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Continuously inhomogeneous beam with
longitudinal vertical cracks: an analytical investigation
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Abstract. The present paper is concemed with fracture analysis of an inhomogeneous beam with three
longitudinal vertical parallel cracks. The three cracks are located symmetrically with respect to the mid-span. A notch
is cut-out in the lateral surface of the beam in the mid-span. Only half of the beam is considered due to the symmetry.
The material is continuously inhomogeneous in the width direction of the beam. Besides, the material exhibits non-
linear elastic mechanical behavior. The three cracks are located arbitrary in the width direction so as the cross-sections
of the four crack arms have different width. The longitudinal fracture behavior is studied in terms of the strain energy
release rate. Three solutions to the strain energy release rate are derived by differentiating the complementary strain
energy with respect to the areas of the three cracks. The strain energy release rate is determined also by analyzing the
balance of the energy for verification. Further verifications are carried-out by applying the J-integral approach. The
influences of the locations of the three cracks, the material inhomogeneity and the beam geometry on the longitudinal
fracture behavior are appraised. Results of analyses of a beam that is continuously inhomogeneous in both width and
length directions are also presented.

Keywords: longitudinal vertical crack; continuously inhomogeneous material; non-linear elastic beam;
bending; analytical investigation

1. Introduction

Continuously inhomogeneous structural materials are of great interest in development of load-
bearing components in various branches of up-to-day engineering. Typically, the properties of
inhomogeneous materials vary continuously (smoothly) along one or more directions in the solid
(Tokovyy and Ma 2008, 2013, 2017, 2019, Tokovyy 2019). It should be noted that the increased
interest towards the inhomogeneous materials in recent decades is due also to the widespread use
of certain kinds of inhomogeneous materials such as functionally graded materials (Butcher et al.
1999, Dolgov 2002, Gasik 2010, Hedia et al. 2014, Mahamood and Akinlabi 2017, Markworth e¢
al. 1995, Miyamoto et al. 1999, Nemat-Allal et al. 2011, Simsek 2012, 2015, Simsek et al. 2013,
Wu et al 2014). Since the functionally graded materials permit controlled tailoring of
microstructure and composition during manufacturing, their properties can be formed
technologically so as to satisfy various requirements for material properties in different parts of a
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structural component.

An important concern for users of inhomogeneous materials is the effect of longitudinal
fracture since some inhomogeneous materials such as functionally graded ones can be built-up
layer by layer (Mahamood and Akinlabi 2017) which is a premise for appearance of longitudinal
cracks between layers. Since longitudinal fracture, i.e., separation of layers, can lead quickly to
failure, this phenomenon continues to attract the attention of the scientists and researchers around
the globe (Al-Khanbashi and Hamdy 2004, Dolgov 2005, 2016, Her and Su 2015, Klingbeil and
Beuth 1997, Tilbrook et al. 2005, Yokozeki et al. 2008).

Linear-elastic fracture mechanics has been applied to analyze longitudinal fracture
(delamination) behavior of various beam structures (Klingbeil and Beuth 1997). The fracture has
been studied in terms of the strain energy release rate. Solutions to the strain energy release rate
have been obtained assuming linear-elastic behavior of the layered material. The solutions to the
strain energy release rate have been used to investigate fracture of several beam configurations of
deposited metal layers.

Analyses of delamination fracture of beam configurations have been developed in Yokozeki et
al. (2008). The methods of linear-elastic fracture mechanics have been used. Solutions to the strain
energy release rate have been derived. Results of analyzing the strain energy release rate for
different beam geometries and material properties have been reported. It has been found that the
solutions can be used in investigations of delamination fracture behavior of layered linear-elastic
beams.

Delamination fracture behavior of layered beams has been studied in Her and Su (2015). The
strain energy release rate has been analyzed by applying linear-elastic fracture mechanics. The
influence of various geometrical parameters and material properties on the fracture behavior of the
layered beams has been assessed and discussed in detail.

A study of delamination fracture of a double cantilever beam configuration has been carried-out
in Al-Khanbashi and Hamdy (2004). Linear-clastic behavior of the material has been assumed.
Delamination under constant load and elevated temperature has been analyzed. The Paris law has
been applied for predicting the service lifetime of the structure.

Works on fracture behavior of graded materials have been reviewed in Tilbrook et al. (2005).
Analyses of fracture under static and fatigue crack loading conditions have been discussed. Studies
of cracks oriented both parallel and perpendicular to the direction of material gradient have been
summarized. Various fracture analyses by using linear-elastic fracture mechanics have been
presented and discussed.

Recently, papers which deal with longitudinal fracture analyses of inhomogeneous beams
assuming non-linear mechanical behavior of the material have also been published (Rizov 2016,
2017, 2018, 2019, 2020, Rizov and Altenbach 2020). These papers are focused on beams with one
longitudinal crack (Rizov 2016, 2017, 2020). However, the layered structure of inhomogeneous
beams favors appearance of more then one parallel longitudinal cracks. Therefore, the objective of
the present paper is to develop a fracture analysis of an inhomogeneous non-linear elastic beam
with three parallel longitudinal vertical cracks loaded in bending. The fracture is studied in terms
of the strain energy release rate by considering the complementary strain energy. The balance of
the energy is analyzed for verification. Further verifications of the solutions to the strain energy
release rate are performed by applying the J-integral approach.
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2. Analytical investigation of the strain energy release rate

An inhomogeneous beam configuration with three longitudinal vertical cracks is shown
schematically in Fig. 1. The span of the beam is 2[. The cross-section of the beam is a rectangle of
width, b, and height, h. The beam exhibits continuous material inhomogeneity in the width
direction. Besides, the material has non-linear elastic behavior. The loading consists of bending
moments, M, applied at the ends of the beam. The lengths of cracks 1, 2 and 3 are 2a,, 2a, and
2az, respectively. The length of the front of each crack is h. The three cracks are located
symmetrically with respect to the mid-span. Due to the symmetry, only half of the beam, [ < x; <
21, is analyzed. In portion, B;B,, the three longitudinal cracks divide the beam in four crack arms.
The cross-sections of crack arms 1, 2, 3 and 4 are rectangles of widths, by, b,, b; and b,,
respectively. A notch of depth, b, + b; + by, is cut-out in the mid-span as shown in Fig. 1. The
notch divides each of crack arms 2, 3 and 4 in two parts which are symmetric with respect to the
mid-span. It is obvious that crack arms 2, 3 and 4 are free of stresses.

The longitudinal fracture behavior is studied in terms of the strain energy release rate, G. First,
an elementary increase, da,, of the length of crack 1 is assumed. The strain energy release rate is
written as Rizov (2017)

G=2 dv” 1
" “hda, M

where the complementary strain energy, U, is expressed as
U*=U; +Ug,p, +Up,p, + Uyn 2)

It should be mentioned that the right-hand side of (1) is doubled in view of the symmetry (Fig.
1). In formula (2), Uy, Ug,g,, Up,p, and Upy are the complementary strain energies cumulated
in crack arm 1, in parts, B,B; and B3;B,, of the beam and in the un-cracked beam portion,
respectively. It should be specified that the boundaries of beam part, B,Bs, are x; =1+ a4,
x1=l+a,, yy=-b/2 and y, = —b/2+ by + b,. The part, B3B,, of the beam has the
following boundaries: x; =1+ a,, x; =1+ a3, y; = —b/2 and y; = —b/2 + by + b, + b3.
It should also be noted that the complementary strain energy in crack arms 2, 3 and 4 is zero since
these crack arms are free of stresses.

The complementary strain energy cumulated in crack arm 1 is written as

Ui =a, ff up,dA (3)
(A1)

where ug, is the complementary strain energy density, A; is the area of the cross-section of
crack arm 1. In principle, the complementary strain energy density is equal to the area that
supplements the area enclosed by the stress-strain curve to a rectangle. Thus, ug; is expressed as

Uy = OE — Ugy 4)

where g, is the strain energy density, o is the normal stress, ¢ is the strain.
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Fig. 1 Geometry and loading of an inhomogeneous beam with three longitudinal vertical cracks
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Fig. 2 Cross-section of crack arm 1
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The mechanical behavior of the material is treated by applying the following non-linear stress-
strain relation (Rudih ez al. 1998)

Ee
V1 + g2

where E is a material property. The distribution of E along the width of the beam is written as

g =

)

b

5t¥V1
E=Ee "5 ©)

where

(7

NS
NS

Sy1S

In formula (6), E; is the value of E at the left-hand lateral surface of the beam, f is a
material property that controls the material inhomogeneity in the width direction, y; is the
horizontal centroidal axis (Fig. 1). The strain energy density is derived by integrating of formula

(6). The result is
upy =E(Vi+e2—1) (8)

By combining of formulae (4), (5) and (8), one obtains

1
Uy = E (1 - ) )
ot V14?2
Beams of high span to height ratio are under consideration in the present paper. Hence, the
distribution of strains is treated by applying Bernoulli’s hypothesis for plane sections. Thus, the
distribution of strains in the cross-section of crack arm 1 is written as

£ = K12 (10)
where
h h
—5<zn <3 (11

In formula (10), x, is the curvature of crack arm 1, z, is the vertical centroidal axis of the
cross-section of crack arm 1 (Fig. 2). The curvature is obtained by using the following equation for
equilibrium of elementary forces in the cross-section of crack arm 1

ff 0z,dA =M (12)
(41)

By using formula (6), the distribution of material property, E, along the width of crack arm 1 is

expressed as
by

- tY2
E=Ee 5 (13)
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where y, is the horizontal centroidal axis of the cross-section of crack arm 1 (Fig. 2). After
substituting of formulae (5), (10) and (13) in Eq. (12), the equation for equilibrium is solved with
respect to k; by using the MatLab computer program.

The complementary strain energy cumulated in part, B,Bs3, of the beam are written as

Uiy =@ =a) | inp,ad (14

Ap,B3)

where ugp,p, is the complementary strain energy density, Ap,p, is the area of the cross-section
of this part of the beam (the width and height of the cross-section are b; + b, and h,
respectively). The complementary strain energy density, ugg, p,, is calculated by applying formula
(9). For this purpose, ¢ is replaced with 5,5, where the distribution of the strains, &g,p,, is
found by replacing of k; and z, with k, and zz in formula (10).

Here k, is the curvature, z; is the vertical centroidal axis of the cross-section of part, B,Bs,
of the beam. The equation for equilibrium (12) is used to determine k,. For this purpose, by is
replaced with b; + b, in formula (13). After substituting of formulae (10) and (13) in Eq. (12),
the equation is solved with respect to k, by using the MatLab computer program.

The complementary strain energy density, Ugg, g, is integrated in the volume of part, B3B,, of
the beam in order to obtain the complementary strain energy

U§3B4 = (az — ay) ff( uSB3B4dA (15)

AB3B4)

where Ap, p, is the area of the cross-section of part, B3B, , of the beam (the width and height of
the cross-section are by + b, + b; and h, respectively). Formula (9) is applied to determine
Uop,p, by replacing of & with &g p,. The distribution of &g p, is obtained by replacing of
and z, with k3 and z,, respectively, in formula (10). The curvature, k3, of beam part, B3B,, is
found from the Eq. (12). For this purpose, after replacing of b; with b; + b, + b3 in formula (13)
and substituting of formulae (10) and (13) in Eq. (12), the equation for equilibrium is solved with
respect to k3 by using the MatLab computer program.

The complementary strain energy cumulated in the un-cracked portion of the beam is found by
integrating the complementary strain energy density, Ugyy

Upy = (L — a3) ff ugyndA (16)
(Aun)

where Ay is the area of the cross-section of the beam. The complementary strain energy density,
Ugyn, 1s obtained by formula (9). For this purpose, € is replaced with eyy. Formula (10) is
applied to express the distribution of &yy by replacing of k; and z, with x, and zg,
respectively. Here k, and zs are the curvature and the vertical centroidal axis in the un-cracked
portion of the bream. The equation for equilibrium (12) is used to determine the curvature. For this
purpose, b, is replaced with b in formula (13). After substituting of formulae (10) and (13) in
Eq. (12), the equation is solved with respect to x, by the MatLab computer program.

The following expression for the strain energy release rate is obtained by substituting of
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formulae (2), (3), (14), (15) and (16) in formula (1)

2
(A1) (ABzB3)

After substituting of the complementary strain energy densities in formula (17), one derives
ZbE L ( f bl
— e

2
by 1 ;+‘/Kf}2+1
b —1) h+—ln
" “ h+,/ L

K K
19 14 , (18)
h /Zh
f(bi+b —Ky5+ Kk +1
ZbEL( (lb 2)_1) 3 1 2y 24

S
hF +

Ky 2
K23+,’K%h—+1

The strain energy release rate is derived also assuming an elementary increase, da,, of the
length of crack 2. For this purpose, da, is replaced with da, in formula (1). After substituting
of formulae (2), (3), (14), (15) and (16) in formula (1), one obtains

2
=Z<ff usBzB3dA _J—J- u63334dA> (19)
(ABzB3) (AB3B4-)

By combining of formulae (9) and (19), one derives

ol N
_ 2DE; [ [(bi+by) 1 2yt Ko7 +1
( b — 1) Bt —n—
hf Ky h 5 h2
Koyt K27 +1
E (20)
2bEL< [(bytby+bs) )/ K37 +w/f<3 7T 1\

h+—ln
" \ )
K32+ K3—+1

Finally, the strain energy release rate is obtained assuming an elementary increase, das, of the
length of crack 3. By replacing of da; with das in formula (1) and substituting of formulae (2),
(3), (14), (15) and (16) in formula (1), one derives the following expression for the strain energy

release rate
2
(A (Aun)

After substituting of the complementary strain energy densities in formula (21), the strain
energy release rate is obtained as

3334)
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h / h?
2bE; [ f(bi+by+b3) / 1 _K3§+ K%T'i'l\
G = (e b —1) h+—In
hf K3 h th
K3§+ K3T+1
i (22)
o[k
2bE; 1 —Kamt kg +1
— (ef—l) h+—In
hf Ky h th
K'47+ K4T+1

For verification, solutions to the strain energy release rate are obtained also by analyzing the
balance of the energy. First, crack 1 is considered. A small increase, daq, of the length of crack 1
is assumed. The balance of the energy is written as

ou
Mép = —¥8a, + Ghda, (23)
da;

where ¢ is the angle of rotation on the end of the beam (Fig. 3), U is the strain energy. From
formula (20), the strain energy release rate is obtained as

G=%(M6_¢_6_U> (24)

da; OJday

It should be mentioned that the expression in brackets in the right-hand side of formula (24) is
doubled in view of the symmetry (Fig. 1).

The integrals of Maxwell-Mohr are applied in order to determine the angle of rotation on the
end of the beam (Popov 1998). The result is

h/2 X
. a / M)

h/2

b2 |

Fig. 3 End section of the beam with angle of rotation and bending moment
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¢ = K101 + Kkp(a; — aq) +k3(az — az) + 1, (1 — a3) (25)
The strain energy is written as
U=U1+U3233+UB3B4+UUN (26)

Ui, Ug,p,> Ug,p, and Uyy are the strain energies in crack arm 1, in parts, B,B; and B3B,,
of the beam and in the un-cracked beam portion, respectively. The strain energies, Uy, Ug,p,,
Ug,p, and Uyy, are calculated by applying formulae (3), (14), (15) and (16), respectively. For this
purpose, the complementary strain energy densities, Ugq, Ugp,p,> Uop,s, and Ugyy, are replaced
with the strain energy densities, U1, Ugp,B,» Uop,p, aNd Ugyy, respectively. The strain energy
density, ugq, is found by formula (8). The strain energy densities, ugp,p,, Uop,p, and Ugyy, are
derived by replacing of ¢, respectively, with &g p., €p,5, and eyy in formula (8).

By substituting of ¢ and U in formula (24), one obtains

[M(Kl KZ)—ff u01dA+ff u03233dA
(A1) (

Ag,B3)

27)

Since bending moment can be expressed as a function of stress by the relationship M =
[[ 0z dA, formula (27) takes the form

S|

where op,p, is obtained by replacing of ¢ with g p, in formula (5). The analytical solution of
the strain energy release rate derived after substituting of stresses and strain energy densities in
formula (28) is exact match of formula (18) which proves the correctness of formula (18).

The strain energy release rate is determined also assuming a small increase, da,, of the length
of crack 2. For this purpose, by replacing of a; with a, and substituting of ¢ and U in

formula (24), one arrives at
uOBz B; dA + ff
(

o = s ]

Formula (29) is re-written as

2
G = _[ff O-OBZB3Z3K2dA ff GOB3B4Z4K3dA
(4B,B3) (AB3B,) 3)

_ff uOBZB3dA+—[f uOB3B4 dA
(ABzB3) (

AB3B4)

(28)

(A1) (

ABB ABB

AB,B3) Ap3B,)

u03334 dA] (29)

It should be noted that the analytical solution of (30) matches exactly formula (20). This fact
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verifies formula (20).
The strain energy release rate at increase of crack 3 is obtained by replacing of a; with as
and substituting of ¢ and U in formula (21). The result is

2
G =E|:M(K3 —K4) _ff uOB3B4dA+—[f Ugyn u03334dA (31)
(Ap3B,) (Aun)
By using relationship between bending moment and stress, formula (31) is transformed as
2
G = E |:jf O-B3B4Z4-K3 dA — ff OynZsKy dA
(ABsB,) (Ayn)
(32)

_-[f uOB3B4 dA+ff UounN dA
(AB3B,) (Aun)

The analytical solution of the strain energy release rate obtained by integrating of (32) is exact
match of formula (22) which is a verification of (22).

The longitudinal fracture behavior of the inhomogeneous beam is analyzed also by applying the
J-integral approach (Broek 1986). First, crack 1 is considered. The integration is performed along
the integration contour, D, shown by a dashed line in Fig. 1. Since crack arm 2 is free of stresses,
the solution to the J-integral is written as

J =2(p, +/p,) (33)

where Jp and Jp, are the values of the J-integral is segments, D; and D,, of the integration
contour, respectively. Segments, D; and D,, coincide with the cross-sections of crack arm 1 and
part, B,B5, of the beam, respectively (Fig. 1). It should be noted that the right-hand side of
formula (33) is doubled in view of the symmetry.

The J-integral in segment, D,, of the integration contour is written as

Jdu ov
o= [ [arcos— (s 2, 2] s -

where a is the angle between the outwards normal vector to the contour of integration and the
crack direction, p, and p, are the components of the stress vector, u and v are the components
of the displacement vector with respect to the coordinate system, xy, and ds is a differential
element along the contour of integration.

The quantities which are involved in formula (34) are obtained as

Px = —0 (35)
py =0 (36)
ds = dy, (37

cosa =-—1 (38)
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Ju
— = 39
dx ¢ (39)
where ¢ is found by formula (5), the coordinate, y,, varies in the interval [—b,/2; by /2], the
strain, &, is obtained by formula (10).
In segment, D, of the contour of integration, the J-integral is written as

du dv
]D2 = JI;Z Ugp,B, COS Ap, — & prz WDZ + pyDz KDZ dSD2 (40)
where

Pxp, = OB,B; (41)
Pyp, =0 (42)
dsp, = —dys (43)
cosap, =1 (44)

ou
dxp, 2 (45)

The stress, 0g,p,, is found by replacing of & with &g, in the stress-strain relation (5). The

coordinate, ys, varies in the interval [—(b; + b;)/2; (b1 + by)/2].
By substituting of formulae (34) and (40) in formula (33), one arrives at

ou ov
] = 2—[1)1 [um COS“‘(an‘*‘Pya)] ds

v 2 “
>, Upp,B; COS Ap, Pxp, axDz Pyp, axDz Sp,-
The average value of the J-integral along the front of crack 1 is written as
1 h
2
Jav = Zf_ﬁfdzz (47)
2
By combining of formulae (46) and (47), one obtains
h
21 (2 ou ov
Jay = 7 f_g ful [u01 cosa — (px Ix +py a)] dsdz,
(48)

h
2 ou ov
+ j_g LZ Uop, B, COS Ap, — | Pxp, —axDZ + Dyp, —axDZ dsp,dz,



160 Victor I. Rizov

After substituting of formulae (35)-(39) and (41)-(45) in formula (48), one derives

2bE, / fb 1 L K2h2+1
. f n
=22 (e =) [ 2 N 14

In

]AV - hf Ky i ) hz
Kq 3 + K1 x +1
. - (49)
2bE, ( {CETH) 1) 1 —Kemt KB +1
— e —

h+—In
hf 2 h, [ h?
K2§+ K2T+1

The fact that the J-integral solution (48) matches exactly the strain energy release rate (18)
verifies the analysis of crack 1.

Crack 2 is also analyzed by applying the J-integral approach. The integration is carried-out
along the integration contour, H, shown by dashed line in Fig. 1. Segments, H; and H,, of the
integration contour coincide with the cross-sections of parts, B,B; and B3B,, of the beam,
respectively. The solution to the J-integral along the contour, H, is obtained as

J =2(u, +Ju,) (50)

where Jy, and Jy, are the J-integral values in segments, Hy and H,, of the integration contour,

respectively. The average value of the J-integral along the front of crack 2 is found by using
formula (47). For this purpose, formula (50) is re-written as

h
B 2112 du v
Jav = 7 f_ % le Uop, B, COS Ay — | Pxy, KHl + Pyu, WHI dsy,dz,

P (51)
2 Jdu dv
+j_ng2 Upp,B, COS Ay, — PxHZ WHZ-F pyHZKHZ dshyzdz2
The quantities involved in formula (51) are obtained as
Pxy, = ~OB,B; (52)
Pyn, =0 (33)
ds = dys (54)
cosay, =—1 (55)
ou
ox,y - BB (56)

Pxy, = OB3B, (57)
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Pyn, =0 (58)
dSH2 = —dy, (59)
cosay, =1 (60)

ou
m = €p;B, (61)

where op,p, is found by replacing of & with &g p, in formula (5), the coordinate, y,, varies in

the interval [—(b; + b, + b3)/2; (b + by + b3)/2]. After substituting of formulae (52)-(61) in
formula (51), the solution of the J-integral is found as

h 5 I
ZbEL( ORLY 1) 1 ~Keyt Ky +1
_ e _

h+—lIn

Jav = A . . E
Ky 7 + K5 T +1
. - (62)
2bE, ( [(btby+b) 1) 1 —kayt Kl +1
e —

h+—lIn
hf K3 h, [ o h?
K3§+ K3T+1

The J-integral solution (62) is exact match of the strain energy release rate (20). This is a
verification of formula (20).

Finally, the J-integral approach is used also to analyze crack 3. The integration is performed
along the contour, L, shown by dashed line in Fig. 1. The J-integral solution is written as

J=20., +J.,) (63)

where ], and J;, are the J-integral values in segments, L; and L, of the integration contour,

respectively. Segments, L; and L,, coincide with the cross-sections of beam part, B3B,, and the
un-cracked portion of the beam, respectively. By using formula (47), the average value of the J-
integral along the front of crack 3 is expressed as

h
2\ (2 du av
]AV = Z f hf uOB3B4 cosap, — pr1 W + pYLl K dsL1dZZ
-5 7L Ly Lq
(64)

h
2 Ju Jv

+ f hf Uoyn COS ap, — & Pxy, Fo + Dy, F ds;,dz,
—E LZ Lz L2

The quantities involved in formula (64) are written as

pr1 = T OB, (65)
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Py, =0 (66)
ds = dy, (67)
cosay, =—1 (68)
ou
dx, = €p3B, (69)
Px,, = Oun (70)
Py, =0 (71)
dsy, = —dys (72)
cosap, =1 (73)
ou
ox,, = &yn (74)

where the stress, oy, is found by replacing of € with gy in formula (5), the coordinate, ys,
varies in the interval [—b/2; b/2]. By combining of formulae (64)-(74), one obtains

h h?
ZbEL( {OETET 1) 1 —Ksmt+ ki +1

h+—In

]AV:_hf e Ks P th
K35+ .|K +1
2 2\] 34 (75)
h+,/ 21 1
12 TN
2
K4g+,/Kf}i}+1

The fact that the J-integral (75) matches exactly the strain energy release rate (22) confirms the
correctness of the analysis of crack 3.

It should be mentioned that from computational view point, benefit of using of formulae (17),
(19) and (21) consists in the fact that the strain energy release rate can be calculated simply by
integrating of the complementary strain energy density. This method has its advantages over other
methods such as the method by analyzing of the balance of the energy and the J-integral method.
For example, the solution of the strain energy release rate by analyzing of the balance of the
energy requires integrations of the both stresses and the strain energy densities. The application of
the J-integral method requires determination of the components of the integral. The method
presented here is particularly beneficial in case of a beam with more parallel longitudinal cracks.

2bE1

(f—l) +—ln
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Fig. 4 The strain energy release rate in non-dimensional form plotted against b, /b ratio
(curve 1 —at h/b = 1.5, curve 2 —at A/b = 1.6 and curve 3 —at /b = 1.7)

3. Numerical example

The present section of the paper contains numerical results obtained by applying the solutions
to the strain energy release rate derived in the previous section. The strain energy release rate is
presented in non-dimensional form by using the formula Gy = G/(E h). The numerical results
are used to evaluate the influence of material inhomogeneity, locations of the three cracks in the
width direction of the beam and the geometry of the beam on the longitudinal fracture behavior. It
is assumed that b = 0.02 m, h = 0.03 mand M =4 Nm.

The location of crack 1 along the beam width is characterized by b;/b ratio. In order to assess
the influence of location of crack 1 on the longitudinal fracture behavior of the beam, the strain
energy release rate obtained at increase of crack 1 is plotted in non-dimensional form against b, /b
ratio in Fig. 4 at three h/b ratios for (by + b,)/b = 0.5 and (b; + b, + b3)/b = 0.8. The
curves in Fig. 4 indicate that the strain energy release rate decreases with increasing of b, /b ratio.
This finding is attributed to the increase of the stiffness of crack arm 1. It can be observed also in
Fig. 4 that the strain energy release rate decreases with increasing of 4/b ratio (this behavior is
due to increase of the stiffness of the beam).
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Fig. 5 The strain energy release rate in non-dimensional form plotted against M (curve 1 — at
(by + b,)/b = 0.5, curve 2 —at (b; + b,)/b = 0.6 and curve 3 —at (b; + b,)/b = 0.7)
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Fig. 6 The strain energy release rate in non-dimensional form plotted against (b, + b, + b3)/b
ratio (curve 1 —at M = 3 Nm and curve 2 —at M = 4 Nm)

The ratio, (b; + b,)/b, is used to characterize the location of crack 2 along the width of the
beam. One can get an idea for the influence of the location of crack 2 along the beam width on the
longitudinal behavior from Fig. 5 where the strain energy release rate obtained at increase of crack
2 is plotted in non-dimensional form against the bending moment, M, at three (b; + b,)/b ratios
for b;/b = 0.2 and (b; + b, + b3)/b = 0.8.

One can observe in Fig. 5 that the strain energy release rate decreases with increasing of
(by + by)/b ratio.

The effect of the location of crack 3 along the width of the beam is appraised too. The location
of crack 3 is characterized by (b, + b, + b3)/b ratio. The strain energy release rate obtained at
increase of crack 3 is plotted in non-dimensional form against (b; + b, + b3)/b ratio in Fig. 6 at
two values of M for b;/b = 0.2 and (b; + b,)/b = 0.5. It can be observed in Fig. 6 that the
strain energy release rate decreases with increasing of (b, + b, + b3)/b ratio.

The influence of the material inhomogeneity in the width direction of the beam on the
longitudinal fracture behavior is also evaluated.

The material inhomogeneity is characterized by material property, f. In order to evaluate the
influence of f, the strain energy release rate obtained by using solutions (18), (20) and (22) which
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Fig. 7 The strain energy release rate in non-dimensional form plotted against f (curve 1 — at
increase of crack 1, curve 2 — at increase of crack 2 and curve 3 — at increase of crack 3)
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are derived, respectively, at increase of cracks 1, 2 and 3 is plotted in non-dimensional form
against f in Fig. 7. The curves in Fig. 7 show that the strain energy release rate decreases with
increasing of f.

One can observe also in Fig. 7 that the strain energy release rate obtained at increase of crack 1
is higher than these obtained at increase of cracks 2 and 3. The strain energy release rate obtained
at increase of crack 3 is lower than these found at increase of cracks 2 and 3. The strain energy
release rate obtained at increase of crack 2 has intermediate value with respect to these obtained at
increase of cracks 1 and 2 (Fig. 7).

It should be mentioned that the solutions to the strain energy release rate and the J-integral
derived in the present paper can also be applied when the beam exhibitls continuous material
inhomogeneity in both width and length directions. For this purpose, the value of material property,
E;, has to be obtained at the length of the crack under consideration. It is assumed that the material
property, E;, is distributed along the beam length according to the following law

X

E, = Eye' T (76)
at
0<x, <l (77)
and
E, = ELNeT(Zl_z—xl) (78)
at
1<x, <21 (79)

In formulae (76) and (78), r is a material property that controls the inhomogeneity in the
length direction of the beam, E;, is the value of E; in the ends of the beam. Formulae (76) and
(78) indicate that E; is distributed symmetrically with respect to the mid-span.

The influence of material property, r, on the longitudinal fracture behavior of the beam is
illustrated in Fig. 8 where the strain energy release rate obtained at increase of crack 3 is plotted in

3.5

k
28 e

E('L}h i 2 |- ) i "‘13
|.4-
0.7—
! ! | !

0.0 0.2 0.4 0.6 0.8

r

Fig. 8 The strain energy release rate in non-dimensional form plotted against r (curve 1 — at
as/l = 0.5, curve 2 —at a3/l = 0.6 and curve 3 —at a3/l = 0.7)
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non-dimensional form against the material property, r, at three az/l ratios. The curves in Fig. 8
indicate that the strain energy release rate decreases with increasing of r. It can also be observed
in Fig. 8 that the increase of a3/l ratio leads to increase of the strain energy release rate.

4. Conclusions

The fracture behavior of an inhomogeneous beam with three parallel longitudinal vertical
cracks is analyzed. The beam exhibits continuous material inhomogeneity in the width direction.
The material has non-linear elastic mechanical behavior. The external loading consists of bending
moments applied at the ends of the beam. The three cracks are located symmetrically with respect
to the mid-span. Thus, only half of the beam is analyzed. A notch is cut-out in the mid-span so as
the crack arms 2, 3 and 4 are free of stresses. The cracks are located arbitrary in the width direction
of the beam. Hence, the widths of the cross-sections of the four crack arms are different. The three
cracks have different lengths. The longitudinal fracture behavior is studied in terms of the strain
energy release rate. Solutions to the strain energy release rate are derived by differentiating the
complementary strain energy in the beam with respect to the areas of the cracks. In order to verify
these solutions, the strain energy release rate is obtained also by analyzing the balance of the
energy. The solutions to the strain energy release rate are verified further by applying the J-integral
approach. The solutions to the strain energy release rate are used to appraise the influence of
material inhomogeneity, the location of the three cracks in the width direction of the beam, the
external loading and the beam geometry on the longitudinal fracture behavior. The locations of
cracks 1, 2 and 3 in the width direction are characterized by b,/b, (b; + b;)/b and (b; + b, +
bs)/b ratios, respectively. The analysis reveals that the strain energy release rate decreases with
increasing of by/b, (by + b,)/b and (b; + b, + b3)/b ratios. The material inhomogeneity
along the width of the beam is characterized by material property, f. It is found that the strain
energy release rate decreases with increasing of f. This finding is attributed to the increase of the
stiffness of the beam. The increase of h/b ratio also leads to decrease of the strain energy release
rate. The calculations indicate that the strain energy release rate derived at increase of crack 1 is
higher in comparison to these derived at increase of crack 2 and crack 3. The strain energy release
rate at increase of crack 3 is lower than these at increase of crack 1 and crack 2. The strain energy
release rate obtained at increase of crack 2 has intermediate value with respect to these obtained at
increase of crack 1 and crack 3. The solutions to the strain energy release rate and the J-integral
derived in the present paper can be applied also when the beam exhibit continuous material
inhomogeneity in both width and length directions. The material inhomogeneity in the length
direction is characterized by material property, r. The analysis shows that the strain energy release
rate decreases with increasing of r. Concerning the influence of the crack length on the
longitudinal fracture behavior, it is found that when the beam is inhomogeneous in width and
length directions, the strain energy release rate increases with increasing of asz/l ratio. It should
be noted that the approach developed in the present paper may calculate also the adhesion energy
of single-layer coatings with a gradient of elastic properties in thickness or of two-layer and three-
layer coatings.
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