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Abstract. If the goveming differential equation arising from engineering problems is treated as an analytic,
continuous and derivable function, it can be expanded by one point as a series of finite numbers. For the function to
be zero for each value of its domain, the coefficients of each term of the same power must be zero. This results in a
recursive relationship which, after applying the natural conditions or the boundary conditions, makes it possible to
obtain the values of the derivatives of the function with acceptable accuracy. The elastoplastic analysis of an
inhomogeneous thick sphere of metallic materials with linear variation of the modulus of elasticity, yield stress and
Poisson's ratio as a function of radius subjected to internal pressure is presented. The Beltrami-Michell equation is
established by combining equilibrium, compatibility and constitutive equations. Assuming axisymmetric conditions,
the spherical coordinate parameters can be used as principal stress axes. Since there is no analytical solution, the
natural boundary conditions are applied and the governing equations are solved using a proposed new method. The
maximum effective stress of the von Mises yield criterion occurs at the inner surface; therefore, the negative sign of
the linear yield stress gradation parameter should be considered to calculate the optimal yield pressure. The numerical
examples are performed and the plots of the numerical results are presented. The validation of the numerical results is
observed by modeling the elastoplastic heterogeneous thick sphere as a pressurized multilayer composite reservoir in
Abaqus software. The subroutine USDFLD was additionally written to model the continuous gradation of the
material.

Keywords: elastoplastic analysis; internal pressure; mechanical properties variation; novel numerical
method; thick sphere

1. Introduction

Compared to conventional composite laminates, they offer several advantages, such as
resistance to very high temperature gradients, lower stress concentrations, higher corrosion
resistance, higher toughness and higher fracture strength. Therefore, many researchers have
focused their attention on studying the mechanical behavior of structures made of functionally
graded materials (FGMs). Elasto-plastic analysis of thick-walled functionally graded tanks
subjected to internal pressure has been elaborated (Heydari 2009). The residual stress distribution
in autofrettage homogeneous spherical pressure vessels subjected to different autofrettage
pressures is evaluated (Maleki et al. 2010). The Armstrong-Frederick kinematic hardening model
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is adopted and Voce's hardening law is included for isotropic hardening behavior (Leu et al. 2014).
An analytical solution of thick-walled piezoelectric functionally graded (FG) cylinder for non-
axisymmetric thermo-mechanical loads and uniform electric field is carried out (Atrian et al.
2015). The two-dimensional analytical solution of a piezothermoelastic FG hollow sphere with
integrated piezoelectric layers as a sensor and actuator for non-axisymmetric loads is calculated by
using the system of Euler differential equations and Legendre polynomials (Barati and Jabbari
2015). Spreading of plastic zones in functionally graded spherical tanks subjected to internal
pressure and temperature gradient combinations is investigated (Heydari 2015). The active control
of FG hollow sphere’s displacement and stress is performed by applying a feedback gain control
algorithm. An analytical size-dependent model is proposed based on electro-elastic surface/
interface model to investigate the dynamic electromechanical response of a multilayer piezo-
electric nano-cylinder subjected to electro-elastic waves by considering interface energy effect on
the stress and electric field (Fang et al. 2015). The power law function is used to analyze snap-
through buckling behavior of shallow clamped FG spherical shell with surface-bonded
piezoelectric actuators subjected to the thermo-electro-mechanical loading (Sabzikar and Eslami
2014). The Variational Asymptotic Method (VAM) splits a 3-D elasticity problem into a 2-D linear
cross-sectional problem and a one-dimensional beam problem. A complete agreement between
results of commercially available 3-D FEM solver Abaqus and asymptotically exact analytical
solutions for FG cylinder based on VAM is observed (Sachdeva and Padhee 2018). Many
elastoplastic analyses are performed (Ushio er al. 2019, Masoodi 2019, Polatov et al. 2020).
Elastoplastic analysis of thick-walled vessels with isotropic strain hardening behavior using
nonlinear compatibility relation is done (Heydari 2018). An exact solution of 3-D elasticity for
sound transmission loss through FG cylinder in the presence of subsonic external flow by
modeling through-thickness gradation of materials based on power law function is obtained
(Daneshjou et al. 2017). The nonlinear analysis of functionally graded spherical pressure vessels
composed of metal/ceramic mixture for both high strength and high thermal resistance is discussed
(Yildirim et al. 2022). The use of recursive algorithm to formulate the analytical solution of
thermo-mechanical stresses of multi-layered hollow spherical pressure vessel is demonstated (Sim
et al. 2021). The plastic limit pressure of spherical vessels of nonlinear combined isotropic/
kinematic hardening materials is investigated.

The numerical and semi-analytical methods are employed to solve homogeneous or
heterogeneous hollow cylinder problems. Elastoplastic analysis of cylindrical vessel with arbitrary
material gradation subjected to thermo-mechanical loading via DTM is conducted (Heydari 2019).
The mechanical stress reduction in a pressurized 2D-FGM thick hollow cylinder with finite length
is studied (Najibi 2017). The meshless local Petrov-Galerkin method is employed to investigate
dynamic response of FG viscoelastic hollow cylinder subjected to thermo-mechanical loads
(Akbari et al. 2018). The meshless local Petrov—Galerkin method based on total Lagrangian
approach is applied for geometrically nonlinear analysis of a FG thick-walled hollow cylinder with
Rayleigh damping subjected to axisymmetric mechanical shock loading (Ghadiri Rad et al. 2015).
The perturbation method is applied to describe dispersion curves in the neighborhood of radial
resonances for an isotropic hollow cylinder in the presence of an inhomogeneous prestress field
(Vatul’yan and Yurov 2016). The differential quadrature method (DQM) is applied to study the
Electro-elasto-dynamic analysis of FG cylindrical shell with piezoelectric rings (Saviz, 2017).

Most of engineering problems must be solved numerically (Oh et al. 2023, Babaei et al. 2022,
Zaid and Sadique 2020, Fenjan et al. 2020, Heydari 2017). Nowadays, the new numerical methods
are proposed and their progress is still increasing with day to day. In this study, a new numerical
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method is introduced for solving structural problems and outcomes are verified by FEM results.
The governing differential equations of various engineering problems such as elastoplastic analysis
of thick heteregenous reservoir can be solved by the proposed method. Fast convergence and
compatibility with various conditions are advantages of proposed method however, the method
may have convergence problem in nonlinear ODEs. The stress and strain fields of a spherical
reservoir with through-the-thickness variation of mechanical properties subjected to internal
pressure is obtained using proposed method to present the efficiency and accuracy of the new
method. The elastoplastic analysis of the inhomogeneous thick sphere of metallic materials with
linear variation of elastic modulus, yield stress and Poisson's ratio in terms of radius subjected to
internal pressure is presented. The Beltrami-Michell equation is established by combining
equilibrium, compatibility and constitutive equations. By assuming axisymmetric conditions, the
spherical coordinate parameters can be used as principal stress axes. The natural boundary
conditions are applied and the governing equations are solved using the proposed method, since
there is no analytical solution.

2. Governing equations

The basic equations are simplified because of the axisymmetric conditions. The equilibrium
and compatibility equations are simplified as follows:

diar(r) + Z(Ur(r) _ ag(r)) =0 1)
T T
%65(7') N €g(r) ; €-(r) -0 (2)

Hooke's constitutive relation is used because of the linear material behavior in the elastic zone.

a,(r) — 2vay(r)
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The governing equation in terms of radial stress is calculated by considering Eq. (1) to Eq. (4).
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Fig. 1 Yield criterions (a): von Mises and (b): Tresca in the dimensionless coordinate system

The functions of the mechanical properties, i.e. Young's modulus, yield stress and Poisson's
ratio are linear functions in terms of the radius in the spherical coordinate system.

E(r) =E, + E;r 9)
0,(1r) = 0y + 0y57 (10)
v(r) = v, +vgr (11)

where the parameters E, and v, with index zero denote the value of the mechanical property at
the center. The parameters Eg and v, refer to the linear material gradation. The modulus of
elasticity and Poisson's ratio are inserted into the coefficients of the second-order differential
equation. These coefficients are rewritten as follows:

¢1(T) = _(Eor + ESTZ)(VO + Ve — 1) (12)
$2(r) = (Vor + V51?2 = 1)Es — (E, + Esr)(5vsr — 4(1 — v,)) (13)
P3(r) = (4v, — 2)E; — 4E, v (14)

The von Mises yield criterion is an ellipse with no singularity in the principal axis coordinate.
The axisymmetric condition means that the first and second principal axes are radial and tangential
axes, respectively, in the spherical coordinate system (o7 = gy, 0y = 0y;; = 0g = 0).

The von Mises and Tresca yield criteria can be expressed by the principal axes.

1 1 1 1
5 (o1 — o)* + 5 (o1 — om)* + 5 (o — ou)? = 503 (15)

1 1
Emax(kfl = oyl, loy = o, loy — o) = an (16)
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After considering axisymmetric conditions, final results of the both yield criteria are similar.
loy — 0| = 0, 17)
Combining Eq. (1) and Eq. (17), we obtain
d

2
0 r) - - (ayo + aysr) =0 (18)

3. Novel numerical method

The relevant differential equation must be solved using a numerical method. In mathematics, a
collocation method is a method for numerically solving ordinary differential equations, partial
differential equations and integral equations. The idea is to choose a finite-dimensional space of
possible solutions (usually polynomials up to a certain degree) and a number of points in this space
(called collocation points) and choose the solution that satisfies the given equation at the
collocation points. The same idea is used, but the values of the derivatives of the function with
acceptable accuracy are considered without calculating the coefficients of a candidate polynomial.
The equation (5) is rewritten as follows:

d? d
() = $10) 50,0 + (1) - 0,() + b1 (r) = 0 (19)

Maclaurin series expansion of the function f in Eq. (19) is
F) = nZOFnr = Zn— Ger@] - mew (20)

The function f for any value of its domain (a < r < b) must vanish, where a and b are
inner and outer radius of sphere.

- ! o
fr) = (Z m((pl + ¢, + ¢3)|r=0)rn =0 (21)
k=0

Since all terms of the approximation of the function f in Eq. (19) with similar powers of r
must vanish, one can write

- n! - - -
kzﬂ]k!("_k_)!((pl + ¢, +¢3)|r:0 (22)
in which,
= L
(pi(n' k, T') = Z m(bl [ € {1!2'3} (23)
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The parameters ¢, to @3 are
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After substituting Egs. (12) to (14) in Egs. (24) to (26), the parametrs ¢, to ¢z are
simplified.

§01|r=0 = (nEo(1 - Vo)§n+1 + n(n - 1)(Es(1 - Vo) - Eovs)gn) (27)
(P2|r=0 = (4E0(1 - Vo)(;n+1 + n(BEs(l - Vo) - SEOVS)gn - 4n(n - 1)VsEsgn—1) (28)
@3lr=0 = ((4Vo — 2)Es — 4E0V5)§n (29)

where the ¢, is the differential transform of the n'* derivative of function o, (r) is defined as
follows:

S0 = | )] (30)
Substituting Egs. (27) to (29) in Eq. (22), the recursive equation is extracted.
UK N2
n =—GCh—1 —— Gn neN 1
Sn1 =S T (31)
Where
m = (1 - Vo)Eo(n + 4) (32)
n2 = (A =v)(? + 2n) — 2(1 — 2v,))Es — E,vs(n + 2)? (33)
n3 = 4VsEsn(n - 1) (34)
The boundary conditions are o,.(a) = —P and o, (b) = 0, where P is internal pressure. It
holds
Pb
k _
(Z ¢ (b* —a* ) kZ: L ak 3" (35)
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The circumferential stress in elastic zone can be obtained as follows:

n n
1
og(r) = Z a4 EZ skr® (37)
k=0 k=1

The elastic strain field is calculated as follows:
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Table 1 Numerical values of geometry, loading and mechanical properties

a b P, E, E; y Vs Oy Oys
(em) (em) (Kg/cm?) (kg/cm?) (kg/cm?) ° (em™)  (kg/cm?) (kg/cm?)
40 50 890 1.5 x 10° 2 x 10* 0.2 0.003 1400 30

(1 —2v) XRoo 6™ — v Xcq sickr”

&) = E, + E,r (38)
@ =2»)FRoogr + (L —v) XRoy gikr/2
€g(r) = E, +E,r (39)
In contrast to the circumferential displacement, the radial displacement is nonzero.
w.(r) = (1—2v) Xk=0o G 4+ (1 —v) ey ekt /2 (40)

E, + E;r

The von Mises yield criterion (also known as the maximum deformation energy criterion)
states that yielding of a ductile material begins when the second deviatoric stress invariant reaches
a critical value. It is part of the plasticity theory that is most applicable to ductile materials, such as
some metals. The effective stress is calculated as follows:

1 1
Oeff = Effe - Eo-r (41)

The onset of plastic yielding condition at inner radius is written as follows:

Z sxka® = 20, (42)
=1

The radial stress in the plastic zone is calculated by solving the governing differential equation
of the plastic zone. The circumferential stress can be calculated by considering the equilibrium
equation.

of (r) = 20,0 In (2) + 2roys — (2a0ys + P) (43)

» T
0y (r) = 20,,51n (a) + (Br = 2a)oys + 0y — P (44)

The capacity of the reservoir with elastic, perfectly plastic behavior is calculated by
approaching the radius of elastic and plastic zones’ boundary (i.e. ¢) to the outer radius, b.

b
Ppax = 20y 1n <a> +20,5(b — a) (45)

4. Results and discussion

The numerical values of the parameters are listed in Table (1) to perform a numerical example.
Fig. (2) shows the convergence of numerical results for the case where 30 percent of the
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and Abaqus outcomes for onset of yielding

thickness becomes plastic (R = ((c —a)/(b — a)),P = 1061.2 kg). The equivalent laminated
sphere is modeled in Abaqus software. The mechanical and geometrical properties of each layer in
Fig. (3) are calculated and presented in Table (2). Since the production of a FG sphere is very
expensive, the FEM is used. A good agreement was found between the FEM results and the results
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Table 1 Numerical values of geometry, loading and mechanical properties

Layer number (n) r;(cm) ,(cm) 1, (cm) E,(kg/cm?) Vn Oyn (kg/cm?)
1 40 41 40.50 2.310E+06 0.322 2615
2 41 42 41.50 2.330E+06 0.325 2645
3 42 43 42.50 2.350E+06 0.328 2675
4 43 44 43.50 2.370E+06 0.331 2705
5 44 45 44.50 2.390E+06 0.334 2735
6 45 46 45.50 2.410E+06 0.337 2765
7 46 47 46.50 2.430E+06 0.340 2795
8 47 48 47.50 2.450E+06 0.343 2825
9 48 49 48.50 2.470E+06 0.346 2855
10 49 50 49.50 2.490E+06 0.349 2885
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Fig. 8 The stress field in the elastic container
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Fig. 9 The strain field in the elastic container

of current research. One-eighth of the original container is modeled based on axisymmetric
conditions. According to Fig. (4), elements of type C3D8 with the size of 7.5 mm are used and
according to Fig. (5) for preventing of rotation in prependicular directions the appropriate
boundary conditions in spherical coordinate system are applied. To analysis behavior of the graded
material, the subroutine USDFLD is additionally written to model the continuous gradation of the
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Fig. 12 The effect of gradation of elasticity modulus on plastic zone propagation

material. The proper way to extract the analysis results is shown in Fig. (6). The good agreement
between the results of proposed method and the results of FEM can be observed in Fig. (7-a) and
(7-b). The other results can be obtained from the stress field. Hooke’s law provides the strain field

from the stress field and the relative displacement can be calculated directly from the radial strain.
Therefore, only the stress field is verified in Fig. (7).

49



50 Abbas Heydari

1000/ e
900 i
5z -~
_ = 8o0| .- T
5% e _—
//
7001 ///
-
~
0 0.2 0.4 0.6 0.8 1

R
|—-cr ~10-.—g :2o|
Vs Vs

Fig. 13 The effect of yield stress gradation on plastic zone propagation

The elastic stress field is shown in Fig. (8) for P = 667 Kg/cm?. Unlike the circumferential
stress, the radial stress has a negative sign. In addition, the radial stress on the outer surface
hasdisappeared. The elastic strain field is shown in Fig. (9). Similar to the stress field, the strain in
the radial direction has a negative sign and the tangential strain has a positive sign. In contrast to
the radial stress, the radial strain at the outer surface is non-zero. The maximum amounts of
circum- ferential stress and strain occur at the inner surface. The maximum absolute amounts of
radial stress and strain occur at the inner surface. The radial displacement in the elastic spherical
reservoir with linear material variation is shown in Fig. (10). The radial displacement decreases
with increasing distance from the inner surface.

The effects of material gradation on the required internal pressure for the propagation of the
plastic region are shown in Figs. (11)-(13).

5. Conclusions

A novel and efficient numerical method is proposed to solve the governing differential equation
arising from engineering problems. Fast convergence and compatibility with various conditions
are the advantages of the proposed method. An elastoplastic, heterogeneous, isotropic, thick-
walled sphere is analyzed in the light of the efficiency of the proposed method. The composite
sphere model with a limited number of layers is suitable for modeling a heterogeneous thick
sphere with a continuous change in mechanical properties subjected to internal pressure. In
contrast to the internal pressure, which is necessary for the propagation of the plastic zone, the
capacity of the thick-walled sphere with elastic-perfect plastic material behavior is independent of
the Poisson's ratio and the variation of the elastic modulus. In addition, the positive change in yield
stress increases the internal pressure required to propagate the plastic zone.
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Appendix

SUBROUTINE USDFLD(FIELD,STATEV,PNEWDT,DIRECT, T,CELENT,
1 TIME,DTIME,CMNAME,ORNAME,NFIELD,NSTATV,NOEL,NPT,LAYER,
2 KSPT,KSTEP,KINC,NDI,NSHR,COORD,JMAC,JMATYP,MATLAYO,LACCFLA)

INCLUDE 'ABA_PARAM.INC'

CHARACTER*80 CMNAME,ORNAME
CHARACTER*3 FLGRAY(15)
DIMENSION FIELD(NFIELD),STATEV(NSTATV),DIRECT(3,3),
1 T(3,3), TIME(2)
DIMENSION ARRAY (15),JARRAY (15) JMAC(*),JMATYP(*),COORD(*)

FIELD(1)=SQRT(COORD(1)**2+COORD(2)**2+COORD(3)**2)

RETURN
END





