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Nonlinear static analysis of smart beams under transverse
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Abstract. This research has been devoted to examine nonlinear static bending analysis of smart beams with nano
dimension exposed to thermal environment. The beam elastic properties are corresponding to piezo-magnetic
material of different compositions. The large deflection analysis of the beam has been performed assuming that the
beam is exposed to transverse uniform pressure. Based on the rule of Hamilton, the governing equations have been
derived for a nonlocal thin beam and solved using differential quadrature method. Temperature variation effect on
nonlinear deflection of the smart beams has been studied. Also, the beam deflection is shown to be affected by
electric voltage, magnetic intensity and material composition.
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1. Introduction

Novel materials under multi-physical fields have extraordinary behavior, especcialy when the
fields are coupled to each other. As an instance, MEE materials display mechanical deformation
under magnetic or electric field (Singh and Kumari 2020, Pan and Han 2005). The above fact is
associated with the coupling of magnetic-electric and elastic fields (Li and Shi 2009, Guo et al.
2016). In such materials, the material charactristics may be especified from elastic, piezoelectric
and magnetic components. Structural components (beams, shells and plates) made of MEE
materials have been commonly exploited for actuating and sensing in smart machines. The
material distribution in these structures may be homogenous or non-homogenous. By assuming the
varying material profiles within the thickness of structures, the material distributions have been
considered to be nonhomogenous. As an example, a functional graded material is a non-
homogenous material in which two materials are involved and all material properties change from
one material to another. In regard to the percentages and volume fractions of each material, the
effective properties of the structures may be charactrized. There are several investigations on smart
piezoelectric-magnetic-elastic structures having functionally graded distribution (Kumaravel et al.
2007).
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Many expriments and investigations have been carried out on various materials and structures
(Jiang et al. 2021, Zhou et al. 2021). According to recent analysis and nano-scale simulations, it
has been stated that the mechanical attributes of nano-sized piezo-electric and piezo-magnetic
structures are relied on small scale effects (Ahmed et al. 2019, Al-Maliki et al. 2019, Fenjan et al.
2019). However, owning to the reason that classical continuum modelling has been identified as a
scale-independent approach, studying and exploring the mechanical specifications of a low-
dimension structure via classical continuum mechanics gives fallacious results and subsequently
incorrect designing. Albeit, the atomistic modelling and molecular simulation are affective
approaches for establishing the scale-dependent specifications of low-dimension structures, their
utilization is not more reasonable owning to the need for numerous computational efforts. For
reducing the computational efforts, a number of scale-dependent mechanical models which include
the nonlocal elasticity theory (Eringen 1972), strains gradient elasticity theory, refined couple
stresses theory and etc, have been developed for accommodating low-dimension factors by
introducing the scale parameters and have been widely employed for studying the mechanical
specifications of micro or nano structures (Thai and Vo 2012, Akbas 2016, Abdullah et al. 2021,
Ahmed ef al. 2020, 2021, Raheef et al. 2021, Fenjan ef al. 2020a, b, Abdulrazzaq et al. 2020, Al-
Maliki et al. 2020, Hamad et al. 2019, Muhammad et al. 2019). The intelligent materials
introduced in the prior paragraphs have been widely exploited in nano-structures and nano-devices
(Ke et al. 2014, Liu et al. 2018). Furthermore, at the nanoscale, the behaviors of structures are
different from macro scale structures. Such behaviors are owning to the inclusion of low-
dimension influences. The low-dimension influences have been included in higher-order elasticity
theories, for example Eringen’s elasticity, which is also applied by other researchers.

Analysis of nonlinear bending behaviors of composite magneto-electro-elastic (MEE) nano-
scale beams have been represented in this reaserch. The beam is assumed to be under a transverse
mechanical load. Composite MEE material has been produced form piezoelectric and magnetic
ingradients in which the material charactristics may be varied according to the percentages of the
ingradients. The governing equations including scale effects have been developed in the
framework of nonlocal elasticity. It has been demonstrated that nonlinear bending behaviors of
MEE nano-sized beams in electrical-magnetic fields rely on the percentages of the ingradients.
Also, the efficacy of nonlocality parameter, magnetic intensities and electrical voltages on stability
loads of the nanobeams have been researched.

2. Theory of non-local elasticity for piezo-magnetic structures

According to the theory of non-local elasticity for smart magnetic-piezoelectric-elastic
materials, stresses o;; electrical displacements D; and magnetic inductions B; can be defined in
below form:

aij = [, a(|x = x|, 7) [Cijrieri(x) — emijEm(x) —GnijHp(x)]1dV (x) (1a)
D; = [, a(|x = x|,7) [egera(x) + SimEm(x) + dinHy (x)]dV (x) (1b)
B = [, a(|x' = x|,7) [quaea(x) + dimEm (x) + xinHp(x)]dV (x) (lc)

where V defines the volume. Above relations are associated with strains &;, and electric-
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magnetic field (E,,, H,). Till to now, mechanical analysis of piezo-magnetic nano-structures is
performed based on diverse values for nonlocal parameter. Some of papers used actual value of
nonlocal parameter with unit of nm, but some papers used normalized values for nonlocal factor in
such a way that nonlocal parameter is normalized with respect to the length of nano-structure. Ke
et al. (2014) and other authors used normalized values for nonlocal parameter as | = epa/ L =
0.1~0.3 for studying vibrations of smart nanobeams with length L. Also, all components of stress
field, electrical field displacement (D;) and magnetic induction (B;) for a scale-dependent shell
associated with nonlocal elasticity may be introduced by:

0ij — (e0a)?V?0;j = Ciji1€ki — €mijEm — dnijHn (2a)
D; — (eg@)?V?D; = eji&xy + SimEm + dinHy (2b)
B; — (e0@)*V?B; = qixi€xq + dimEm + XinHn (2¢)

3. MEE composites

A nanobeam of dimension L and / has been shown in Fig. 1. This nanobeam is made of a MEE
composite having two phases: a piezoelectric phase BaTiOs; with volume fraction V; and a
magnetic phase CoFe,Os. All of material properties for the phases can be found in Table 1 which
contains elastic (Cj), piezo-electrical (e;) and magnetics (g;) coefficients. Furthermore, k;;, d;; and
x; respectively express the coefficients of dielectrics, magnetic-electrical and magnetic
permeabilities.

Table 1 Material properties for piezo-magnetic beam made of BaTiO3-CoFe;04

Property Vi= 0% 20% 40% 60% 80%
C11 (GPa) 286 250 225 200 175
Cis 170 145 125 110 100
Css 269.5 240 220 190 170
€31 (C/mz) 0 -2 -3 -3.5 -4
€33 0 4 7 11 14
Gaz (N/AM) 580 410 300 200 100
a3 700 550 380 260 120
ki1 (10° C/Vm) 0.08 0.33 0.8 0.9 1
kss 0.093 2.5 5 7.5 10
da1 (102 Ns/VC) 0 2.8 4.8 6 6.8
dss 0 2000 2750 2500 1500
x11 (104 Ns?/C?) -5.9 -3.9 -25 -15 0.8
X33 1.57 1.33 1 0.75 0.5
o1 (10°%) 10 11.7 13 14.11 14.98

03 10 9.72 9.15 8.37 7.44
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q(x): Uniform load

Smart beam

Fig. 1 A mechanically loaded beam

4. Beam formulation

There are different theories for modeling of beam and plate structural components (Polatov et
al. 2020, Heydari 2020, Abderezak et al. 2021). By using thin beam theory for a smart nanobeam,
the displacement field which contains longitudinal (u), (w) components can be expressed as
follows:

ow
uy(x,z) = u(x) —z——(x) @)

0x
uz(x,z) = w(x) (4)

Above field components result in below relations for the strain field:
ou 92w 1 /0w\?
_ou_ (2 )
&xx = o5 T P ox? + 2 (ax)

The induced electro-magnetic field having electric potential (@) and magnetic potential (1) to
the nano-scale beam can be expressed as:

2z

@ (x,2) = —cos(&z)p(x) + — Ve (6)
2z

Y(x,z) = —cos(&z)y(x) + 7[2 (7

with & = m/h. Next, V; and ) define the exterior electrical voltages and magnetic potentials
induced to the smart beam. All ingredients of electrical field (Ex, 0, E,) and magnet field (Hy, O,
H,) can be obtained as:

E,=—-&,= cos(fz)%, (8)
E,=—-0,= —¢sin(§z)¢p — ZTV (9)

d
H,=-Y, = cos({z) %, (10)
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Hy= Y, = ~Esin(En)y = 1

Knowing that ea is nonlocal parameter, Eq. (2) results in below field components for the smart
nano-scale beam containing stain and electro-magnetic field:

(1= (ea)?V?) 0y = C116xx — €31E; — G31H, (12)
(1 — (ea)?V*)Dy = +311E, + d11H, (13)
(1= (ea)®V?)D, = &3165x + 333, + d33H, (14)
(1 - (ea)®V®)By = +dy, Ex + J11Hy (15)
(1~ (ea)*V?)B, = 31€xx + d33E; + ¥33H, (16)

Reduced forms of the constants Cjj, ejj and g can be found in the literature. Five governing
equations for the curved smart nanobeam can be expressed as:

ON,,

Fraie 0 an
a;f;"‘ + (Nao + Nxx)(%f) =q (18)
hf2 aD
J—h/z <cos(§z) a—xx + & sin( EZ)DZ) dz=0 (19)
h/z 0B
f_ y (cos( §2) 5+ sin( fz)BZ> dz =0 (20)

where ¢ = gy is the transverse uniform mechanical load. Also, note that Nj; and Mj; (ij=xx) describe
membrane forces and bending moments:

h/2 h/2
Nyx = f_h/z(o-xx)dzi My = f_h/ZZ(O'xx)dZ (21)
Herein, this is supposed that the smart nano-sized beam is affected by outer electrical voltages
and magnetic potentials. Accordingly, N,, defines the in-plane loading owning to external
electrical voltages V, magnetic potentials £ and temperature AT is defined as:

hj2 . 20

h
3 . 2V
Ny = N¥ + N# + NT, NE =—[% &= dz, N = — —hj2 9317

2

Based upon Hamilton’s rule, it is feasible to express correlated edge conditions for MEE nano-
scale beam based upon ny as cosines of directions:

u=0,0rNy,n, =0 (23)

dz (22)

oM ow
w = 0,0rn,( 5 == — Nyo a) =0 (24)
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ow

x = 0,0rMy,n, =0 (25)
h
¢ =0, or f_;iz(cos(fz)Dxnx)dz =0 (26)
=0, or [ Byny)dz = 0
Yy =0 orf_h/z(cos(fz) My )dz = (27)

Determining the integrals represented in Eq. (21) gives the below equations for smart nano-size
beams in the context of nonlocal theory as:

ou 1 ow 0w
1- (ea)ZVZ)Nxx = All(a + 2 (a)z) — Bi1 x2 + A3, + AZYy (28)
ou 1 ow 2w
(1= (ea)’V)Myy = Bia (5~ + 5 (5)%) = D5 + Ef1p + Elliy (29)
2 da¢ oy
_ 2p2 _ e O L pm 2V
f_m(l (ea)?V?)D, cos(€éz)dz = + Ff; F F x (30)
hi2 - . , Ou 1 0w, , 0w . .
[, - Cormon.gsineads = a5 Gt 5 GOD - EaGp - Fse -y (3)
—h/2
i 0 0¥
_ 272 — m_ 1 m_"
Lmﬂ (ea)?V?)B, cos(éz)dz +ﬂ%h+&Wx (32)
hi2 - . o 0u 1w, o 02w . .
fh/ (1 — (ea)*V*)B,¢ sin(§z)dz = Az % + E(&) )— E31(W) — F35¢ — X33y (33)
—h/2
so that
"2
{A11,B11, D11} = j Ci1{1,z, zz}dz, (34)
—4/2
W2
{A12,B12, D12} = Ci2{1, 7, zz}dz, (35)
—4)2
e
{Age) Bee) Des} = Ces {1,2,2°}dz, (36)
—h)2
2
U BS) = [ et sin(enids 37)
—h/2
2
{A31, B3} = 431§ sin($2){1,z} dz (38)

—h/2
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h/2

(Fru P53 = | 11 c052(80),5.005° (820, 536 sin (£} ds (39)
—h)2
Wz o i i
{(FM, F% FInY = fh/ {d11 cos?(&z),dy, cos?(€z),d33€2 sin®(€2)} dz (40)
—h/2
hy2
(X1, X35, X33} = Y {X11 COSZ(S;Z)JZZZ cosz(fz),f33§2 sinz(fz)} dz (41)
iy

The governing equations of thin nano-size beam based upon the displacement components and
potential components might be determined with the insertion of Egs. (28)-(33) into Egs. (17)-(20)
as:

0*u  9*wow 23w 0 dy
N_p. T~ m 7 _ 42
At gaz gy) T Bugs TR G H ARG =0 (42)
3u ddwow 9*wadw o*w 0%¢ zy

Bll(ax3 ax3 E-l_ axz axz)z Dll ax4 +E31(a 2)+E31(

Ju 1 ow a°w . m
+E[A“(£+E(E) ) — 311W+A31¢ + Az17]

- ou 1 ow,, 62W (43)
+(1 = (ea)V )(All(a‘FE(E) )—Bu—— Ox2 A1 + A5y V)(a 2)
F(1— PP (NF + N 4 N 4 az—W)] =
dx? = 0y? 1
%9 9%w
thho 2 2+F116 2+A1( i (—))— $1(552) ~ Fsd — Fiiy = 0 (44)
2¢ az
+F116 2+X116_+A (_ (_))_ (0 2) F33¢ X33Y—0 (45)

5. Solution by differential quadrature method (DQM)

In the present chapter, differential quadrature method (DQM) has been utilized for solving the
governing equations for the smart nanobeam. According to DQM, at an assumed grid point
(xl-,yj) the derivatives for function F are supposed as weighted linear summation of all
functional values within the computation domains as:

N
d"F
dxn | x=x; — Z (n)F(x]) (46)
j=1
where
@ m(x;) . .
cl.j = i,j=12,..,N, [ # ] (47)

(2 — x;) ()
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in which m(x;) is defined by
N
TT(XL') = l_[(xi - xj) ) i $] (48)
j=1
and when i = j
N
¢ == —Z ¢, i=12,.,N, i%k i=j (49)
k=1

Then, weighting coefficients for high orders derivatives may be expressed by:
2 1)~ 3 1) (2 2) ~(1
Ci(j) = II¥=1 Ci(k)CIEj)’ Ci(j) = Yi=1 Ci(k)clgj) = Yk-1 Ci(k)CIEj)
4 1) ~(3 3)~(1 .
P =3, clcy =3, cPc  ii=12..N., (50)
() _ yN D@ _ yN @) ~1) ~(6) _ yN D ~6) _ yN (5~
Cij " = k=1 Ciie"Cij” = 2ie=1Cipe " Coej” Cip” = Q=1 Cige Cij” = 2ik=1Ciie” Cij

According to presented approach, the dispersions of grid points based upon Gauss-Chebyshev-
Lobatto assumption are expressed as:

i—1
N-1"

X; =§[1 - cos( )] i=12,..,N, (51)

Next, the displacement components may be re-written by

{ww,¢,v}(x) = {U,W,®,1}(x)e'n* (52)

where {U,W,®,Y}are the amplitudes. Then, it is possible to express obtained boundary
conditions as:

p=y=w=0 —==0 3)

Now, one can express the modified weighting coefficients for all edges simply-supported as:

cH=cH=0 i=12.,MCcP=CH=0 i=12.,N. (54)
and
~(3 1) ~(2 ~(4 1) ~(3
Y =3hacPc? CP =2h.cPcsy (55)

Considering DQ solution and including displacements represented in Eq. (52) into Egs. (42)-
(45) yields the following ordinary nonlinear governing equations as:

k11U + k21W + Tl1W2 + k31d) + k41Y'= 0 (56)
kiU + koW + n3W?2 + ngW3 + ngUW + k3o @ + kyy V' + ng®@W + ny oYW = Q (57)
k13U+k23W+n7W2 +k33d) +k43Y‘= 0 (58)

k14U + k24W + n8W2 + k34d) + k44Y‘= 0 (59)

It must be expressed that n; and k;; display the components of stiffness matrix respectively in
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non-linear and linear forms. Owning to this deduction that there are 4 governing equations which
are coupled together, providing the closed-form of non-linear bending load as a function of shell
deflection (W) is too hard. Thus, by simultaneous solve of Egs. (56), (58) and (59), it is feasible to
calculate displacements (U,®,Y) as functions of beam deflections (W). Next, determined
amplitudes (U, ®,Y) have been placed in Eq. (57) in order to determine only one nonlinear
equation for the smart beam as:

klzﬁ + kzzW + n3W2 + n4W3 + nsﬁW + k32(’ﬁ + k42?+ n9<5W + nlom = Q (60)
By simplifying the obtained equation, the above equation may be obtained as:
Ky — Ky _ . Kz _.
1 = — = 61
MW+MW|W|+MW Q (61)

It must be pointed out that K;, K, and K3 have complex forms and expressing their closed
forms is very difficult. Solving the Eq. (61) will give the load-deflection curves of the nanobeam.

The unit of the load in nN. To present obtained results, non-dimension nonlocal parameter can be
defined by:

p=— (62)

6. Results and discussions

In this chapter, impacts of different factors such as magneto-electrical field, nonlocality,
temperature and material compositions on nonlinear bending curves of smart piezo-magnetic
nanobeams have been examined. The thickness of nano-sized beam has been chosen to be 4 = 1
nm.

0.20

0.15F

Load (q)

0.05

0.0 0.2 04 0;6 08 1.0 1.2 1.4
W/h

Fig. 2 Load-deflection curves of the smart nanoscale beam with varying piezoelectric phase percentage

(L/h=20,VE=0,u=0.2)
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Fig. 3 Load-deflection curves of the smart nanoscale beam with varying nonlocal parameter (L/h = 20, Vs
= 20%)
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0‘0 02 04 06 08 1.0 1.2 1.4 0.0 ! .
W/h W/h
(a) Vi=20% (b) V¢=60%
Fig. 4 Load-deflection curves of the smart nanoscale beam with varying electrical voltage (L/h = 20, p =
0.2)

Fig. 2 illustrates the variation of bending load of smart nanscale beam against non-dimension
deflection, for diverse piezoelectric phase percentages (Vr). The nonlocality scale factor is set to be
p = 0.2. Genrally speaking, the load magnitude increases with the increase of beam deflection.
Also, increasing in the value of V¢ is corresponding to higher portion of piezoelectric phase and
lower portion of magnetic phase. Actually, increase of V: leads to lower elastic modolus of the
two-phase composite material as indicated in Table 1. This means that the load value (qo) is
reducing with increasing in piezoelectric phase percentage. Accordingly, the load bearing capacity
of the smart nanobeam has been decreased.
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Fig. 5 Load-deflection curves of the smart nanoscale beam with varying magnetic field intensity (L/h =
20, Vi =20%, p =0.2)
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Fig. 6 Load-deflection curves of the smart nanoscale beam with varying temperature (L/h = 30, Vi = 20%,
u=0.2)

Load-deflection curves of the smart nanoscale beam with varying nonlocal parameter have
been plotted in Fig. 3 assuming Vi= 20%. The nano-dimension beam length is selected to be
L=20h. It can be concluded that the bending load values of nonlocal smart nano-size beams may
be higher than that of local macro-sized beam. Also, the beam deflection is increasing with the
growth of nonlocality factor due to the reduction in nanobeam stiffness. Therefore, static behavior
of a nano-size beam is dependent on the value of nonlocality parameter.

In Fig. 4, changing of bending load of intellgent nanobeam versus non-dimension deflection is
illustrated for diverse electrical voltages (Ve) and piezoelectric phase percentage (Vi = 20%,
60%). It can be inferred that load-deflection curves of nano-dimension smart beams are notably
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—T/h=20
L/h=30
<o L/h=50

Load (qo)

Fig. 7 Load-deflection curves of the smart nanoscale beam with varying length-to-thickness ratio (Vs =
20%, p = 0.2)

affected by the value and sign of electrical voltage. One can observe that negative electrical
voltages provide higher load-deflection curves than positive voltages. The difference in such a
behavior is due to the exertion of tensile forces by negative voltages and compressive forces by the
positive voltages. Also, comparing the provided curves by assuming Vi = 20% and 60%, it can be
deduced that the load-deflection curves are more dependent on the electrical voltages at Vi = 60%.
This is related to the inclusion of more piezoelectric phase in the composite material.

Fig. 5 demonstrates the influences of magnetic field intensities on load-deflection curves of the
smart nano-scaled beams when V; = 20%, 4 = 0.2. It may be especified that negative values for
magnetic intensity give lower load-deflection curves than positive magnetic intensity. Actually, the
applied negative/positive magnetic intensities might produce the in-plane compressive/tensile
loads. Whereas, electrical fields showed an opposite influence. As a conclusion, it is clear that the
deflection curves can be controlled via applying a suitbale value of electrical voltage or magnetic
intensity.

7. Conclusions

Bending characteristics of a piezo-magnetic nanobeam with uniform thickness were reported in
the present article. The complete formulation and solution for the problem based on thin beam
model was presented. It was clarified that the stability behaviors of the nano-size smart beam are
affected by piezoelectric phase percentage. There was more change in load-deflection curves
versus applied voltage when the piezoelectric volume fraction was increased. Also, applying
positive or negative magnetic potentials led to increasing or reducing the stability load. Another
observation was that size effects due to nonlocality changed significantly the load-deflection
curves of piezo-magnetic nano-sized beam. The bemding deflection could be controlled via
applying a suitbale value of electrical voltage or magnetic intensity.
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