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Abstract.  In this paper, an analytical interfacial stress analysis is presented for simply supported concrete 
cantilever beam bonded with a composite plate. The adherend shear deformations have been included in the present 
analyses by assuming a linear shear stress through the thickness of the adherends, one of the strong points of this 
model; this shear parameter has not been taken up by other researchers. Remarkable effect of shear deformations of 
adherends has been noted in the results. Indeed, the resulting interfacial stresses concentrations are considerably 
smaller than those obtained by other models which neglect adherent shear deformations. It is shown that both the 
normal and shear stresses at the interface are influenced by the material and geometry parameters of the composite 
beam. The theoretical predictions are compared with other existing solutions. This type of research is very useful for 
structural calculating engineers who are always looking to optimize strengthening design parameters and implement 
reliable debonding prevention measures.  
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1. Introduction 

 

Advanced composite materials have been used successfully for repairing reinforced concrete 

structures for a number of years (Tounsi 2006, Smith and Teng 2002). In structural science 

calculations, composite plates have mainly been used to rehabilitate concrete structure, significant 

interesting in recent years. The main advantages of composite materials are their high strength-to-

weight ratio and their excellent resistance against corrosion and chemical attacks. An important 

topic arising in the study of plated RC cantilever beams is the evaluation of interactions at RC–

composite interface. These interactions, in fact, permit the transmission of stresses from the core to 

the plate composite; if they go over a limit value the premature failure of the strengthened beam 
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can occur. 

Several closed-form solutions have been developed in the past decade for the interfacial 

stresses in beams bonded with a composite plate (Ashraful et al. 2018, AlSaid-Alwan et al. 2020, 

Yaylaci et al. 2020, Zenzen et al. 2020, Bendada et al. 2020, Fethi et al. 2019, Belaid et al. 2019, 

Benferhat et al. 2018, Bensattalah et al. 2018, Daouadji 2013, Adim et al. 2016b, Belkacem et al. 

2016a, Benferhat et al. 2020, Rabia et al. 2020, Guenaneche et al. 2014, Krour et al. 2014, Liu et 

al. 2019, Panjehpour et al. 2014, Chaded et al. 2018, Rabahi et al. 2018, Rabia et al. 2016, El 

Mahi et al. 2014, Panjehpour et al. 2016, Pello et al. 2020, Rabahi et al. 2019, Yu-Hang et al. 

2020, Yang et al. 2007, Yuan et al. 2019). All these solutions are for linear elastic materials and 

employ the same key assumption that the adhesive is subject to normal and shear stresses that are 

constant across the thickness of the adhesive layer. It is this key assumption that enables relatively 

simple closed-form solutions to be obtained. In the existing solutions, two different approaches 

have been employed. some researchers who have used a staged analysis approach, while other 

researchers such as (Abdelhak et al. 2016, Bekki et al. 2021, Benferhat et al. 2021a, Rabahi et al. 

2021b, Daouadji et al. 2021, Abdedezak et al. 2018, Benhenni et al. 2019, Adim et al. 2018, 

Benyoucef et al. 2007, Smith and Teng 2002, Tounsi et al. 2008, Bensatallah et al.2020, Tlidji et 

al.2021, Bekki et al. 2019, Chergui et al. 2019, Hamrat et al. 2020, Adim et al. 2016a, Belkacem 

et al. 2016b, Benferhat, et al. 2016, Benhenni et al. 2018, Bensattalah et al. 2020, Hassaine et al. 

2019, Hassaine et al.2008, Hassaine et al. 2016b, Rabahi et al. 2016, Rabia et al. 2019, Kablia et 

al.2020 Rabahi et al. 2020, Hassaine Daouadji et al. 2020, Benferhat et al. 2021b, Abdelhak et al. 

2021, Rabahi et al. 2021a Hassaine Daouadji 2017 and Benferhat et al. (2019), considered directly 

deformation compatibility conditions. It is the latter that is adopted as an approach in this study of 

the behaviour of composite-strengthened RC cantilever beam. 

The objectives of this paper are first to present an improvement to Hassaine (2016a) solution to 

obtain a new closed-form solution which accounts for the parabolic adherend shear deformation 

effect in both the RC cantilever beam and bonded plate and second to compare quantitatively its 

solution against the new one developed in this paper by numerical illustrations. Numerical 

applications and a parametric study are presented to illustrate the governing parameters that 

control the stress concentrations at the edge of the composite strip. Finally, the adopted improved 

model describes better the actual response of the composite- RC hybrid cantilever beams and 

permits the evaluation of the adhesive stresses, the knowledge of which is very important in the 

design of such structures. The adopted model describes better the actual response of the 

composite- RC hybrid cantilever beam and permits the evaluation of the interfacial stresses, the 

knowledge of which is very important in the design of such structures. 

 

 
2. Theoretical analysis and solutions procedure 

 
2.1 Research significance 

 
The most common failure modes for composite strengthened RC cantilever beams are 

debonding of the composite plate or ripping of the concrete cover. These types of failures prevent 

the strengthened cantilever beam for reaching its ultimate flexural capacity, and therefore they 

must be included in design considerations. Both of these premature failure modes are caused by 

shear and normal stress concentrations in adhesive layer. In this paper, an improved theoretical 

interfacial stress analysis is presented for RC cantilever beams strengthened with FRP laminate  
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Mechanical behavior of RC cantilever beams strengthened with FRP laminate plate  

 
Fig. 1 RC cantilever member strengthening with composite plate 

 

 
Fig. 2 Forces in an infinitesimal element of an FRP-strengthened RC cantilever member 

 

 

plate. Where the adherend shear deformations have been included in the present theoretical 

analyses by assuming a linear shear stress through the thickness of the adherends, while all 

existing solutions neglect this effect. In this context closed form solutions of stress concentrations 

are required in developing design guidelines for strengthening reinforced concrete cantilever 

beams with composite plates. 
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2.2 Theoretical formulation 
 

Basic assumptions: To simplify the theoretical derivations of interfacial stresses in FRP-

strengthened cantilever members (Fig. 1), the following assumptions are adopted in this article. 

• The composite materials, including concrete, adhesive layer and FRP laminates, are all linear 

elastic. 

• The average cross-sectional strain in bending conforms to the plane-section assumption before 

and after strengthening. 

• There is no slip at the FRP to adhesive inter-face or at the adhesive to concrete interface 

before debonding failure. 

• The shear and normal stresses in the adhesive layer are constant through the thickness, and the 

in plane bending stiffness of the adhesive layer is neglected. 

• In the derivation of interfacial shear stress, the moment curvatures of both the cantilever 

member and the externally bonded FRP laminates are equal. 

In the present analysis, a linear elastic behavior is assumed for the three materials (concrete, 

adhesive and composite plate). The adhesive layer is supposed to play a role in transferring the 

stresses from the concrete to the composite plate with constant stresses throughout its thickness 

(Fig. 2). 

Elasticity equations: The deformation in concrete in the vicinity of the adhesive layer can be 

expressed by (Fig. 2): 
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Based on the theory of laminated sheets, the deformation of the composite sheet in the vicinity 

of the adhesive layer is given by: 
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Where u1(x) and u2(x) are the horizontal displacements of the concrete beam and the composite 
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plate respectively. M1(x) and M2(x) are respectively the bending moments applied to the concrete 

beam and the composite plate; E1 is the Young's modulus of concrete; I1 the moment of inertia, N1 

and N2 are the axial forces applied to the concrete and the composite plate respectively, b1 and t1
 

are the width and thickness of the reinforcement plate, [A’]=[A-1] is the inverse of the membrane 

matrix [A], [D’]=[D1] is the inverse of the bending matrix 

By writing the conditions of equilibrium of the member 1 (concrete), we will have: 

In the X direction: 

)(
)(

1
1 xb

dx

xdN
  (3a) 

Where )(x is the shear stress in the adhesive layer. 

In the y direction: 

))((
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11
1 qbbx
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xdV
n    (3b) 

Where V1(x) the sheer force of the concrete beam is, )(x is the normal stress at the adhesive 

layer, q is the distributed load and b1
 
the width of the concrete beam. 

The moment of balance: 
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The balance of the FRP reinforcement plate in the x and y directions, as well as the moment of 

equilibrium are written as follows: 

In the x direction: 
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In the y direction: 
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The moment of balance: 
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Where V2(x) is the shear force of the reinforcement plate. 

In what follows, the stiffness of the reinforcement plate is significantly lower than that of the 

concrete beam to be reinforced. The bending moment in the composite plate can be neglected to 

simplify the shear stress derivation operations. 

On the other hand, the laminate theory is used to determine the stress and strain of the 

externally bonded composite plate in order to investigate the whole mechanical performance of the 

composite strengthened structure. The effective modules of the composite laminate are varied by 

the orientation of the fibre directions and arrangements of the laminate patterns. The classical 
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laminate theory is used to estimate the strain of the composite plate, i.e., 
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The terms of the matrices ][A , ][B and ][D are written as: 
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The subscript NN represents the number of laminate layers of the FRP plate, ijQ can be 

estimated by using the off-axis orthotropic plate theory, where: 
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(12b) 

 
(12c) 

 
(12d) 

 
(12e) 

Where j is number of the layer; h, ijQ and j  are respectively the thickness, the Hooke's 

elastic tensor and the fibers orientation of each layer. 

Assume that the ply arrangement of the plate is symmetrical with respect to the mid-plane axis 

y2=0. A great simplification in laminate analysis then occurs by assuming that the coupling matrix 

B is identically zero. Therefore Eqs. (6)-(10) can be simplified to the following matrix form for a 

plate with a width of b2: 

    2

0 ' NA  and     2' MDk   (13) 

Where 

 





















0

0

0

2

0

xy

y

x







  and  





















xy

y

x

k

k

k

k 2
 (14) 

 

2

2





















xy

y

x

N

N

N

N  and  

2

2





















xy

y

x

M

M

M

M  (15) 

In the present study, only an axial load Nx and the bending moment Mx in the beam’s 

longitudinal axis are considered, i.e., Ny=Nxy=0 and My=Mxy=0. Therefore, Eqs. (14) and (15) can 

be simplified to: 
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Using CLT, the strain at the top of the FRP plate 2 is given as: 

2
)( 20

2

t
kx xx    (17) 

Substituting Eq. (12b) in (12c) gives the following equation: 
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Where: 
xNxN )(2

 and 
xMxM )(2

 

The subscripts 1 and 2 denote adherends 1 and 2, respectively. M(x), N(x) and V(x) are the 

bending moment, axial and shear forces in each adherend. 

 

2.3 Shear stress distribution along the FRP–concrete interface: 
 

The shear stress at the adhesive layer can be expressed as follows: 

 )()()()( 12 xuxuKxuKx ssa   (19) 

Where sK is the shear stiffness of the adhesive layer per unit length. From equation (19) we 

can deduce the expression of sK which is given by: 
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)(xu is the displacement relative to the adhesive interface, aG et at are the modulus and 

thickness of the adhesive layer, respectively. 

By differentiating the Eqs. (19), (1) and (2) with respect to x, and neglecting the bending 

moment of the composite plate we will have: 
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Assuming that the curvatures in the member 1 and 2 are equal, the relationship between the 

moments in the two members can be written as follows: 
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The total moment of equilibrium of the differential element of Fig. 2 is given by: 
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The bending moment of the reinforced beam expressed as a function of the total moment 

applied and the interface shear stresses is given by: 
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By deriving expressions (16) and (17) we will have: 
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By differentiating equation (31) we will have: 
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The substitution of shear force (Eqs. (28) and (29)) and normal force (Eq. (25)) in equation (30) 

allows us to obtain the differential equation of the shear interface stresses: 
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The solution to the differential equation (Eq. (31)) above is given by: 
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1 and 2 are constant coefficients determined from the boundary conditions. For our case of a 

uniformly distributed load, the formulation of the shear stress is given by the following equation: 
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2.4. Normal stress distribution along the FRP– concrete interface: 
 

The normal stress in the adhesive can be expressed as follows: 

 )()()()( 12 xwxwKxwKx nnn   (37) 

Where nK the normal stiffness of the adhesive is layer per unit of length and can be deduced as 

follows: 
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( )cw x and ( )pw x are the vertical displacements of the member 1 and 2 respectively. By deriving 

Eq. (27) twice it results: 
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By considering the relations moment curvature of the concrete beam and the reinforcement 

plate respectively we can write: 
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Based on the equations of balance (3) and (8), the differential equations of equilibrium of the 

members 1 and 2 expressed as a function of the shear stresses and the normal stresses are given as 

follows: 

The balance of members 1 and 2 leads to the following relationships: 
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The substitution of Eqs. (41) and (42) in the fourth derivative of the normal stress obtained 
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from Eq. (37) gives the differential equation governing the normal interface stress: 
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The general solution of the differential equation of order 4 is: 
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For large values of "x" we assume that the normal stress tends to zero, and it results 5 = 6=0. 

The general solution becomes: 
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The integration constants 3 and  4  are given by: 
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The above expressions for the constants 3 and  4  has been left in terms of the bending 

moment MT(0) and shear force VT(0) at the end of the soffit plate. With the constants 3 and  4  

determined, the interfacial normal stress can then be found using Eq.(45). 

 
 

3. Numerical results and discussions: 
 

3.1 Material used: 
 
The material used for the present studies is an RC cantilever beam bonded with different type 

of composite materials plate (GFRP, CFRP, Sika Carbodur, Sika Wrap and FGM). A summary of 

the geometric and material properties is given in Table 1 and Fig. 3. The span of the RC cantilever  
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Table 1 Mechanical properties of the materials used 

Component Young’s modulus (MPa) Poisson’s ratio 

RC cantilever beam E1 = 30000 0.18 

Adhesive layer Ea = 6700 0.4 

Sika Carbodur strengthening plate E2= 165 000 0.3 

Sika Wrap strengthening plate E2= 230 000 0.3 

CFRP strengthening plate E2= 140 000 0.28 

GFRP strengthening plate E2= 50 000 0.28 

FGM (Al2O3) strengthening plate Eceramic = 380 000, Emetal= 70 000 0.3 

 

 
Fig. 3 Geometric characteristic of a RC cantilever member strengthening with composite plate 

 

 

beam is 1500 mm, the distance from the support to the end of the plate is 500 mm and the 

uniformly distributed load (UDL) is 30 kN/m. 

 

3.2 Comparison with analytical solutions 
 

A comparison between the interfacial shear and normal stresses from the different existing 

closed-form solutions (Xue-jun et al. 2019) and the present new solution is undertaken in this 

section. An RC beam bonded with a CFRP soffit plate is being considered. The beam is simply 

supported and subjected to a uniformly distributed load. A summary of the geometric and material 

properties is given in Table 1 and Fig. 3. The span of The RC cantilever beam is 1500 mm, the 

distance from the support to the end of the plate is 300 mm and the uniformly distributed load is 

30 kN/m. Fig. 4 shows the distribution of the interfacial shear stress and the longitudinal normal 

stress near the plate end for the example RC cantilever beam bonded with a CFRP plate for the 

uniformly distributed load case. It can be seen from the figure that the stress distributions predicted 

by the present method are in good agreement with those obtained by using other methods. 

 

3.3 Parametric studies 
 

The parametric study program is based on this analytical work approach, which will help 

engineers in optimizing their design parameters, the effects of several parameters were 

investigated.  
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Fig. 4 Comparison of interfacial shear and normal stress for CFRP-plated RC cantilever  beam 

with the analytical results 

 

 
Fig. 5 Effect of plate stiffness on interfacial shear stress in strengthened RC cantilever beam 

 
 
3.3.1 Effect of plate stiffness on interfacial stress 
Figs. 5 and 6 gives interfacial normal and shear stresses for the RC cantilever beam bonded 

with a CFRP plate, GFRP plate, Sika Carbodur plate, Sika Wrap plate and FGM plate, 

respectively, which demonstrates the effect of plate material properties on interfacial stresses. The 

length of the plate is Lp=1000 mm, and the thickness of the plate and the adhesive layer are both 4 

mm. The results show that, as the plate material becomes softer (from steel to CFRP and then 

GFRP - by decreasing order from the FGM plate to the Sika Carbodur plate, the CFRP plate, the 

Sika Wrap plate and to GFRP plate “the least rigid”), the interfacial stresses become smaller, as  
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Fig. 7 Effect of length of unstrengthened on interfacial shear stress in strengthened RC cantilever  

beam 

 

 
Fig. 8 Effect of length of unstrengthened on interfacial normal stress in strengthened RC cantilever 

beam 

 

 

expected. This is because, under the same load, the tensile force developed in the plate is smaller, 

which leads to reduced interfacial stresses. The position of the peak interfacial shear stress moves 

closer to the free edge as the plate becomes less stiff. 

 

3.3.2 Effect of length of unstrengthened region “a” 
The influence of the length of the ordinary-beam region (the region between the free edge of 

the cantilever beam and the end of the composite strip on the edge stresses) appears in Figs. 7 and 

8. It is seen that, as the plate terminates further away from the supports, the interfacial stresses  
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Fig. 9 Effect of the thickness of the adhesive layer on interfacial shear stress in strengthened RC 

cantilever beam 

 

 
Fig. 10 Effect of the thickness of the adhesive layer on interfacial normal stress in strengthened RC 

cantilever beam 

 

 

decrease significantly. This result reveals that in any case of strengthening, including cases where 

retrofitting is required in a limited zone of maximum bending moments at the level of the double 

support of the beam where the moment is maximum, it is recommended to extend the 

strengthening strip as possible to the lines, at the free end. 

 

3.3.3 Effect of the thickness of the adhesive layer 
It can be seen from Figs. 9 and 10 that the thickness of adhesive layer affects only the normal  
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Fig. 11 Effect of fiber orientation on the CFRP plate on interfacial shear stress in strengthened RC 

cantilever beam 

 

 
Fig. 12 Effect of fiber orientation on the CFRP plate on interfacial normal stress in strengthened 

RC cantilever beam 

 

 

and shear stress concentrations, hardly the stress levels. However, design of the properties and 

thickness of the adhesive is a difficult problem. An optimization design of the adhesive is 

expected. As well by noting that the greater the thickness of adhesive layer becomes (increases) 

the more the stresses decrease, it is possible to say that the increase in thickness of adhesive layer 

is inversely proportional to the stresses of interfaces. 

 

3.3.4 Effect of fiber orientation on the CFRP plate: 
The effect of fiber orientation on adhesive stresses is show in Figs. 11, 12 and 13, the maximum 

interfacial stresses increase with increasing alignment of all high strength fibers in the composite  
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Fig. 13 Effect of fiber orientation on the CFRP plate on interfacial shear and normal stress in 

strengthened RC cantilever beam 

 

 
Fig. 14 Effect of the Young’s modulus of the adhesive layer on interfacial shear stress in 

strengthened RC cantilever beam 

 

 

plate in beam's longitudinal direction x. 

 

3.3.5 Effect of elasticity modulus of adhesive layer on interfacial stress 
The adhesive layer is a relatively soft, isotropic material and has a smaller stiffness. The six 

sets of elasticity modulus are considered here, which are 5250, 5750, 6250, 6750, 7250 and 7750 

MPa. The Poisson’s ratio of the adhesive is kept constant. The numerical results in Figs. 14 and 15 

show that the property of the adhesive hardly influences the level of the interfacial stresses,  
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Fig. 15 Effect of the Young’s modulus of the adhesive layer on interfacial normal stress in strengthened RC 

cantilever beam 

 

 

whether normal or shear stress, but the stress concentrations at the end of the plate increase as the 

Young’s modulus of the adhesive increases. 

 

 

4. Conclusions 
 

In this paper, analytical analysis was conducted to investigate the interfacial stresses in RC 

cantilever members externally bonded with a CFRP plate, GFRP plate, Sika Carbodur plate, Sika 

Wrap plate and FGM plate, respectively. According to the deformation compatibility and static 

equilibrium conditions, a linear elastic analytical model was developed under a uniformly 

distributed load.  we recorded a good convergence of the results obtained by comparisons with 

those existing in the literature, it is from this comparison that we confirm the reliability of the 

present theory. The given expressions are simple and suitable for manually calculating the 

interfacial stresses and the longitudinal strain in composite of flexural composite strengthened 

cantilever members before the local debonding initiation occurred.  From the results obtained, we 

have drawn a few remarks, as examples: The distributions of interfacial stresses and the stress 

concentrations in composite strengthened RC cantilever members are influenced by various 

parameters. Under the same conditions, the maximum interfacial stresses and the risk of free of 

composite end-debonding can be decreased to varying the stiffness of the composite, increasing 

composite bonding length and increasing adhesive layer thickness, and by using less rigid 

composite with high tensile strength. These results are useful for engineers seeking to optimize 

strengthening design parameters and implement reliable debonding prevention measures. Unlike to 

the classical solutions, the present solution is general in nature and may be applicable to all kinds 

of materials. 
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