 −
𝑦’

𝑡𝑠
)

𝜏𝑎

𝐺𝑠
 (22) 

 

The longitudinal displacement functions 𝑈𝑐
(𝑁)

  for the upper concrete slab and 𝑈𝑠
(𝑁)

  for the 

lower steel beam, due to the longitudinal forces, are given by 

 

𝑈𝑐
(𝑁)

(𝑦) = 𝑈𝑐
(𝑁)

(0) + ∫ 𝑦𝑐

𝑦

0

(𝑦)𝑑𝑦 = 𝑈𝑐
(𝑁)

(0) +
𝜏𝑎

2𝐺𝑐𝑡𝑐
𝑦2 (23) 

 

𝑈𝑠
(𝑁)

(𝑦’) = 𝑢𝑠
(𝑁)

+ ∫ 𝑦𝑠

𝑦’

0

(𝑦’)𝑑𝑦’ = 𝑢𝑠
(𝑁)

+ (𝑦’ +
𝑦’2

2𝑡𝑠𝑐
) 𝜏𝑎 (24) 

 

Where (𝑈𝑐
(𝑁)

(0)) represents the displacement at the top surface of the upper adherend (due to 

the longitudinal forces) and 𝑢𝑠
(𝑁)

 is the longitudinal force-induced adhesive displacement at the 

interface between the adhesive and lower adherend. 

Note that due to the perfect bonding of the joints, the displacements are continuous at the 

interfaces between the adhesive and adherends. As a result, the 𝑢𝑠
(𝑁)

 should be equivalent to the 

lower adherend displacement at the interface and 𝑢𝑐
(𝑁)

 (the displacement at the interface between 

the adhesive and upper adherend) should be the same as the upper adherend displacement at the 

interface. Based on Eq. (23) the 𝑢𝑐
(𝑁)

can be expressed as 

 

𝑢𝑐
(𝑁)

= 𝑈𝑐
(𝑁)

(𝑦 = 𝑡𝑐) = 𝑈𝑐
(𝑁)

(0) +
𝜏𝑎𝑡𝑐

2𝐺𝑐
 (25) 

 

Using Eq. (25), Eq. (23) can be rewritten as 

 

𝑈𝑐
(𝑁)

(𝑦) = 𝑢𝑐
(𝑁)

+
𝜏𝑎

2𝐺𝑐𝑡𝑐
𝑦2 +

𝜏𝑎𝑡𝑐

2𝐺𝑐
 (26) 

 

The longitudinal resultant force, for the upper concrete slab is 

 

𝑁𝑐 = 𝑏𝑐 ∫ 𝜎𝑐
𝑁

𝑡𝑐

0

(𝑦)𝑑𝑦 (27) 

 

And the longitudinal resultant force, 𝑁𝑠 for the lower steel beam having an I-section view Fig. 

1 can be written 

 

𝑁𝑠
𝑁 = 𝑏𝑠 ∫ 𝜎𝑠

𝑁
𝑡𝑎

0

(𝑦’)𝑑𝑦’ + 𝑏0 ∫ 𝜎𝑠
𝑁

𝑡𝑎−𝑡0

𝑡0

(𝑦’)𝑑𝑦’ + ∫ 𝜎𝑠
𝑁

𝑡𝑠

𝑡𝑠−𝑡0

(𝑦’)𝑑𝑦’ (28) 
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Where 𝜎𝑐
𝑁  and 𝜎𝑠

𝑁  are longitudinal normal stresses for the upper and lower adherends, 

respectively. By changing these stresses into functions of displacements and substituting Eqs. (24) 

and (26) into the displacements, Eqs. (27) and (28) can be rewritten as 

 

𝑁𝑐 = 𝐸𝑐𝑏𝑐 ∫
𝑑𝑈𝑐

(𝑁)

𝑑𝑥

𝑡𝑐

0

𝑑𝑦 = 𝐸𝑐𝐴𝑐(
𝑑𝑈𝑐

(𝑁)

𝑑𝑥
−

𝑡𝑐𝑑𝜏𝑎

3𝐺𝑐𝑑𝑥
) (29) 

 

And 
 

𝑁𝑠 = 𝐸𝑠 (𝑏𝑠 ∫
𝑑𝑈𝑠

(𝑁)

𝑑𝑥

𝑡0

0

𝑑𝑦’ + 𝑏0 ∫
𝑑𝑈𝑠

(𝑁)

𝑑𝑥

𝑡𝑎−𝑡0

𝑡0

𝑑𝑦’ + 𝑏𝑠 ∫
𝑑𝑈𝑠

(𝑁)

𝑑𝑥

𝑡𝑠

𝑡𝑎−𝑡0

𝑑𝑦’) 

      = 𝐸𝑠𝐴𝑠 [
𝑑𝑈𝑠

(𝑁)

𝑑𝑥
−

1

6𝐺𝑠𝑡𝑠
(𝑏𝑠((𝑡𝑠 − 𝑡0)3 − 𝑡0

3 − 𝑡𝑠
3 + 6𝑡𝑠

2𝑡0)  

                      +𝑏0 ((3𝑡𝑎
2(𝑡𝑠 − 2𝑡0) − (𝑡𝑠 − 𝑡0)2 + 𝑡0

2))
𝑑𝜏(𝑥)

𝑑𝑥
] 

(30) 

 

Hence, the longitudinal strains induced by the longitudinal forces Eq. (4) can be expressed as 
 

휀𝑐
(𝑁)

=
𝑑𝑢𝑐

(𝑁)
(𝑥)

𝑑𝑥
=

𝑁𝑐

𝐸𝑐𝐴𝑐
+

𝑡𝑐𝑑𝜏𝑎

3𝐺𝑐𝑑𝑥
 (31) 

 

휀𝑠
(𝑁)

=
𝑑𝑢𝑠

(𝑁)(𝑥)

𝑑𝑥
=

𝑁𝑠

𝐸𝑠𝐴𝑠
+

1

6𝐺𝑠𝑡𝑠
(𝑏𝑠 ((𝑡𝑠 − 𝑡0)3 − 𝑡0

3 − 𝑡𝑠
3 + 6𝑡𝑠

2𝑡0 ) 

              +𝑏0 ((3𝑡𝑎
2(𝑡𝑠 − 2𝑡0) − (𝑡𝑠 − 𝑡0)2 + 𝑡0

2))
𝑑𝜏(𝑥)

𝑑𝑥
) 

(32) 

 

Substituting Eqs. (31), (32), (3) and (4) into Eqs. (1) and (2), respectively, these latter become 

 

휀𝑐
(𝑁)

=
𝑑𝑢𝑐

(𝑁)
(𝑥)

𝑑𝑥
=

𝑦𝑐

𝐸𝑐𝐼𝑐
𝑀𝑐(𝑥) +

𝑁𝑐(𝑥)

𝐸𝑐𝐴𝑐
+

𝑡𝑐𝑑𝜏𝑎

3𝐺𝑐𝑑𝑥
 (33) 

 

   휀𝑠
(𝑁)

=
𝑑𝑢𝑠

(𝑁)(𝑥)

𝑑𝑥
= −

𝑦𝑠

𝐸𝑠𝐼𝑠
𝑀𝑠(𝑥) +

𝑁𝑠(𝑥)

𝐸𝑠𝐴𝑠
+

1

6𝐺𝑠𝑡𝑠
(𝑏𝑠((𝑡𝑠 − 𝑡0)3 − 𝑡0

3 − 𝑡𝑠
3 + 6𝑡𝑠

2𝑡0)  

                 +𝑏0 ((3𝑡𝑎
2(𝑡𝑠 − 2𝑡0) − (𝑡𝑠 − 𝑡0)2 + 𝑡0

2))
𝑑𝜏(𝑥)

𝑑𝑥
) 

(34) 

 

Where 𝑁(𝑥) are the axial forces in each element, the cross-sectional area. The shear stress in 

the adhesive can be expressed as follows 
 

𝜏𝑎 = 𝜏(𝑥) = 𝐾𝑠[𝑢𝑐(𝑥) − 𝑢𝑠(𝑥)] (35) 

 

Where 𝐾𝑠 =
𝐺𝑎

𝑡𝑎
 is shear stiffness of the adhesive, 𝐺𝑎 and 𝑡𝑎 are shear modulus and thickness 

of the adhesive, respectively; 𝑢𝑐(𝑥) and 𝑢𝑠(𝑥) are the longitudinal displacements at the base of 
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concrete slab and the top of steel beam. Differentiating the above expression we obtain 
 

𝑑𝜏(𝑥)

𝑑𝑥
= 𝐾𝑠 [

𝑑𝑢𝑐(𝑥)

𝑑𝑥
−

𝑑𝑢𝑠(𝑥)

𝑑𝑥
] (36) 

 

Consideration of horizontal equilibrium gives 
 

𝑑𝑁𝑐(𝑥)

𝑑𝑥
= 𝜏(𝑥) (37) 

 
𝑑𝑁𝑠(𝑥)

𝑑𝑥
= −𝜏(𝑥) (38) 

 

Where 
 

𝑁𝑐(𝑥) = 𝑁(𝑥) = ∫ 𝜏(𝑥)
𝑥

0

 (39) 

 

𝑁𝑠(𝑥) = −𝑁(𝑥) = ∫ 𝜏(𝑥)
𝑥

0

 (40) 

 

The condition of equal curvatures in the beam and slab provides the relation 
 

𝜑 =
𝑀𝑐(𝑥)

𝐸𝑐𝐴𝑐
=

𝑀𝑠(𝑥)

𝐸𝑠𝐴𝑠
=

𝑀𝑐(𝑥) + 𝑀𝑠(𝑥)

𝐸𝑐𝐴𝑐 + 𝐸𝑠𝐴𝑠
 (41) 

 

Under a vertical load, the variation of the moment on a length dx is balanced by the shear force 

(which corresponds to the elementary beam theory where) combined with the action of the 

connection 
 

𝑑𝑀𝑐(𝑥) = 𝑉𝑐𝑑(𝑥) − 𝜏(𝑥)𝑦𝑐 (42) 

 

𝑑𝑀𝑠(𝑥) = 𝑉𝑠𝑑(𝑥) − 𝜏(𝑥)𝑦𝑠 (43) 

 

Moment equilibrium of the differential segment of the plated beam in Fig. 2 gives 

 

𝑀𝑇(𝑥) = 𝑀𝑐(𝑥) + 𝑀𝑠(𝑥) + 𝑁(𝑦𝑐 + 𝑦𝑠 + 𝑡𝑎) (44) 

 

Substituting Eqs. (33), (34), (37) and (38) into Eq. (35) we have 

 
𝑑𝜏(𝑥)

𝑑𝑥
= 𝐾𝑠 [

𝑦𝑐

𝐸𝑐𝐼𝑐
𝑀𝑐(𝑥) −

𝑁𝑐(𝑥)

𝐸𝑐𝐴𝑐
−

𝑡𝑐

3𝐺𝑐
+

𝑦𝑠

𝐸𝑠𝐼𝑠
𝑀𝑠(𝑥) +

𝑁𝑠(𝑥)

𝐸𝑠𝐴𝑠
 

                −
1

6𝐺𝑠𝑡𝑠𝐴𝑠
(𝑏𝑠((𝑡𝑠 − 𝑡0)3 − 𝑡0

3 − 𝑡𝑠
3 + 6𝑡𝑠

2𝑡0)

+ 𝑏0 ((3𝑡𝑎
2(𝑡𝑠 − 2𝑡0) − (𝑡𝑠 − 𝑡0)2 + 𝑡0

2))
𝑑𝜏(𝑥)

𝑑𝑥
)] 

(45) 

 

Deriving Eq. (45) once yields 
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𝑑2𝜏(𝑥)

𝐾𝑠 ⋅ 𝑑𝑥2
= [

𝑦𝑐

𝐸𝑐𝐼𝑐
𝑀𝑐(𝑥) −

𝑁𝑐(𝑥)

𝐸𝑐𝐴𝑐
−

𝑡𝑐

3𝐺𝑐
+

𝑦𝑠

𝐸𝑠𝐼𝑠
𝑀𝑠(𝑥) +

𝑁𝑠(𝑥)

𝐸𝑠𝐴𝑠
 

                      −
1

6𝐺𝑠𝑡𝑠𝐴𝑠
(𝑏𝑠((𝑡𝑠 − 𝑡0)3 − 𝑡0

3 − 𝑡𝑠
3 + 6𝑡𝑠

2𝑡0)

+ 𝑏0 ((3𝑡𝑎
2(𝑡𝑠 − 2𝑡0) − (𝑡𝑠 − 𝑡0)2 + 𝑡0

2))
𝑑2𝜏(𝑥)

𝑑𝑥2
)] 

(46) 

 

Substitution of the shear forces (Eqs. (42) and (43)) and axial forces (Eqs. (37) and (38)) into Eq. 

(46) gives the following governing differential equation for the interfacial shear stress. 

 

𝑑2𝜏(𝑥)

𝐾𝑠 ⋅ 𝑑𝑥2
− 𝐾1 [

(𝑦𝑐 + 𝑦𝑠)(𝑦𝑐 + 𝑦𝑠 + 𝑡𝑎)

𝐸𝑐𝐼𝑐 + 𝐸𝑠𝐼𝑠
+

1

𝐸𝑐𝐴𝑐
+

1

𝐸𝑠𝐴𝑠
]

𝑑𝜏(𝑥)

𝑑𝑥
 

+𝐾1

(𝑦𝑐 + 𝑦𝑠)

𝐸𝑐𝐼𝑐 + 𝐸𝑠𝐼𝑠
⋅ 𝑉𝑇(𝑥) = 0 

(47) 

 

Where 
 

𝐾1 =
1

(
𝑡𝑎
𝐺𝑎

+
𝑡𝑐

3𝐺𝑐
+

𝑡𝑠
3𝐺𝑠

𝜉)
 (48) 

 

And 
 

𝜉 =
1

6𝐺𝑠𝑡𝑠𝐴𝑠
(𝑏𝑠((𝑡𝑠 − 𝑡0)3 − 𝑡0

3 − 𝑡𝑠
3 + 6𝑡𝑠

2𝑡0) + 𝑏0 ((3𝑡𝑎
2(𝑡𝑠 − 2𝑡0) − (𝑡𝑠 − 𝑡0)2 + 𝑡0

2)))] (49) 

 

For simplicity, the general solutions presented below are limited to loading which is either 

concentrated or uniformly distributed over part or the whole span of the beam, or both. For such 

loading, 
𝑑2𝑉𝑇(𝑥)

𝑑𝑥2 = 0, and the general solution to Eq. (48) is given by simplified form 

 

𝜏(𝑥) = Δ1𝑒𝜆⋅𝑥 + Δ2𝑒−𝜆⋅𝑥 + 𝛿. 𝑉𝑇(𝑥) (50) 
 

Where 
 

𝜆 = √𝐾1𝑏𝑠 [
(𝑦𝑐 + 𝑦𝑠)(𝑦𝑐 + 𝑦𝑠 + 𝑡𝑎)

𝐸𝑐𝐼𝑐 + 𝐸𝑠𝐼𝑠
+

1

𝐸𝑐𝐴𝑐
+

1

𝐸𝑠𝐴𝑠
] (51a) 

 

𝜆2 = 𝐾1𝑏𝑠 [
(𝑦𝑐 + 𝑦𝑠)(𝑦𝑐 + 𝑦𝑠 + 𝑡𝑎)

𝐸𝑐𝐼𝑐 + 𝐸𝑠𝐼𝑠
+

1

𝐸𝑐𝐴𝑐
+

1

𝐸𝑠𝐴𝑠
] (51b) 

 

𝜆2 =
𝑏𝑠

(
𝑡𝑎
𝐺𝑎

+
𝑡𝑐

3𝐺𝑐
+

𝑡𝑠
3𝐺𝑠

𝜉)
[
(𝑦𝑐 + 𝑦𝑠)(𝑦𝑐 + 𝑦𝑠 + 𝑡𝑎)

𝐸𝑐𝐼𝑐 + 𝐸𝑠𝐼𝑠
+

1

𝐸𝑐𝐴𝑐
+

1

𝐸𝑠𝐴𝑠
] (51c) 

 

And 
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Fig. 3 Load definition 
 

 

𝛿 =
𝐾1

𝜆2
(

1

𝐸𝑐𝐴𝑐
+

1

𝐸𝑠𝐴𝑠
) =

1
𝐸𝑐𝐴𝑐

+
1

𝐸𝑠𝐴𝑠

𝜆2 (
𝑡𝑎
𝐺𝑎

+
𝑡𝑐

3𝐺𝑐
+

𝑡𝑠
3𝐺𝑠

𝜉)
 (52a) 

 

𝛿 =
(

1
𝐸𝑐𝐴𝑐

+
1

𝐸𝑠𝐴𝑠
)

𝑏𝑠 [
(𝑦𝑐 + 𝑦𝑠)(𝑦𝑐 + 𝑦𝑠 + 𝑡𝑎)

𝐸𝑐𝐼𝑐 + 𝐸𝑠𝐼𝑠
+

1
𝐸𝑐𝐴𝑐

+
1

𝐸𝑠𝐴𝑠
]
 (52b) 

 

Δ1 and Δ2 are constant coefficients determined from the boundary conditions. 
 

Application for a composite steel-concrete beam in three-point bending: In this paper, we are 

study a simply supported beams with a single load is concentrated in midspan Fig. 3, that 𝜏(𝑥) = 0 

at 𝑥 =
𝐿

2
, and 

𝑑𝜏(𝑥)

𝑑𝑥
= 0 at 𝑥 =

𝐿

2
, where L span length. 

 

Interfacial shear stress for a single point load: For as 0 ≤ 𝑥 ≤
𝐿

2
 as 

 

𝜏(𝑥) =
𝛿 ⋅ 𝑃 ⋅ 𝑒

(−𝜆⋅
𝐿
2

+𝜆⋅𝑥)

2 ⋅ (𝑒
(−𝜆⋅

𝐿
2)

+ 𝑒
(𝜆⋅

𝐿
2))

−
𝛿 ⋅ 𝑃 ⋅ 𝑒

(𝜆⋅
𝐿
2

−𝜆⋅𝑥)

2 ⋅ (𝑒
(−𝜆⋅

𝐿
2)

+ 𝑒
(𝜆⋅

𝐿
2))

+ 𝛿 ⋅
𝑃

2
 (53) 

 

2.3 Normal stress distribution along the steel-concrete interface 
 

The normal stress in the adhesive can be expressed as follows 
 

𝜎(𝑥) = 𝐾𝑛 ⋅ Δ𝑤(𝑥) = 𝐾𝑛 ⋅ (
𝑑𝑤𝑐(𝑥)

𝑑𝑥
−

𝑑𝑤𝑠(𝑥)

𝑑𝑥
) (54) 

 

where 𝐾𝑛 is normal stiffness of the adhesive per unit length and can be deduced as 
 

𝐾𝑛 =
𝜎(𝑥)

Δ𝑤(𝑥)
=

𝐸𝑎

𝑡𝑎
 (55) 

 

(𝑑𝑤𝑐(𝑥))  and (𝑑𝑤𝑠(𝑥))  are the vertical displacements of concrete slab and steel beam, 

respectively. 

Differentiating Eq. (54) twice results in 
 

𝑑2𝜎(𝑥)

𝑑2𝛥𝑤(𝑥)
= 𝐾𝑛 ⋅ (

𝑑2𝑤𝑐(𝑥)

𝑑𝑥2
−

𝑑2𝑤𝑠(𝑥)

𝑑𝑥2
) (56) 
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Considering the moment–curvature relationships for the concrete slab and the steel beam, 

respectively 
 

𝑑2𝑤𝑐(𝑥)

𝑑𝑥2
= −

𝑀𝑐(𝑥)

𝐸𝑐𝐼𝑐
,          

𝑑2𝑤𝑠(𝑥)

𝑑𝑥2
= −

𝑀𝑠(𝑥)

𝐸𝑠𝐼𝑠
 (57) 

 

The equilibrium of concrete slab and steel beam, leads to the following relationships 

 

Concrete slab:    
𝑑𝑀𝑐(𝑥)

𝑑𝑥
= 𝑉𝑐(𝑥) − 𝑦𝑐𝜏(𝑥)      and     

𝑑𝑉𝑐(𝑥)

𝑑𝑥
= −𝜎𝑛(𝑥) − 𝑞 (58a) 

 

Steel beam:     
𝑑𝑀𝑠(𝑥)

𝑑𝑥
= 𝑉𝑠(𝑥) − 𝑦𝑠𝜏(𝑥)     and     

𝑑𝑉𝑠(𝑥)

𝑑𝑥
= 𝜎𝑛(𝑥) (58b) 

 

Based on the above equilibrium equations, the governing differential equations for the deflection 

of concrete slab and steel beam, expressed in terms of the interfacial shear and normal stresses, are 

given as follows 

 

Concrete slab:     
𝑑4𝑤𝑠(𝑥)

𝑑𝑥4
=

1

𝐸𝑐𝐼𝑐
𝜎𝑛(𝑥) +

𝑦𝑐

𝐸𝑐𝐼𝑐

𝑑𝜏(𝑥)

𝑑𝑥
+

𝑞

𝐸𝑐𝐼𝑐
 (59) 

 

Steel beam:     
𝑑4𝑤𝑠(𝑥)

𝑑𝑥4
=

1

𝐸𝑠𝐼𝑠
𝜎𝑛(𝑥) +

𝑦𝑠

𝐸𝑠𝐼𝑠

𝑑𝜏(𝑥)

𝑑𝑥
 (60) 

 

Substitution of Eqs. (57) and (58) into the fourth derivation of the interfacial normal stress 

obtainable from Eq. (59) gives the following governing differential equation for the interfacial 

normal stress 

 

𝑑4𝜎𝑛(𝑥)

𝑑𝑥4
+ 𝐾𝑛 ⋅ 𝑏𝑠 (

1

𝐸𝑐𝐼𝑐
+

1

𝐸𝑠𝐼𝑠
) ⋅ 𝜎𝑛(𝑥) + 𝐾𝑛 ⋅ 𝑏𝑠 (

𝑦𝑐

𝐸𝑐𝐼𝑐
−

𝑦𝑠

𝐸𝑠𝐼𝑠
) ⋅

𝑑𝜏(𝑥)

𝑑𝑥
+ 𝐾𝑛 ⋅

𝑞

𝐸𝑐𝐼𝑐
 (61) 

 

The general solution to this fourth-order differential equation is 

 

𝜎𝑛(𝑥) = 𝑒−𝛽⋅𝑥[𝛥3 𝑐𝑜𝑠( 𝛽 ⋅ 𝑥) + 𝛥4 𝑠𝑖𝑛( 𝛽 ⋅ 𝑥)] 

                +𝑒𝛽⋅𝑥[𝛥5 𝑐𝑜𝑠( 𝛽 ⋅ 𝑥) + 𝛥6 𝑠𝑖𝑛( 𝛽 ⋅ 𝑥)] − 𝜇1 ⋅
𝑑𝜏(𝑥)

𝑑𝑥
− 𝜇2𝑞 

(62a) 

 

For large values of x it is assumed that the normal stress approaches zero, and as a result Δ5 =
Δ6 = 0. The general solution therefore becomes, where 

 

𝜎𝑛(𝑥) = 𝑒−𝛽⋅𝑥[Δ3 𝑐𝑜𝑠( 𝛽 ⋅ 𝑥) + Δ4 𝑠𝑖𝑛( 𝛽 ⋅ 𝑥)] − 𝜇1 ⋅
𝑑𝜏(𝑥)

𝑑𝑥
− 𝜇2𝑞 (62b) 

 

𝜎𝑛(𝑥) = 𝑒−𝛽∙𝑥[Δ3 cos(𝛽 ∙ 𝑥) + Δ4 sin(𝛽 ∙ 𝑥)] − (
𝑦𝑐

𝐸𝑐𝐼𝑐
−

𝑦𝑠

𝐸𝑠𝐼𝑠
) ∙

𝑑𝜏(𝑥)

𝑑𝑥
− (

𝐸𝑠𝐼𝑠

𝐸𝑐𝐼𝑐 + 𝐸𝑠𝐼𝑠
) 𝑞 (62c) 
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𝛽 =
√

𝐾𝑛 ⋅ 𝑏𝑠 (
1

𝐸𝑐𝐼𝑐
+

1
𝐸𝑠𝐼𝑠

)

4

4

 
(63) 

 

𝜇1 = (
𝑦𝑐

𝐸𝑐𝐼𝑐
−

𝑦𝑠

𝐸𝑠𝐼𝑠
) (64) 

 

and 
 

𝜇2 = (
𝐸𝑠𝐼𝑠

𝐸𝑐𝐼𝑐 + 𝐸𝑠𝐼𝑠
) (65) 

 

Δ3 and Δ4 are constant coefficients determined from the boundary conditions. 
 

Interfacial normal stress for a single point load: As is described by Smith and Teng (2002), the 

constants Δ3 and Δ4 in Eq. (62c) are determined using the appropriate boundary conditions (Fig. 

3) and they are written as follow 

 

𝜎𝑛(𝑥) = 𝑒−𝛽∙𝑥[Δ3 cos(𝛽 ∙ 𝑥) + Δ4 sin(𝛽 ∙ 𝑥)] − (
𝑦𝑐

𝐸𝑐𝐼𝑐
−

𝑦𝑠

𝐸𝑠𝐼𝑠
) ∙

𝑑𝜏(𝑥)

𝑑𝑥
− (

𝐸𝑠𝐼𝑠

𝐸𝑐𝐼𝑐 + 𝐸𝑠𝐼𝑠
) 𝑞 (66) 

 

Δ3 =
𝐸𝑎

2 ⋅ 𝛽2𝑡𝑎𝐸𝑐𝐼𝑐

[𝑉𝑇(0) + 𝛽𝑀𝑇(0)] −
𝜇3

2 ⋅ 𝛽2
𝜏(0) +

𝜇1

2 ⋅ 𝛽2
[
𝑑4𝜏(0)

𝑑𝑥4
+ 𝛽

𝑑2𝜏(0)

𝑑𝑥2
] (67) 

 

Δ4 =
𝐸𝑎

2 ⋅ 𝛽2𝑡𝑎𝐸𝑐𝐼𝑐
𝑀𝑇(0) −

𝑛1

2 ⋅ 𝛽2

𝑑2𝜏(0)

𝑑𝑥2
 (68) 

 

𝜇3 =
𝐸𝑎 ⋅ 𝑏𝑠

𝑡𝑎
(

𝑦𝑐

𝐸𝑐𝐼𝑐
+

𝑦𝑠

𝐸𝑠𝐼𝑠
) (69) 

 

The above expressions for the constants Δ3  and Δ4  have been left in terms of the bending 

moment 𝑀𝑇(0) and shear force 𝑉𝑇(0) at the end of the adherends. With the constants Δ3 and 

Δ4determined, the interfacial normal stress can then be found using Eq. (63). 

 

2.4 Slip distribution along the steel–concrete interface 
 

The relative slip strain at the interface is calculated as 

 
𝑑𝑆(𝑥)

𝑑𝑥
=

𝑑𝑢𝑐(𝑥)

𝑑𝑥
−

𝑑𝑢𝑠(𝑥)

𝑑𝑥
= 휀𝑐(𝑥) − 휀𝑠(𝑥) (70) 

 

As noted in the assumptions, the slip of adhesive is proportional to the shear force, 𝜏(𝑥) which 

the connector transmitted. The constant of proportionality is the adhesive stiffness 𝐾𝑎. 

The shear stress in the adhesive can be expressed as follows 

 

𝜏𝑎 = 𝜏(𝑥) = 𝐾𝑠[𝑢𝑐(𝑥) − 𝑢𝑠(𝑥)] ⇔ 𝜏(𝑥) = 𝐾𝑠 ⋅ 𝑆(𝑥) (71) 
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𝑆(𝑥) =
1

𝐾𝑠
𝜏(𝑥) =

𝑡𝑎

𝐺𝑎
(𝛥1𝑒𝜆⋅𝑥 + 𝛥2𝑒−𝜆⋅𝑥 + 𝛿. 𝑉𝑇(𝑥)) (72) 

 

Where 𝑆(𝑥) represent slip between adhrends and 𝐾𝑠 =
𝐺𝑎

𝑡𝑎
 is shear stiffness of the adhesive, 

𝐺𝑎 and 𝑡𝑎 are shear modulus and thickness of the adhesive. 
 

Slip interfacial for a single point load: For the case of simply supported beams with a single 

load shown in Fig. 3, the slip due to load is 
 

𝑆(𝑥) =
𝛿 ⋅ 𝑃

2
[

𝑒−𝜆⋅
𝐿
2

+𝜆⋅𝑥

(𝑒−𝜆⋅
𝐿
2 + 𝑒𝜆⋅

𝐿
2)

−
𝛿 ⋅ 𝑃 ⋅ 𝑒𝜆⋅

𝐿
2

−𝜆⋅𝑥

2(𝑒−𝜆⋅
𝐿
2 + 𝑒𝜆⋅

𝐿
2)

+ 1] (73) 

 

 

3. Results: discussion and analysis 
 

3.1 Validation of analytical model and discussions 
 

The analytical model elastic developed herein has been used to analyze a simply supported 

composite beam (P3) tested by Bouazaoui et al. (2007) with two types different (Sikadur 30 and 

Sikaforce 7750), the results are compared with corresponding experimental data in this section. The 

span of the composite beam under a point load was 3.3 m, and Fig. 4 illustrates the dimensions of 

 

 
Table 1 Material properties of the composite beam 

 
Young’s Modulus 

(MPa) 

Tensile or compression 

strength (MPa) 

Ratio of 

poisson 

Steel Beam: IPE220 205 000 470 0,3 

Concrete Slab 36 600 68 0,28 

Adhesives: Sikadur 30 12300 19,5 0,34 

Adhesives: Sikaforce 7750 80 9,2 0,38 

 

 

 

Fig. 4 Simply supported composite beam 
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this composite beam. The material properties of the composite beam are listed below (Table 1). 

To test and validate our proposed analytical model, we compared our results of slip with those of 

the experimental dada given by Bouazaoui et al. (2007) in Reims university, for a simply supported 

of a new mode of assembly of composite steel-concrete beams. 

Fig. 5 show a comparison between the results of the present analytical with the experimental data 

study of composite steel-concrete beams assembly with two types different of adhesives (Sikadure 

and Sikaforce) and the thickness adhesive 3 mm. The comparison of experimental results with those 

given by our analytical model in the elastic range shows a good agreement between the curves. This 

confirms the validation of our model. 

 

3.2 The results of the interfacial shear stress: 
 

Once, our analytical model is validated by comparison with experimental tests by Bouazaoui et 

al. (2007); so we can use our model to calculate the shear stress at the interface of the composite 

steel-concrete beam assembled with an adhesive joint. The following Fig. 6 represent the results of 

 

 

  

Adhesives: Sikadur 30 Adhesives: Sikaforce 7750 

Fig. 5 Load–slip curves of composite steel-concrete beam 

 

 

  

Adhesives: Sikadur 30 Adhesives: Sikaforce 7750 

Fig. 6 Distribution of shear stress along span from composite steel-concrete beam 
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the shear stress at the interface of composite steel-concrete beams with two types different of 

adhesives joints Sikadure and Sikaforce respectively under these loads 100 kN, 200 kN and 300 kN. 

 

3.3 Interfacial stresses for different parameters 
 

We propose in this section a parametric study applied the proposed model; we take the same 

beam geometry studied for validation but with deferent thickness of the adhesive layer (Sikadure 

and Sikaforce). 

 

Interfacial stresses and slips for different parameters: In this section, numerical results of the 

present solution are presented to study the effect of various parameters on the distributions of the 

interfacial stresses and slip in a composite steel concrete beam assembly with Sikadure or Sikaforce 

is subjected to a single load 200 kN. These results are intended to demonstrate the main 

characteristics of interfacial stress and slip distributions in these composite beams. The numerical 

results are presented in Figs. 7 and 8. The effect of the thickness of the adhesive layer (ta = 1, 2 and 

 

 

  

Adhesives: Sikadur 30 Adhesives: Sikaforce 7750 

Fig. 7 Effect of the thickness of the adhesive on shear stress along span slip 

 

 

  

Adhesives: Sikadur 30 Adhesives: Sikaforce 7750 

Fig. 8 Influence of the thickness of the adhesive on slip 
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3 mm, respectively) on interfacial shear stresses is shown in Fig. 7, and the effect of the thickness 

of the adhesive layer (ta = 1, 2 and 3 mm, respectively) on interfacial slip is shown in Fig. 8. It can 

be seen from Figs. 7 and 8 that the thickness of adhesive layer affects the slip and shear stress 

concentrations, hardly the stress levels. However, design of the properties and thickness of the 

adhesive is a difficult problem. An optimization design of the adhesive is expected. 

 

 

4. Conclusions 
 
This paper presents an improved solution for interfacial stresses and slip in a composite steel 

concrete beam bonded with an adhesive including the effect of transverse shear deformation in both 

the steel beam and concrete slab in the theoretical analyses by assuming linear shear stress 

distributions through the thickness of the adherend. The classical solutions which neglect the 

adherend shear deformations. In these cases the effect of the shear deformations becomes significant 

and has to be addressed in design; the analytical advantage of this improvement is possible to 

determine the shear stress to estimate exact prediction of shear stress interfacial along span between 

concrete slab and steel beam. The exact prediction of these stresses will be very important to make 

an accurate analysis of the mode of fracture. Closed-form solutions are obtained for composite steel-

concrete beams simply supported at both ends and verified through direct comparisons with by 

Bouazaoui et al. (2007). A parametric study is then conducted, evaluating the effect of transverse 

shear deformation on the interfacial stresses and slip with varying material and geometry parameters 

of the adhesive. The results were satisfactory compared with existing experimental results and 

therefore constitute a first step in the proposed solutions for the assembly of composite steel-concrete 

beams by gluing and this research is helpful for the understanding on mechanical behavior of the 

connection and design of such structures. 
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