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Abstract. In this paper, fracture analysis of a continuously inhomogeneous arch structure with two longitudinal
cracks is developed in terms of the time-dependent strain energy release rate. The arch under consideration exhibits
non-linear creep behavior. The cross-section of the arch is a rectangle. The material is continuously inhomogeneous
along the thickness of the cross-section. The arch is loaded by two bending moments applied at its end sections. The
mechanical behavior of the material is described by using a non-linear stress-strain-time relationship. The two
longitudinal cracks are located symmetrically with respect to the mid-span of the arch. Due to the symmetry, only
half of the arch is considered. Time-dependent solutions to strain energy release rate are obtained by analyzing the
balance of the energy. For verification, time-dependent solutions to the strain energy release rate are derived also by
considering the time-dependent complementary strain energy. The evolution of the strain energy release rate with the
time is analyzed. The effects of material inhomogeneity, locations of the two cracks along the thickness of the arch
and the magnitude of the external loading on the time-dependent strain energy release rate are evaluated.

Keywords: analytical investigation; inhomogeneous arch; longitudinal crack; non-linear creep behavior;
time-dependent solution

1. Introduction

The advance in current engineering requires development and application of new materials. In
particular, the continuously inhomogeneous structural materials whose properties are smooth
functions of the coordinates are more efficacious in comparison to the conventional homogeneous
materials. Very advantageous kind of continuously inhomogeneous materials are the functionally
graded materials which have attracted significant attention as advanced structural materials in
various engineering applications in the recent decades (Altunsaray and Bayer 2014, Altunsaray
2017, Altunsaray et al. 2019, Avcar and Mohammed 2018, Butcher et al. 1999, Gasik 2010, Hedia
et al. 2014). The functionally graded materials are continuously inhomogeneous composites which
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are made of two or more constituent materials. One of the fundamental advantages of this kind of
materials over the homogeneous materials is the fact that the properties of functionally graded
materials can be formed by gradually varying the composition of the constituent materials along
one or more directions in the solid during manufacturing (Hirai and Chen 1999, Kashinath Saha
and Shubhankar Bhowmick 2020, Mahamood and Akinlabi 2017, Markworth et al. 1995,
Miyamoto et al. 1999, Nemat-Allal et al. 2011, Rabenda 2015, Rabenda and Michalak 2015,
Rabenda, 2016, Ridha et al. 2016, Saiyathibrahim et al. 2016). In this way, different performance
requirements in different parts of a structural member can be satisfied. Therefore, functionally
graded materials have been widely used for manufacturing of various sophisticated devices and
structures in aeronautics, nuclear reactors, electronics, biomedicine, robotics and optics
(Shrikantha Rao and Gangadharan 2014, Sofiyev and Avcar 2010, Sofiyev et al. 2012, Uslu Uysal
and Kremzer 2015, Uslu Uysal 2016, Uslu Uysal and Giiven 2015, Wu et al. 2014).

The integrity of structures made of continuously inhomogeneous materials depends in high
degree of their fracture behavior. Therefore, considerable attention has been paid to the problems
of fracture of continuously inhomogeneous (functionally graded) materials and structures by the
international research community in the recent years (Dolgov 2005, Dolgov 2016, Uslu Uysal and
Giiven 2016).

Certain kinds of continuously inhomogeneous materials, such as the functionally graded
materials, can be built-up layer-by-layer (Mahamood and Akinlabi 2017) which is a premise for
appearance of longitudinal cracks between layers. Therefore, an adequate longitudinal fracture
analysis of continuously inhomogeneous structural members and components is very important for
evaluation of their operational performance. Recently, several papers which are focused on
longitudinal fracture of continuously inhomogeneous beams have been published (Rizov 2020,
Rizov 2020a, Rizov and Altenbach 2020, Rizov 2022).

The present paper aims to develop a fracture analysis of a continuously inhomogeneous arch
structure with two longitudinal cracks in contrast to (Rizov 2020, Rizov 2020a) where beam
structures are analyzed. The originality of the present paper consists also in the fact that the arch
under consideration exhibits non-linear creep behavior in contrast to (Rizov 2022) where fracture
in beams is analyzed assuming linear creep behavior. The longitudinal fracture in the arch is
studied in terms of the strain energy release rate. In order to take into account the non-linear creep
behavior, time-dependent solutions to the strain energy release rate are derived. It should also be
mentioned that the two cracks are located inside the arch structure in contrast to (Rizov 2020,
Rizov 2020a, Rizov 2022) where the crack is located at the edge of the beam. Since the two cracks
are inside the arch, the bending moments which are used to derive time-dependent solutions to the
strain energy release rate are determined by analyzing the arch as a statically undetermined
structure with one internal hyperstatic unknown.

2. Inhomoheneous arch structure with two longitudinal cracks under non-linear
creep

The inhomogeneous half-sine slender arch with small initial curvature shown in Fig. 1 is under
consideration. The cross-section of the arch is a rectangle of width, b, and thickness, h. Two
longitudinal cracks, B; B, and C; C,, are located symmetrically with respect to the mid-span of the
arch as shown in Fig. 1. The lengths of cracks, B;B, and C;C,, are denoted by 2a; and 2a,,
respectively. In portion, D, D5, the arch is divided by the two cracks in inner, middle and outer pats
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Fig. 1 Geometry and loading of an inhomogeneous arch structure with two longitudinal cracks

of thicknesses, h,, h, and h3, respectively. In portions, D1 D, and D3D,, the arch is divided by

crack, B;B,, in inner and outer pats of thicknesses, h; and h, + hs, respectively. The external
loading consists of two bending moments, M, applied at the ends of the arch.

A notch of depth, hq, is cut-out in the inner part of the arch as shown in Fig. 1. Due to the
notch, the inner part of the arch in portion, D;-D,, is free of stresses. The initial shape of the arch
is written as (Fig. 1)

f =1, sin 3, 6]
where
0<p<r. @)

In formula (1), £, is the rise of the arch.
The arch exhibits non-linear creep. Therefore, the mechanical behavior of the material is treated
by using the following non-linear stress-strain-time-relationship (Kishkilov and Apostolov, 1994):
(o} t
e=—+Lo"—,
E 1+H%"
where ¢ is the strain, o is the stress, E is the modulus of elasticity, n, L, g and H are material
parameters, t is time. The material of the arch is continuously inhomogeneous in the thickness
direction. Therefore, the continuous distribution of the modulus of elasticity along the thickness of
the arch is expressed as

3)

h
E:Eﬁﬂfﬂ, @)

where

h <z< E . 5)
2 2
In formula (4), Er is the value of the modulus of elasticity in the outer surface of the arch, g is
a material parameter that controls the material inhomogeneity in the thickness direction, z is the
vertical centroidal axis of the cross-section.
In the present paper, time-dependent solutions to the strain energy release rate, G, are derived
by considering the balance of the energy. Only the right-hand half of the arch is analyzed due to
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Fig. 2 Cross-section of the middle part of portion, D, D3, of the arch

the symmetry. First, a time-dependent solution to the strain energy release rate is derived assuming
a small increase, §a,, of the length of crack, B, B,. For this purpose, the balance of the energy is
written as

M&pz% &, +Gbaa, » ©)

1

where ¢ is the angle of rotation of the end section of the arch, U is the strain energy cumulated in
half of the arch. Form (6), G is expressed as

=2 —F-=-= | 7
© 2( b oa, baalJ @

The expression in the brackets in (7) is doubled in view of the symmetry (Fig. 1).
The angle of rotation of the end section of the arch is obtained by applying the integrals of
Maxwell-Mohr

q;zT KldS-i-T K2d5+]L K,ds, ®)
0 ay a

where k4, k, and k3 are, respectively, the changes in the curvatures of the middle part of portion,
D, D5, of the arch, of the outer part of portion, D;D,, of the arch and of the un-cracked portion,
B, P, of the arch, s; is half length of the arch.

The change of the curvature, k4, is determined in the following way. First, the equations for
equilibrium of the cross-section of the middle part of portion, D, D5, of the arch are written as

N, = [[ odA, )
(A)

M, = [[ oz,dA, (10)
(A)

where N; and M, are the axial force and the bending moment (it is obvious that N; = 0), o is the
normal stress, z; is the vertical centroidal axis, A, is area of the cross-section of the middle part of
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portion, D, D3, of the arch (Fig. 2). The stress, g, has to be expressed in a function of z; in order to
perform the integration in (9) and (10). However, the normal stress can not be obtained explicitly
from (3). Therefore, o is expanded in series of Maclaurin by retaining the first three members

(© (0
o-(zl)zo-(0)+a()zl+a()zf- (11)
u 2
Expression (11) is rewritten as
o(z,) = 5+ $z, + 1z} . (12)

The coefficients, &, ¢ and 1, involved in (12) are determined in the following way. First, the
distribution of the strain, &, that is involved in (3) is written as

E=&, K7, (13)

where ¢, is the strain in the centre of the cross-section of the middle part of portion, D, D, of the
arch. It should be noted that formula (19) is based on the assumption that plane cross-sections
remain plane after deformation since the arch is thin (the thickness of the arch is much smaller
than the radius). By using (4), the distribution of the modulus of elasticity in the middle part of the
arch is expressed as

g[h—hl—h?zﬁ-zlj

E=E.e" , (14)
where
UPPPILY (15)
2 2

By substituting of (12), (13) and (14) in (3), one obtains

2
o+¢z, +mzy +(5+¢21+77212)n Lt . (16)

R Ty 1+ H%
EFeh 2
At z; = 0 equation (16) takes the form
L
gm0 e H (17)
g[h—hl——z) 1+ H%
EFeh 2

By substituting of z; = 0 in the first and the second derivatives of (16) with respect to z;, one
obtains

)
=
K= instig L, (18)
I 1+ H
E.eh

2
277—2¢%+5‘~l2

[ (1=1)5"2¢ + 25" ]—"E (19)
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where m = h — hy — h, /2. After substitution of (12) in (9) and (10), one arrives at

N, =cbh, + % 7bh (20)

1
M, == gbh- (21)
1 12¢b 2

There are six unknowns, My, kq, &, 6, ¢ and 7, in Egs. (17)-(21).

Analogically, five equations are obtained by expanding in series of Maclaurin the normal stress,
O,u, in the outer part of portion, D, D3, of the arch and by using the equations for equilibrium of
the cross-section of the outer part

L 5. s Lt (22)
ctou ghy 14+ H9%d
EFe 2h
¢ _ é‘oug
B . Lt 23
KA—W+né‘oul¢0um ( )
EFe 2h
9,5 9
20, =240+ 00 7
» " o . o nLt
0= [;iha h +[ (n —1)§0u 2¢02u+ 250u 1770u ]1+ H 9td ’ (24)
EFe 2h
Nz :50ubh3 +i770ubh§’ (25)
12
1
L (26)
2 12 ¢0u 3

where €., 1S the strain in the centre of the cross-section of outer part of portion, D,D5, of the
arch, K, is the change of the curvature, N, and M, are, respectively, the axial force and the bending
moment (apparently, N, = 0), 8y, Poy and 1,,, are the coefficients in the series of Maclaurin.

One equation is written by considering the equilibrium of the bending moments in the middle
and outer parts of portion, D, D3, of the arch

M, +M,=M . 27)

It should be noted here that the bending moment in the inner part of the portion, D;D,, of the
arch is zero due to the notch.

Further one equation is composed by treating the arch as a structure with one degree of internal
static indeterminacy (the bending moment in the outer part of portion, D, D5, of the arch is taken as
hyperstatic unknown). The static indeterminacy is resolved by applying the theorem of Castigliano
for structures which exhibit non-linear mechanical behavior of the material

ou”
oM,

0, (28)

where the complementary strain energy, U", is found as

u U +U. +U_ ., . (29)
md ou ou34
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In formula (29), U,,4, U,y and U,,,3, are the complementary strain energies cumulated in the
middle and in the outer parts of portion, D, D5, of the arch and in the outer part of portion, D;D,,
of the arch, respectively. It should be noted that that the complementary strain energy cumulated in
the un-cracked portion, B, P, of the arch does not depend M,. Therefore, the complementary strain
energy in the un-cracked portion of the arch is not involved in (29).

The complementary strain energy cumulated in half of the middle part of portion, D, D3, of the
arch is expressed as

Uni=2, || UgngdA (30)
(A)
where uy,,; is the complementary strain energy density. In principle, the complementary strain
energy density is equal to the area that supplements the area enclosed by the stress-strain curve to a
rectangle. Thus, 1y, is written as

Uomg= O€ — Ugpg > (31)
where the strain energy density, ug,,4, 1 equal to the area enclosed by the stress-strain curve

Uomd :I ode - (32)
0

By combining of (3), (31) and (32), one derives the following expressions for the time-
dependent strain energy and complementary strain energy densities

2

o n ny Lt
T T—— - , (33)
M TOE  n+l 1+ H9%C

2

« O 1 .. Lt (34)

u =+ .
M oE Thr1” 1+ HY

The complementary strain energy in the outer part of portion, D,Ds, of the arch, ug,,,, is
obtained by replacing of ¢ with g, in (34). The complementary strain energy density, 1g,y34, in
the outer part of portion, D3D,, of the arch is calculated by replacing of ¢ with ;34 in (34). The
normal stress, 0,34, in the outer part of portion, D;D,, of the arch is expanded in series of
Maclaurin. The coefficients of the series are determined by using the following equations

é‘0u34 n Lt
Eetouzs™ g(ﬁfkj +50u341+ H it 5 (35)
E,;eh 2 2
¢ _ 5ou34g
ou34
= h n- Lt
K, _w*'ngou?}zl 0u34m ) (36)
E.eh? 2
g g’
Pocs ~ 2fuas h + Fouss h? n-2 42 n-1 nLt
0- # [ (=000t 200000 Ve (37)

)
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1

N =Soaib(h; +ha) + = Mowzab(n, + 0y )’ (38)
1

M, :E ¢ou34bh§ ’ (39)

where €.¢0,,34 1S the strain in the centre of the cross-section of outer part of portion, D;D,, of the
arch, N3 and M3 are, respectively, the axial force and the bending moment (it is obvious that N3 =
0), dpuza> Pouza and M,y 34 are the coefficients in the series of Maclaurin. The bending moment,
M3, in the outer part of portion, D3 D,, of the arch is written as (Fig. 1)

M=M. (40)
Eqgs. (35)-(39) are solved with respect t0 €.¢pyu34> K25 Oouzar Pouzs and 1,34 Dy using the

MatLab computer program.
The complementary strain energies, Uy, and U,,,3,, are expressed as

U, =a, _U Upy, A S (41)
(A)
U;u34= (al - az) ngoumdA’ (42)
(A3)

where A, and A3 are the areas of the cross-sections of the outer parts of portion, D, D5, of the arch
and the area of the outer part of portion, D3 D,, of the arch, respectively.

Eqgs. (17)-(28) are solved with respect to My, k1, €c¢, 8, @, M, Mo, Ectous Kas Oous Pou and Moy
by using the MatLab computer program.

The strain energy, U, that is involved in (7) is written as

u=u,,+UY, +U .+U (43)

unc>

where Us 5, Uoy, Upyza and Uy are the strain energies in half of the middle and in half of the
outer parts of portion, D, D, of the arch, in the outer part of portion, D;D,, of the arch, and in the
un-cracked portion, B, P, of the arch, respectively. It should be noted here that the strain energy in
the inner part of portion, D, D,, of the arch is zero since this part is free of stresses (Fig. 1).

The strain energies, U4, Uou, Upyza, are obtained by applying formulae (30), (41) and (42),
respectively. For this purpose, Uy, Ugey aNd Uy 34 are replaced by the strain energy densities,
Ugmds Yooy aNd Ugey3a, Tespectively. The strain energy density, uy,,4, 1S calculated by (33). The
strain energy densities, Uy, and Uy,y 34, are found by replacing of o with g,,, and 0,,34 in (33).
The strain energy in the un-cracked portion of the arch is expressed as

Uunc: (SI - al) '” uOunch7 (44)
(A)

where A, is the area of the cross-section of the arch. The strain energy density, Uy, is found by
replacing of o with g,,,,. in (33). The normal stress, 0,,, in the un-cracked portion of the arch is
expanded in series of Maclaurin. The coefficients of the series are obtained from the following
equations
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gctunc: 5unc +5Lr|]nc Lt ) (45)
g 1+ H9%¢
Ere?
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3 unc h a1 t , 46
K3 = - 9 + n5unc¢unc m ( )
E-e?
g 9°
o —24. 345 9
unc ne unc |2 ne2 .2 et nLt (47)
0= +[ (n=1)o, + 20, g
% [ ( ) unc ¢unc unc Tunc ]l+ H qtq
Ece
N, =5, .bh+ =7, bh® , (48)
12
1 3
M=— ¢uncbh ’ (49)
12

where .40 15 the strain in the centre of the cross-section of the un-cracked portion of the arch,
N, is the axial force (obviously, Ny = 0), Sync> Punc and 1y, are the coefficients in the series of
Maclaurin. Egs. (45)-(49) are solved with respect t0 €cryncs> K35 Ouncs Punc and Nyne by using the
MatLab computer program.

By substituting of ¢ and U in (7), one derives the following solution to the strain energy release
rate at increase of the length of crack, B{ B,

G- z{ o e | _1[ U@ [] gy J } (50)
b b (A1)

(As)

The integration in (50) is carried-out by using the MatLab computer program.
A solution to the strain energy release rate is obtained also at increase of the length of crack,
C;C,. For this purpose, (7) is re-written as

0.20-

0.16-

G
Ep 7 012

0.08

0.04-

0.0 4 8 12 16
tHx107

Fig. 3 The strain energy release rate in non-dimensional form plotted against the non-
dimensional time (curve 1 - at increase of crack, B, B,, curve 2 - at increase of crack, C;C,)
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Fig. 4. The strain energy release rate in non-dimensional form plotted against h, /h ratio (curve 1
- at increase of crack, B, B,, curve 2 - at increase of crack, C;C,)

GZZ(M%_EQJ. (51)
By substituting of ¢p and U in (51), one derives

Gzz[ﬁi(@fxzj—l( ﬂlgmdA+jju;ﬂA-lﬁ%Mij. (52)
b b (A) (A

) (A)

The MatLab computer program is used to carry-out the integration in (52).

It should be mentioned that solutions (50) and (52) are time-dependent sine the strain energy
densities and the changes of the curvatures are functions of time. Therefore, the solutions can be
applied to calculate the strain energy release rate for any particular time.

In order to verify (50) and (52), the time-dependent strain energy release rate is obtained also
by differentiating the complementary strain energy with respect to the crack area (Rizov 2020).
First, an elementary increase, da,, of the length of crack, B;B,, is assumed and the strain energy
release rate is written as

goodY (53)
bda,

The right-hand of (53) is doubled in view of the symmetry. The complementary strain energy,
U", is found by (43). For this purpose, Uy, Upy> Upyza and Uy, are replaced, respectively, with
Unma: Uou> Uouss and Uync.

The complementary strain energy in the un-cracked portion of the arch is obtained by replacing
of Ugyne With the complementary strain energy density, Ugy,c. Formula (34) is used to calculate

Ugyne. For this purpose, o is replaced with g,,,,.. By substituting of the strain energy in (53), one
obtains
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Fig. 5 The strain energy release rate in non-dimensional form plotted against g (curve 1 - at
h,/h = 0.3, curve 2 - at h,/h = 0.4 and curve 3 - at h,/h = 0.5)

e:%( [0 — ] Uyt J (54)

(A) (A)

The integration in (54) is performed by using the MatLab computer program. It should be noted
that the strain energy release rate found by (54) is exact match of that obtained by (51). This fact
verifies the solution to the strain energy release rate at increase of crack, B;B,.

The strain energy release rate is derived also assuming an elementary increase of the length of
crack, C; C,. By replacing of da; with da, and substituting of U in (53), one derives

G:%[ j j u; dA + ﬂ uy dA — j j Up, A J (55)

(A) (A) (A3)

MatLab is used to perform the integration in (55). The fact that the strain energy release rate
found by (55) is exact match of that calculated by (52) verifies the solution to the strain energy
release rate at increase of crack, C; C,.

It should be noted that the strain energy release rate is derived also be retaining more than three
members in the series of Maclaurin. The results obtained are very close to these found by retaining
the first three members the series of Maclaurin (the difference is less than 1%).

3. Numerical results

In this section of the paper, results which illustrate the influence of the time, material
inhomogeneity and the locations of the two longitudinal cracks in the thickness direction on the
strain energy release rate in the arch structure are presented. It is assumed that b = 0.010 m, h =
0.014m,q =03and M = 10 Nm.

Solutions (50) and (52) are applied in order to investigate the evolution of the strain energy
release rate with the time. For this purpose, calculations are carried-out for various values of the
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Fig. 6 The strain energy release rate in non-dimensional form plotted against N (curve 1 - at
M = 6Nm, curve 2 -at M = 8 Nm and curve 3 - at M = 10 Nm)

time. The calculated strain energy release rate is expressed in non-dimensional form by using the
formula Gy = G/(ErD). The evolution of the strain energy release rate with the time is illustrated
in Fig. 3 where strain energy release rate in non-dimensional form is plotted against the non-
dimensional time. It should be noted that the time is expressed in non-dimensional form by using
the formula t = tH. It is evident from Fig. 3 that the strain energy release rate increases with the
time (this funding is attributed to the non-linear creep). One can observe also in Fig. 3 that the
strain energy release rate obtained at increase of crack, B;B,, is higher in comparison with that
found at increase of crack, C;C,.

The influence of the location of crack, B;B,, in the thickness direction on the strain energy
release rate is analyzed. The location of crack, B, B,, in the thickness direction is characterized by
h, /h ratio. One can get an idea about the influence of the location of crack, B, B,, in the thickness
direction from Fig. 4 where the strain energy release rate in non-dimensional form is plotted
against hq /h ratio by using solutions (50) and (52). The curves in Fig. 4 indicate that the strain
energy release rate increases with increasing of hq /h ratio.

The effect of the material inhomogeneity and the location of crack, C;C,, in the thickness
direction on the strain energy release rate is studied too. The location of crack, C;C,, is
characterized by h,/h ratio. The material inhomogeneity in the thickness direction is characterized
by g. The variation of the strain energy release rate in non-dimensional form with g at three h,/h
ratios is depicted in Fig. 5 by applying the solution to the strain energy release rate derived at
increase of crack, C;C,. It can be observed in Fig. 5 that the strain energy release rate decreases
with increasing of g. The increase of h,/h ratio leads to increase of the strain energy release rate
(Fig. 5).

The change of the strain energy release rate with increasing of n is investigated. For this
purpose, calculations of the strain energy release rate are performed at various values of n. The
solution to the strain energy release rate derived at increase of the length of crack, B;B,, is used.
The results obtained are shown in Fig. 6 where the strain energy release rate in non-dimensional
form is plotted against n at three values of the bending moment, M. The curves in Fig. 6 show that
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Fig. 7 The strain energy release rate in non-dimensional form plotted against h/b ratio (curve 1 -
aths/h = 0.2, curve 2 - at hy3/h = 0.3, curve 3 - at h3/h = 0.4)

the strain energy release rate increases with increasing of n.

The variation of the strain energy release rate with increasing of h/b ratio at three hs/h ratios
is depicted in Fig. 7. The solution obtained at increase of the length of crack, B; B,, is applied.

It is evident from Fig. 7 that the strain energy release rate decreases with increasing of h/g
ratio. Concerning the influence of h3/h ratio, the curves in Fig. 7 indicate that the strain energy
release rate increases with increasing of hs /h ratio.

5. Conclusions

The fracture of an inhomogeneous arch structure with two longitudinal cracks subjected to non-
linear creep is studied. For this purpose, time-dependent solutions to the strain energy release rate
are derived by analyzing the balance of the energy. The mechanical behavior of the material is
described by using a non-linear stress-strain-time relationship. The arch under consideration has a
rectangular cross-section. The material exhibits continuous inhomogeneity along the thickness of
the cross-section of the arch. The two longitudinal cracks are located symmetrically with respect to
the mid-span. In the thickness direction, the arch is divided in inner, middle and outer parts by the
two cracks. The arch is loaded by two bending moments applied at the end sections. For
verification, the time-dependent strain energy release rate is derived also by considering the time-
dependent complementary strain energy. The evolution of the strain energy release rate with the
time is studied. It is found that the strain energy release rate increases with time due to the non-
linear creep behavior of the material. The study indicates also that the strain energy release rate
obtained at increase of the inner crack is higher than that found at increase of the outer crack. The
analysis reveals that the strain energy release rate increases with increasing of h,/h, h,/h and
ratios h3/h. The calculations indicate that the increase of g leads to decrease of the strain energy
release rate. It is found that the strain energy release rate increases with increasing of n. The
increase of h/b ratio causes decrease of the strain energy release rate.
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