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Abstract.  The paper investigates the process of pulsation of a spherical cavity (bubble) in a liquid under the influence 
of a source of ultrasonic vibrations. The process of pulsation of a cavitation pocket in liquid is investigated. The 
Kirkwood-Bethe model was used to describe the motion. A numerical solution algorithm based on the Runge-Kutta-
Felberg method of 4-5th order with adaptive selection of the integration step has been developed and implemented. It 
was revealed that if the initial bubble radius exceeds a certain value, then the bubble will perform several pulsations 
until the moment of collapse. The same applies to the case of exceeding the amplitude of ultrasonic vibrations of a 
certain value. The proposed algorithm makes it possible to fully describe the process of cavitation pulsations, to carry 
out comprehensive parametric studies and to evaluate the influence of various process parameters on the intensity of 
cavitation. 
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1. Introduction 
 

With a local decrease in pressure of liquid to the pressure of saturated vapor, a process of 

formation of pockets or bubbles filled with vapor and gas occurs, which is called cavitation. When 

acoustic vibrations pass through the liquid, acoustic cavitation occurs, which is an effective means 

of concentrating the energy of a low-density sound wave into a high energy density associated with 

pulsations and collapse of cavitation bubbles. The general picture of a cavitation bubble formation 

is as follows. In the phase of rarefaction of the acoustic wave in the liquid, a gap is formed in the 

form of a cavity, which is filled with saturated vapor of this liquid. In the compression phase, under 
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the action of increased pressure and surface tension forces, the cavity collapses, and the vapor 

condenses at the interface. A gas dissolved in the liquid diffuses into the cavity through the walls of 

the cavity, which is then subjected to strong adiabatic compression.  

At the moment of collapse, gas pressure and temperature reach significant values. After the 

collapse of the cavity, a spherical shock wave propagates in the surrounding fluid, rapidly decaying 

in space. Ultrasonic cavitation is used in technological processes of liquid purification and 

degassing, emulsification. In this case, the resonating bubbles act as a mixer, increasing the contact 

area between two liquids or between a liquid and its bounding surface. In this way, the processes of 

purification and emulsification of difficult-to-mix liquids are carried out. Ultrasonic cavitation is 

widely used to excite chemical reactions in an aqueous medium. Cavitation can initiate some 

chemical processes that do not occur at all without its action. Under the influence of cavitation, 

many chemical reactions are greatly accelerated. For example, if high-intensity ultrasonic waves are 

applied to polymer solutions, then their viscosity decreases due to the destruction of chemical bonds 

in the chain of molecules (Pirsol 1975, Tsybulevsky et al. 2019, Li et al. 2020, Akhonin et al. 2021, 

Bodryshev et al. 2021, Nesterenkov et al. 2021, Orekhov et al. 2021). 

Recently, ultrasonic cavitation has found more and more widespread applications in medicine. It 

has a damaging effect on red blood cells, yeast cells and bacteria and is therefore often used for cell 

extraction. So, using cavitation, it was possible to extract enzymes with a low molecular weight. 

Cavitation is also used to remove viruses from infected tissue. It was found that at a low intensity of 

cavitation, the growth of organisms is stimulated, then with an increase in intensity, a certain limit 

of growth sets in, and, finally, it stops altogether. The rate of death of organisms increases with 

increasing exposure time and temperature. It is assumed that the destruction of bacteria is due to 

both the action of cavitation inside the bacteria and the formation of hydrogen peroxide in water. A 

significant role in the destruction of viruses is played by the release of gas from the solution, as well 

as the change in pressure. 

In the study of cavitation processes, one of the main tasks is to determine the dependence of the 

bubble radius on time, the bubble collapse time and the velocity of its boundary movement. One of 

the most accurate models for describing the process of bubble pulsation is the Kirkwood-Bethe 

model. It contains a nonlinear differential equation, the solution of which can only be obtained using 

numerical methods. Various aspects of the development and application of numerical methods to 

solving complex problems of mechanics are demonstrated in (Rabinskiy and Tushavina 2019a, 

2019b, 2019c, Kuznetsova and Rabinskiy 2019, Rabinskiy et al. 2019, Bulychev et al. 2019a, 2019b, 

Dobryanskiy et al. 2019a, 2019b, Antufev et al. 2019a, 2019b, Bulychev and Rabinskiy 2019, 

Pogodin et al. 2020, Egorova et al. 2020, Babaytsev et al. 2020, Kurbatov et al. 2020, Sha et al. 

2021, Sun et al. 2021). In this paper, the authors propose and implement a numerical algorithm for 

solving the Kirkwood–Bethe equation based on the Runge-Kutta-Felberg method of 4-5th order with 

adaptive selection of the integration step. Examples of calculations and parametric analysis of the 

cavitation process of a single bubble in water are given. 

 

 

2. Solution to the motion equation of a spherical bubble boundary in liquid 
 

Let us consider the process of pulsation and collapse of a spherical cavitation pocket of radius 

𝑅(𝑡), where 𝑡-time, due to the generation of pressure waves by an ultrasonic source of oscillations. 

The motion of the bubble wall in a compressible fluid is described by the Kirkwood-Bethe equation 

(Rozhdestvensky 1977, Rosenberg 1968, Bobyr 2021) 

96



 

 

 

 

 

 

Process of pulsations of the spherical cavity in a liquid under the influence of ultrasonic vibrations 

𝑅 (1 −
�̇�

𝑐
) �̈� +

3

2
(1 −

�̇�

3𝑐
) �̇�2 − (1 +

�̇�

𝑐
) 𝐻 −

𝑅

𝑐
(1 −

�̇�

𝑐
) �̇� = 0              (1) 

𝑐 = 𝑐(𝑡) = √𝑐0
2 + (𝑛 − 1)𝐻,                           (2) 

𝐻 = 𝐻(𝑡) =
𝑛

𝑛−1

𝐴
1
𝑛

𝜌0
{[(𝑃0 +

2𝜎

𝑅0
) (

𝑅0

𝑅
)

3𝛾
−

2𝜎

𝑅
+ 𝐵]

𝑛−1

𝑛

− (𝑃0 − 𝑃𝑚 𝑠𝑖𝑛 𝜔 𝑡 + 𝐵)
𝑛−1

𝑛 },   (3) 

where 𝑐0 and 𝑃0-speed of sound and pressure in an unperturbed liquid, 𝑐-local value of the speed 

of sound in the vicinity of the cavity surface, 𝑅0-initial radius of the cavity, 𝐻-free enthalpy on the 

cavity surface, 𝑃𝑚 -amplitude of the ultrasonic field, 𝜔 = 2𝜋𝜈 -circular frequency (ν is the 

frequency ultrasonic vibrations), 𝜎-coefficient of surface tension of the liquid (for water 𝜎 =  73 ⋅
 10−3 N/m), 𝐴, 𝐵, 𝑛-determining constants of the liquid model (for water 𝐴 = 3001 atm, 𝐵 =
3000 atm, 𝑛 = 7), 𝛾-polytropic index that determines the state of the gas in the cavity (𝛾 = 1 in 

the case of isothermal pulsations and 𝛾 = 4/3 in the case of adiabatic pulsations. 

For Eq. (1), the initial conditions must be specified 

𝑅(0) = 𝑅0, �̇�(0) = 𝑉0,                             (4) 

where 𝑉0-initial velocity of the cavity boundary. 

To solve the nonlinear Eq. (1), we use the Runge-Kutta method in the Felberg modification of 4-

5th orders. For this, we represent (1) in the form 

�̇� = 𝑭(𝑡, 𝑹),                                 (5) 

𝑹 = (𝑅, 𝑉)𝑇 , 𝑭 = (𝐹1, 𝐹2)𝑇                            (6) 

𝐹1 = 𝑉                                    (7) 

𝐹2 =
(𝑐+𝑉)𝐻

𝑅(𝑐−𝑉)
+

𝑈

𝑐
−

3

2
(𝑐−

𝑉

3
)𝑉2

𝑅(𝑐−𝑉)
,                            (8) 

𝑈 =
𝐴

1
𝑛

𝜌0
{[(𝑃0 +

2𝜎

𝑅0
) (

𝑅0

𝑅
)

3𝛾

−
2𝜎

𝑅
+ 𝐵]

−
1
𝑛

[−
3𝛾𝑉

𝑅
(𝑃0 +

2𝜎

𝑅0
) (

𝑅0

𝑅
)

3𝛾

+
2𝜎𝑉

𝑅2
] + 

+𝜔𝑃𝑚 𝑐𝑜𝑠 𝜔 𝑡(𝑃0 − 𝑃𝑚 𝑠𝑖𝑛 𝜔 𝑡 + 𝐵)−
1

𝑛},                      (9) 

𝑐 = 𝑐(𝑡) = √𝑐0
2 + (𝑛 − 1)𝐻                          (10) 

The scheme of the Runge-Kutta method in the modification of Felberg 4-5th orders for the system 

of nonlinear ordinary differential Eqs. (5)-(10) has the form 

𝑹𝑛+1 = 𝑹𝑛 + ∑ 𝑤𝑖𝒌𝑖
6
𝑖=1 ,                           (11) 

𝒌1 = ℎ𝑛𝑭(𝑡𝑛, 𝑹𝑛),                              (12) 

𝒌𝑖 = ℎ𝑛𝑭(𝑡𝑛 + 𝛼𝑖ℎ𝑛, 𝑹𝑛 + ∑ 𝛽𝑖𝑗𝒌𝑗
𝑖−1
𝑗=1 ), 𝑖 = 2,6,                  (13) 

where ℎ𝑛-time step, which can be variable. In this case 𝑅0 corresponds to the initial radius of the 

cavity, and 𝑉0-to the initial velocity of the cavity boundary movement. 

The coefficients 𝑤𝑖 and 𝛽𝑖𝑗 are shown in Fig. 1. This scheme has the fifth order of accuracy 
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ℎ𝑛. If in (11-13) we use the coefficients 𝑤𝑖
∗ (Fig. 1) instead of 𝑤𝑖, then the resulting circuit will 

have the fourth order. At each step, the error is estimated 

‖𝜟𝑛+1‖ < 𝜀, 𝜟𝑛+1 = ∑ (𝑤𝑖 − 𝑤𝑖
∗)𝒌𝑖

6
𝑖=1 ,                    (14) 

where 𝜀-the required accuracy, and the norm is understood as the maximum modulus element of 

the vector: ‖𝒂‖ = 𝑚𝑎𝑥(|𝑎1|, |𝑎2|), 𝒂 = (𝑎1, 𝑎2)𝑇. 

If inequality (14) is not fulfilled, then on the current cycle the time step decreases by a factor of 

2 and the values of the bubble radius and the velocity of its boundary are recalculated. The step value 

then returns to the selected initial value (Zhavoronok et al. 2019, Burova et al. 2020, Utkin et al. 

2021). Thus, the algorithm makes it easy to implement adaptive selection of the step ℎ𝑛 on each 

cycle in time. 

 

 

 

Fig. 1 Coefficients of the Runge-Kutta method in Felberg modification of 4-5th orders 

 

 

3. Analysis of the results of equations 
 

Using the proposed algorithm, the dynamics of bubble pulsations in water under the influence of 

ultrasonic vibrations with a frequency of 𝜈 = 20  kHz was calculated. The influence of the 

amplitude of ultrasonic oscillations 𝑃𝑚  on the mode of bubble pulsations is analysed. In the 

calculations, the following values of the remaining parameters of the problem were used: 𝑐0 =
1500  M/s, 𝜌0 = 1000  kg/m3

, 𝐴 = 3001  atm, 𝐵 = 3000  atm, 𝑛 = 7 , 𝜎 = 73 ⋅ 10−3  N/m, 

𝑃0 = 1 atm, 𝛾 = 1, 𝑅0 = 10−4 m, 𝑉0 = 0. 

Fig. 2 shows the dependences of the bubble radius on time for various values of the amplitude 

of ultrasonic vibrations 𝑃𝑚. Fig. 3 shows the time dependences of the velocity of the bubble 

boundary for different values of the amplitude of ultrasonic vibrations 𝑃𝑚. It can be seen that at 

𝑃𝑚 ≥ 5 atm, the collapse rate of the bubble begins to exceed the speed of sound in the liquid, which 

justifies the application of the Kirkwood-Bethe model to the description of the pulsation process 

(Zhuravlov et al. 2021). The curves in Fig. 4 correspond to the dependence of the bubble radius on  
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Fig. 2 Time dependence of bubble radius with varying 𝑃𝑚 

 

 

Fig. 3 Time dependence of the velocity of the bubble boundary 

 

 

Fig. 4 Time dependence of bubble radius with varying 𝑅0 
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time at 𝑃𝑚 = 15 atm and different values of the initial radius 𝑅0.The findings reveal that for 𝑅0 >
10−5 m, the bubble manages to perform two pulsations before the moment of collapse. 

 

 

4. Conclusions 
 

The process of pulsation of a cavitation pocket in liquid is investigated. The Kirkwood-Bethe 

model was used to describe the motion. A numerical solution algorithm based on the Runge-Kutta-

Felberg method of 4-5th order with adaptive selection of the integration step has been developed 

and implemented. At each step of the algorithm in time, the error is estimated in terms of the norm 

of the difference of the vectors of the solution increments, calculated by schemes of the fourth and 

fifth order of accuracy. If this norm of the difference exceeds the desired accuracy, then on the 

current cycle the step is reduced by 2 times in time and the values of the bubble radius and the 

velocity of its boundary are recalculated. The step value then returns to the selected initial value. 

Examples of calculating the pulsation of a bubble in water when exposed to ultrasound are given. 

The influence of atmospheric pressure, the amplitude of ultrasonic vibrations and the initial 

radius of the bubble on the process of collapse of the cavitation pocket was investigated. It is shown 

that if the atmospheric pressure exceeds a certain threshold value, then the bubble collapse rate 

begins to exceed the speed of sound in the liquid, which justifies the application of the Kirkwood-

Bethe model to the description of the pulsation process. It was revealed that if the initial bubble 

radius exceeds a certain value, then the bubble will perform several pulsations until the moment of 

collapse. The same applies to the case of exceeding the amplitude of ultrasonic vibrations of a certain 

value. The proposed solution method makes it possible to carry out comprehensive parametric 

studies of the process of pulsations of cavitation pockets in a liquid under the influence of ultrasonic 

vibrations, to obtain estimates of the influence of various process parameters on the cavitation 

intensity, to create and apply technologies for the numerical simulation of cavitation phenomena. In 

practical terms, the results obtained can be used in the design of new and modernisation of existing 

experimental cavitation installations. 

 

 

Acknowledgments 
 

The work was carried out with the financial support of the grant RFBR N 20-08-00707 А. 

 

 

References 
 
Akhonin, S.V., Berezos, V.O., Bondar, O.I., Glukhenkyi, O.I., Goryslavets, Y.M. and Severin, A.Y. (2021), 

“Mathematical modeling of hydrodynamic and thermal processes”, Paton Weld. J., 8, 38-44. 

Antufev, B.A., Egorova, O.V. and Rabinskiy, L.N. (2019b), “Dynamics of a cylindrical shell with a collapsing 

elastic base under the action of a pressure wave”, INCAS Bull., 11, 17-24. 

Antufev, B.A., Egorova, O.V., Medvedskii, A.L. and Rabinskiy, L.N. (2019a), “Dynamics of shell with 

destructive heat-protective coating under running load”, INCAS Bull., 11, 7-16. 

Babaytsev, A.V., Kuznetsova, E.L., Rabinskiy, L.N. and Tushavina, O.V. (2020), “Investigation of permanent 

strains in nanomodified composites after molding at elevated temperatures”, Periodico Tche Quimica, 

17(34), 1055-1067. 

Bobyr, S.V. (2021), “Development and application of a simple model for calculating the quantum diffusion 

100



 

 

 

 

 

 

Process of pulsations of the spherical cavity in a liquid under the influence of ultrasonic vibrations 

parameters of rubidium, hydrogen, and deuterium atoms”, Sci. Herald Uzhhorod Univ. Series “Physics”, 

49, 19-25. 

Bodryshev, V.V., Babaytsev, A.V., Orekhov, A.A. and Min, Y.N. (2021), “Digital method for analysing 

speckle-interferometric images of material deformation”, Period. Eng. Nat. Sci., 9(3), 886-900. 

http://doi.org/10.21533/pen.v9i3.2321. 

Bulychev, N.A. and Rabinskiy, L.N. (2019), “Ceramic nanostructures obtained by acoustoplasma technique”, 

Nanos. Tech., 10(3), 279-286. http://doi.org/10.1615/NanoSciTechnolIntJ.2019031161. 

Bulychev, N.A., Bodryshev, V.V. and Rabinskiy, L.N. (2019a), “Analysis of geometric characteristics of two-

phase polymer-solvent systems during the separation of solutions according to the intensity of the image of 

micrographs”, Periodico Tche Quimica, 16(32), 551-559. 

Bulychev, N.A., Kuznetsova, E.L., Rabinskiy, L.N. and Tushavina, O.V. (2019b), “Theoretical investigation 

of temperature-gradient induced glass cutting”, Nanosci. Tech., 10(2), 123-131. 
http://doi.org/10.1615/NanoSciTechnolIntJ.2019030139. 

Burova, A.Y., Ryapukhin, A.V. and Muntyan, A.R. (2020), “Reduced hardware costs with software and 

hardware implementation of digital methods multistage discrete Fourier transform on programmable logic 

devices”, Amazonia Investiga, 9(27), 227-233. https://doi.org/10.34069/AI/2020.27.03.24. 

Dobryanskiy, V.N., Rabinskiy, L.N. and Tushavina, O.V. (2019a), “Validation of methodology for modeling 

effects of loss of stability in thin-walled parts manufactured using SLM technology”, Periodico Tche 

Quimica, 16(33), 650-656. 

Dobryanskiy, V.N., Rabinskiy, L.N. and Tushavina, O.V. (2019b), “Experimental finding of fracture 

toughness characteristics and theoretical modeling of crack propagation processes in carbon fiber samples 

under conditions of additive production”, Periodico Tche Quimica, 16(33), 325-336. 

Egorova, O.V., Rabinskiy, L.N. and Zhavoronok, S.I. (2020), “Use of the higher-order plate theory of I.N. 

Vekua type in problems of dynamics of heterogeneous plane waveguides”, Arch. Mech., 72(1), 3-25. 
https://doi.org/10.24423/aom.3074. 

Kurbatov, A.S., Orekhov, A.A., Rabinskiy, L.N., Tushavina, O.V. and Kuznetsova, E.L. (2020), “Research of 

the problem of loss of stability of cylindrical thin walled structures under intense local temperature 

exposure”, Periodico Tche Quimica, 17(34), 884-891. 

Kuznetsova, E.L. and Rabinskiy, L.N. (2019), “Linearization of radiant heat fluxes in the mathematical 

modeling of growing bodies by the action of high temperatures in additive manufacturing”, Asia Life Sci., 

2, 943-954. 

Li, Y., Dobryanskiy, V.N. and Orekhov, A.A. (2020), “Modelling of crack development processes in 

composite elements based on virtual crack closure technique and cohesive zone model”, Periodico Tche 

Quimica, 17(35), 591-598. 

Nesterenkov, V.M., Zagornikov, V.I., Orsa, Y.V., Zabolotnyi, S.D. and Belyaev, A.S. (2021), “Investigation 

of structure, mechanical and thermophysical properties of electron beam modified welds”, Paton Weld. J., 

3, 36-42. 

Orekhov, A.A., Rabinskiy, L.N., Fedotenkov, G.V. and Hein, T.Z. (2021), “Heating of a half-space by a 

moving thermal laser pulse source”, Lobachevskii J. Math., 42(8), 1912-1919. 

https://doi.org/10.1134/S1995080221080229. 

Pirsol, I. (1975), Cavitation, Mir, Moscow. 

Pogodin, V.A., Astapov, A.N. and Rabinskiy, L.N. (2020), “CCCM specific surface estimation in process of 

low-temperature oxidation”, Periodico Tche Quimica, 17(34), 793-802. 

Rabinskii, L.N. and Tushavina, O.V. (2019a), “Composite heat shields in intense energy fluxes with 

diffusion”, Russ. Eng. Res., 39(9), 800-803. https://doi.org/10.3103/S1068798X1909017X. 

Rabinskiy, L.N. and Tushavina, O.V. (2019b), “Investigation of an elastic curvilinear cylindrical shell in the 

shape of a parabolic cylinder, taking into account thermal effects during laser sintering”, Asia Life Sci., 2, 

977-991. 

Rabinskiy, L.N. and Tushavina, O.V. (2019c), “Problems of land reclamation and heat protection of biological 

objects against contamination by the aviation and rocket launch site”, J. Envir. Manag. Tour., 10(5), 967-

973. https://doi.org/10.14505/jemt.v10.5(37).03. 

101



 

 

 

 

 

 

Elena L. Kuznetsova, Eduard I. Starovoitov, Sergey Vakhneev and Elena V. Kutina 

Rabinskiy, L.N., Tushavina, O.V. and Formalev, V.F. (2019), “Mathematical modeling of heat and mass 

transfer in shock layer on dimmed bodies at aerodynamic heating of aircraft”, Asia Life Sci., 2, 897-911. 

Rosenberg, L.D. (1968), Cavitation Area, Physics and Technique of Powerful Ultrasound, Book II, Powerful 

Ultrasonic Fields, Nauka, Moscow. 

Rozhdestvensky, V.V. (1977), Cavitation, Shipbuilding, Leningrad. 

Sha, M., Volkov, A.V., Orekhov, A.A. and Kuznetsova, E.L. (2021), “Micro-dilatation effects in a two-layered 

porous structure under uniform heating”, J. Balkan Tribol. Assoc., 27(2), 280-294. 

Sun, Y., Antufev, B.A., Orekhov, A.A. and Egorova, O.V. (2020), “Geometrically nonlinear plate bending 

under the action of moving load”, J. Appl. Eng. Sci., 18(4), 665-670. https://doi.org/10.5937/jaes0-28036. 

Tsybulevsky, S.E., Murakaev, I.M., Studnikov, P.E. and Ryapukhin, A.V. (2019), “Approaches to the 

clustering methodology in the rocket and space industry as a factor in the formation of a universal 

production model for the economic development in the space industry”, INCAS Bull., 11, 213-220.  

Utkin, Y.A., Orekhov, A.A. and Hein, T.Z. (2021), “Tribological properties of polymer composite with 

impregnated quasicrystal nanoparticles”, Int. J. Mech., 15, 189-195.  

Zhavoronok, S.I., Kurbatov, A.S., Orekhov, A.A. and Rabinskii, L.N. (2019), “Stability of panels of a 

thermoelastic shell heated at the edge by a mobile point source”, Russian Eng. Res., 39(9), 793-796. 

https://doi.org/10.3103/S1068798X19090259. 

Zhuravlov, O.Y., Shyian, O.V., Shirokov, B.M., Kolodiy, I.V. and Sholohov, S.M. (2021), “Sublimation 

process for obtaining silicon films from molybdenum and tungsten disilicide”, Sci. Herald Uzhhorod Univ. 

Series “Physics”, 49, 48-53. 

 

 

GY 

102




