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Abstract. Thin-walled adaptive structures render a large and important group of adaptive structures. Typical
material system used for them is a composite laminate that includes piezoelectric material based sensors and
actuators. The piezoelectric active elements are in the form of thin patches bonded onto or embedded into the
structure. Among different types of patches, the paper considers those polarized in the thickness direction. The
finite element method (FEM) imposed itself as an essential technical support for the needs of structural design.
This paper gives a brief description of a developed shell type finite element for active/adaptive thin-walled
structures and the element is, furthermore, used as a tool to consider the aspect of mesh distortion over the
surface of actuators and sensors. The aspect is of significance for simulation of behavior of adaptive structures
and implementation of control algorithms.
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1. Introduction

A synergic integration of structures, multi-functional material based sensors and actuators and control

electronics has redefined the concept of structures from a conventional passive elastic system to an

adaptive controllable system with inherent self-sensing, diagnosis, control and actuation capabilities.

Such integration enables the structure to respond in real time or nearly real time to external stimuli

to compensate for undesired behavior or to produce a desired response through the change of the

structure’s stiffness, inertial properties, damping properties or configuration.

The attractiveness of the new emerged field of adaptive structures stems from the already exploited

as well as potential benefits they offer with respect to classical, passive structures (Gandhi et al.

1992), such as vibration suppression, noise attenuation, structural health monitoring (Lu et al. 2010),

shape or position control (Rudolf et al. 2010), etc. The development and design of adaptive structures

requires reliable, accurate and numerically efficient tools for modeling and simulation. The finite

element method (FEM), as the predominant one in the field of structural analysis, is almost inevitably

addressed on the matter. The body of literature considering the finite element approach to modeling

piezoelectric based active/adaptive thin-walled structures is quite large. A survey such as one from

Benjeddou (2000) gives an overview of the development in the field during the ‘90s. And the

development proceeded at the same rapid pace in the decade to follow. 
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A reliable simulation is supposed to provide an easier, faster and less expensive development of

adaptive structures, needed active elements and control algorithms. Realization of such a simulation

requires, furthermore, reliable and accurate prediction of signals and loads produced by sensors and

actuators, respectively. This paper is turned to the aspect of FE mesh distortion over the area of

piezoelectric actuators and sensors. A number of authors have so far considered their finite elements

with respect to the matter demonstrating robustness and potential benefits their development offered

compared to already existing finite elements. Various techniques have been applied to achieve both,

alleviate locking phenomena and improve the results for distorted FE-meshes. Among them are

addition of bubble/incompatible modes (Tzou et al. 1990) discrete shear gap and assumed natural

strain approach (Zemcik et al. 2006), selectively (Lamering 1991) and uniformly (Marinkovic et al.

2006) reduced integration, mixed interpolation of tensorial components (Klinkel et al. 2006), etc.

Some authors pointed out that the solutions based on hybrid formulations are less sensitive to mesh

distortion (Sze et al. 1999, Long et al. 2006). Another group of authors sought the solution for

mesh distortion related problems in mesh-free formulations, such as meshless point collocation

method (Ohs et al. 2001), point interpolation method (Liu et al. 2002), radial point interpolation

method (Liu et al. 2003) or stabilized conforming nodal integration mesh-free method (Nguyen-Van

et al. 2008). Some approaches combine the displacement-based FEM formulation with the strain

smoothing technique of mesh-free methods to produce the smoothed finite element method, whereby

the smoothing technique is developed based on the Hu-Washizu three-field variational principle (Liu

et al. 2007). All these efforts demonstrate the interest of the research community to improve various

aspects related to FEM-modeling of adaptive structures, the mesh distortion being one of them. 

A vast majority of commercially available FEM software packages utilize the displacement-based

FEM formulation and the focus of the paper is, therefore, on this formulation. In the case of electro-

mechanical coupling, this means that mechanical displacements and electric voltages are the degrees

of freedom. The authors of the paper do not intent to offer a new technique to mitigate the

consequences of mesh distortion. They rather tend to give an insight about the influence of mesh

distortion, when it affects a part of the structure characterized by electro-mechanical coupling and

modeled by means of displacement-based FEM. To the best of the authors’ knowledge, the available

literature in the field does not offer such an insight. For this purpose, an already developed shell

type finite element (Marinkovic 2007) is used. For the sake of completeness, the element is briefly

presented in the paper. The insight is supposed to give hints as to how the mesh distortion over the

piezoelectric active elements affects the resulting sensor signals and induced deformations, when the

displacement-based FEM formulation is used in modeling. Additionally, the effect of the already

known technique based on uniformly reduced integration, in combination with the presented shell

type element, is demonstrated in one of the considered cases, in which the deterioration of accuracy

caused by mesh distortion has imposed the need for further investigation. 

2. A brief description of the active composite shell element

The geometry of a generally shaped thin-walled structure is typically described as a shell. Among

different approaches to finite element modeling of shell type structures, the degenerate shell

approach belongs to the group of most appealing formulations. The degenerate shell element was

first developed by Ahmad et al. (1970) from a 3D solid element by a “degeneration process”, which

directly reduced the 3D field approach to a 2D one in terms of mid-surface nodal variables. The
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most significant advantages achieved in this manner are that the element is not based on the

classical shell theories and is applicable over a wide range of thickness and curvatures. The

developed element, referred to as ACShell9 (9-node active composite shell), represents the extension

to modeling active multi-layered structures made of fiber-reinforced composites and including active

piezoelectric layers polarized in the thickness direction. Only a brief description of the element

formulation will be given here and for more details an interested reader is referred to (Marinkovic

2007).

2.1 Geometry and mechanical field of the element

The inherent complexity of the degenerate shell element requires the usage of several coordinate

systems in order to describe the element geometry, displacement field and to develop the strain field

(Fig. 1). Besides the global (x, y, z) and the natural (r, s, t) coordinate system (c.s.) it is necessary to

introduce the local-running (co-rotational) coordinate system (x′, y′, z′). The local coordinate system

is defined so as to have one of its axes (say z′-axis) perpendicular to the mid-surface, while the

other two axes form the tangential plane. Furthermore, if the basic structural material is a fiber-

reinforced composite laminate, the kind of non-isotropy exhibited by such a material requires

introduction of a structure reference direction (defined by the user), with respect to which the fiber

orientation in the layers is given. In this case it is reasonable to fix the orientation of the local in-

plane axes with respect to the structure reference direction. The simplest way is overlapping one of

the axes (say the x-axis) with it. This allows direct application of the composite laminate

constitutive law, i.e., the well-known ABD matrix.

Using the full biquadratic Lagrange shape functions Ni, the coordinates of a reference-surface

point are

(1)

with xi, yi and zi denoting global coordinates of the nine nodes. The thickness of the shell is assumed to

be in the direction normal to the reference-surface and denoting the unity vector in the thickness

direction as  the 3D shell geometry may be given as

(2)

where hi is the shell thickness at node i and t is the natural counterpart of the local thickness coordinate.

The degeneration process is based on the assumption that the thickness direction line of the shell

remains straight after deformation but not necessarily perpendicular to the reference-surface (the
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Fig. 1 Element geometry and coordinate systems
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Mindlin kinematical assumption). Therefore, the displacement of any point within the volume of the

shell is given as a superposition of the corresponding reference-surface point displacement and a

linear function of the rotations about the local x′- and y′-axis through the mid-surface point, θx′ and

θy′

(3)

The rotations are in the local c. s. and upon transformation to the global c. s. one gets:

(4)

where [T ′] is the modified form of the transformation matrix relating the local and the global

coordinate system, [T], and is given in the form [T ′]= . 

Due to the directionally dependent material properties, it is of crucial importance to develop the

strain field in the local coordinate system (Fig. 2). This allows direct application of the composite

laminates constitutive (ABD) matrix. The advantage of having the strain field with respect to the

local coordinate system is also obvious when the piezoelectric coupling within the thickness-

polarized piezopatch operating on the “e31-effect” is considered. The development of the strain field

with respect to the local c.s. is done in several steps. The interpolations are performed in the natural

c.s. Hence, the displacement derivatives with respect to the natural coordinates are directly obtained

from Eq. (4). The transformation of derivatives from the natural to the global coordinate system is

achieved by means of Jacobian inverse

(5)

where, for example, u,x=∂u/∂x. The global derivatives are afterwards transformed to the local derivatives

by means of the transformation matrix 

(6)

It is quite common within a 2D formulation to give the strain field in the form that makes a distinction

between the in-plane components and the out-of-plane strain components

i.e.

(7)

After determining the partial derivatives in the local coordinate system (Eq. (6)), the strain field is
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given in the following form

(8)

where {ε ′mf} is the membrane-flexural (in-plane) strain field, {ε ′s} comprises transverse shear strains,

[Bmf] and [Bs] are the corresponding strain-displacement matrices further suitably represented in terms

of the B-matrices having “m”, “f ” and “s” in the subscript depending whether they contribute to the

definition of the membrane, flexural or shear strains, respectively, those having “T” are related to the

nodal translations and with “R” are related to the nodal rotations, and finally, “0” denotes constant

terms while “1” denotes linear terms with respect to the natural thickness coordinate t. The mentioned

matrices render together the strain-displacement matrix [Bu]. The vector {u} comprises nodal mechanical

displacements (translations and rotations).

2.1 Piezoelectric layer

The constitutive equations of the piezoelectric material depend on the choice of independent variables.

Since in the displacement-based FEM formulation mechanical displacements and electric voltages

are the degrees of freedom, it is convenient to take the form of the piezoelectric constitutive equations

that corresponds to the choice of mechanical strain and electric field as independent variables, so that

(9)

where {σ} is the mechanical stress in vector (Voigt) notation, {D} is the electric displacement vector,

[CE] is the piezoelectric material Hook’s matrix at constant electric field E, [dε] is the dielectric

permittivity matrix at e constant, and [e] is the piezoelectric coupling matrix.

This paper considers active piezoceramic elements with electrodes on the top and bottom surfaces

and poled in the thickness direction, where the in-plane strains are coupled to the perpendicularly

applied electric field through the piezoelectric “e31-effect”. An investigation about the accurate description

of the electric potential distribution across the thickness of the piezolayer (Marinkovic et al. 2007,

Marinkovic et al. 2009) demonstrated that the consistent functions depend on the applied 2D-theory

for modeling thin-walled structures. The investigation also demonstrated that, although a linear

distribution of the electric potential and the corresponding constant electric field are only approximations

of the actual functions when a first-order 2D theory is used (in that case, a quadratic interpolation of

electric potential through the thickness yields the correct result (Benjedou et al. 2002)), they are still

accurate enough for the purpose of modeling global structural behavior. Thus, they are adopted here

(10)

where ϕ is the electric potential, ∆Φk is the difference of electric potentials between the electrodes of

the kth layer and hk is the thickness of the piezolayer. The approximation in Eq. (10) defines a diagonal

electric field - electric potential matrix [Bφ] with typical term 1/hk on the main diagonal. The diagonal
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form of the matrix [Bφ] results from the fact that the difference of electric potentials of a layer directly

affects only the electric field within the very same layer (of course, it also affects the electric field of

other layers, but this “indirect” influence is described by the piezoelectric coupling).

3. Finite element equations

The finite element equations for dynamic behavior of piezoelectric continuum are obtained starting

from the variational approach (Marinkovic 2007) and they are given in the following standard form

(11)

(12)

where the following matrices and vectors are introduced on the element level: the mass [M],

(proportional Rayleigh) damping [C], mechanical stiffness [Kuu], piezoelectric stiffness [Kuφ]=[Kφu]
T

and dielectric stiffness [Kφφ] matrix as well as vectors of external forces {Fext} and electric charges

{Qext}. Equations for a static case are easily obtained from the above given equations by excluding the

inertia and damping terms. Since the rate of change of the electric field is much higher than the rate of

change of the mechanical field, the inertial and damping effects are already neglected for the electric

field. That is why Eq. (12) appears to be static. However, in dynamic or in nonlinear analysis, it is time

dependent because it is coupled to Eq. (11). Thus the FEM equations for a static case read

(13)

(14)

For further discussion, it is quite useful to give the expressions for the matrices in Eqs. (13) and (14)

(15)

(16)

(17)

4. Aspect of mesh distortion over piezoelectric active patches

The output of piezoelectric sensors is electric voltage that reflects the average strain induced in

the sensor patch, thus providing the information about the deformed state of the structure. On the

other hand, the piezoelectric actuators use the inverse piezoelectric effect to induce mechanical

loads with the aim of cancellation of undesired or causing desired deformations. The induced sensor

signal is transferred to a controller that, based on the implemented control law, determines signals

(electric voltages) for the actuators. Therefore, successful simulation of the behavior of adaptive
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structures requires high accuracy in determining sensor signals and actuator loads. 

It is a well-known fact that the mesh distortion of FEM models affects the accuracy of the

obtained results. Regarding purely mechanical cases, the influence of mesh distortion upon the

predicted structural behavior is known in general. A strict interpretation of the variational basis for

the development of displacement type finite elements requires variationally correct solutions to have

less energy than the exact solution (“boundedness”), meaning that FEM models yield stiffer behavior

than the one exposed by the actual structures. The “stiffer behavior” becomes more pronounced for

distorted meshes. In more practical words, the mesh distortion results in higher entries of the

structure stiffness matrix, which is due to the higher values of entries in the strain-displacement

matrix, [Bu]. Hence, it may be said that the mesh distortion results in a stiffer FEM model compared

to the FEM model with undistorted mesh. However, regarding electromechanically coupled cases,

the influence of mesh distortion becomes more complex. The piezoelectric stiffness matrix, [Kuφ], is

also dependant on the strain-displacement matrix, [Bu] and, hence, mesh distortion also causes larger

entries in the piezoelectric coupling matrix. Nevertheless, the dependence of the mechanical stiffness

matrix on the strain-displacement matrix is quadratic (Eq. (15)), whereas in the case of piezoelectric

coupling matrix the dependence is linear (Eq. (16)). This combination of influences together with

different applications of piezoelectric patches (sensors and actuators) and with a variety of possible

boundary conditions makes the aspect worth of consideration.

For this purpose a rather simple structure that is well-known to the adaptive structures research

community is used in the paper. It is the academic case of bimorph pointer, which has been

exploited by a number of authors as a test case for developed numerical tools. The term “bimorph

pointer” denotes a beam made of two uniaxial piezoelectric layers with opposite polarity and

stacked together so that a bending actuator/sensor is obtained (Fig. 2). The device can be used for

both micro-actuation and strain sensing. Due to the opposite polarization of the layers, the voltage

applied across the thickness of the beam tends to induce strains in the layers of opposite signs.

However, due to the fact that layers are bonded to each other, the strains are actually restraint and

stresses are induced instead. The resultant of the stresses is a bending moment uniformly distributed

over the edges of the beam. And, vice versa, if the beam is exposed to external mechanical

excitation in the form of predefined displacement or a tip transverse force, it would deform and a

voltage would be induced in the piezoelectric layers. The two oppositely polarized piezolayers

amplify the effect resulting from the piezoelectric coupling and this is the reason why such a

configuration is quite often used in many applications.

The considered example is originally proposed by Hwang et al. (1993). It is a bimorph piezoelectric

Fig. 2 Piezoelectric bimorph pointer
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cantilever beam made of polyvinylidene fluoride (PVDF), the length of which is L = 100 mm, the

width b = 5 mm and the thickness h = 1 mm. The geometry and material properties are given in Fig.

3 (all the material constants that are not specified are assumed to be equal to zero). It should be

noted that PVDF is a rather compliant material and the contribution of the dead weight of the

structure to the observed behavior would probably not be negligible. This effect is, however,

neglected in the following examples, which only deepens their academic nature.

Discretization of the bimorph beam and a successive gradual mesh distortion are performed

following the proposal by Sze et al. (1999). Hence, the original FEM model contains 4 identical

elements along the beam length. The mesh distortion is realized according to Fig. 4 by increasing

the parameter e in increments of 5 mm. 

In the following, different excitations will be imposed onto the beam in order to consider the

influence of described mesh distortion on the obtained results. Both actuator and sensor function of

active layers are to be considered. 

4.1 Actuator case - predefined voltage

First, the actuator function of piezoelectric layers is addressed. The predefined voltage of ∆Φ =

1V is applied across the thickness of the beam, along the whole length. This is actually the original

example proposed by Hwang et al. (1993) and then further used as a test case by a number of

researchers, who developed FE-elements for modeling adaptive thin-walled structures. 

The analytical solution for the deflection of the beam is obtained in a straight-forward manner.

The bending moment induced through the inverse piezoelectric effect is calculated by integrating

the normal stress component in the length direction (x-axis) over the cross-section (y-z plane)

Fig. 3 Dimensions and material properties of the considered bimorph beam

Fig. 4 Mesh distortion for the bimorph beam by varying parameter e
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(18) 

and the deflection is obtained as a quadratic function with respect to the x-coordinate, as follows

(19) 

where Y denotes the Young’s modulus and e31 is the piezoelectric constant that couples electric field in

the thickness direction, E, to the stress component in the length direction. The analytical expression

yields beam tip deflection of 3.45e-7 m. It is interesting that already the model with only one ACShell9

element along the length of the beam yields the analytical solution. The reason for this is the fact that

the element uses full biquadratic shape functions and that the solution for the tip deflection is a

quadratic function of the coordinate along the beam length (Eq. (19)).

Since the electric voltage is predefined, Eq. (14) is virtually excluded from the system of equations,

which is then reduced to the following form

(20) 

As already elaborated, with the mesh distortion, the entries of both the mechanical stiffness matrix

and the piezoelectric coupling matrix take higher values. Obviously, the mesh distortion affects the

matrices on both sides of Eq. (20) in a similar manner. The FEM-model yields stiffer structure, but

the bending moments due to the inverse piezoelectric effect are also computed as larger compared

to the FEM-model with the undistorted mesh. Regarding the final result for mechanical displacements,

it is to be expected that those two influences cancel each other up to a certain degree. Fig. 5 depicts

the development of the normalized beam’s free end deflection for successive mesh distortions as

described above (parameter e taking values up to 20 mm). The normalization is done with respect to

the same deflection computed with the undistorted mesh. The diagram confirms expectation, as the

variation of the free end deflection computed with distorted meshes differs only slightly compared

to the original result (undistorted mesh). In fact, the relative difference in result for all distorted

meshes is fairly below 1%. The curve in Fig. 5 is quite similar in shape to the one reported by Sze

et al. (1999) for a hybrid 8-node hexahedral finite element employing the selective scaling
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technique. Sze et al. (1999) report, however, noticeably larger relative differences, which may be

attributed to the linear shape functions applied by their element. What is probably more interesting

is the shape of the curve. For smaller values of parameter e, the normalized deflection decreases but

for further mesh distortion it approaches slowly the original value of 1.0 and even exceeds it

slightly for the parameter e=20 mm.

4.2 Sensor case 

In practice, for the sensor function of piezolayers, the electrodes placed on the lower and the

upper surface of the layers are short-circuited so that zero electric potential is enforced. The

deformation caused by external mechanical loads results in electric displacement and thus electric

charges are induced on the electrodes. Further on, either an electric charge amplifier or an electric

current amplifier is used to determine the output voltage. In the former case, the output voltage is

proportional to the average value of induced strains, while in the latter to the strain rate. In the

following examples, this will be somewhat simplified. As a representative result, the electric voltage

that would appear over the piezoelectric layers’ electrodes is taken. Those are actually the electric

degrees of freedom of the FEM model, which will be directly computed from the model. 

As for the boundary conditions, the structure may be mechanically excited in two ways - by

predefined forces and by predefined displacements. Although, from the mechanical point of view,

there is no essential difference between the two, from the point of view of considered aspect (mesh

distortion), it would be necessary to distinguish between the two in the case of piezoelectric

structures, as it will be seen in the following. Furthermore, it is assumed that the whole bimorph

beam is one sensor, since this allows investigation of influence of performed mesh distortion on the

obtained results. This means that an additional condition is imposed in the model yielding that the

electric voltage is same for all elements (considering one piezoelectric layer)

(20) 

4.2.1 Sensor case - predefined force

In the first considered sensor case, a predefined transverse force is applied at the beam tip. The

system of Eqs. (13) and (14) has now the following form:

(21)

(22)

Compared to the previously considered case (i.e., the actuator case), the first difference to be noticed is

that both Eqs. (13) and (14) are retained in the system of equations. Furthermore, the right-hand side of

equations remains unaffected by mesh distortion, whereas both the mechanical stiffness and the

piezoelectric coupling matrices are affected in the manner already discussed. The assembled dielectric

stiffness matrix depends on the dielectric constant, thickness and surface of piezoelectric layers and its

entries are, thus, not affected by the performed mesh distortion. 

The sensor voltage induced by the beam tip transverse force is computed for different FE-meshes

and the result is depicted in Fig. 6(a), where the normalization has been performed with respect to

the FE-result yielded by the undistorted mesh (e=0). The obtained curve is very similar to the curve

φ1 φ2
… φn= = =

Kuu[ ] d{ } Kuφ[ ] φ{ }+ Fext{ }=

Kφu[ ] d{ } Kφφ[ ] φ{ }+ 0{ }=



On FEM modeling of piezoelectric actuators and sensors for thin-walled structures 421

given in Fig. 5. This means that the influence of mesh distortion upon the mechanical stiffness

matrix and the piezoelectric stiffness matrix once again cancel each other within the system of

equations to a similar extent and, hence, the obtained result does not change dramatically. Since the

electric voltage reflects the average strain in the sensor patch, in order to gain a better comprehension of

the “canceling effect”, the change of the normalized strain energy is observed for the purely

mechanical case (normalization done with respect to the result obtained for the initial FE mesh).

The result is depicted in Fig. 6(b). As expected, the strain energy decreases as the mesh distortion

progresses and the trend of the change is rather fast. Based on this result for the purely mechanical

case, one would have expected that the computed normalized sensor signal in the piezoelectric case

would also decrease with the progressing mesh distortion. However, as already elaborated, Fig. 6(a)

reveals this is not the case and that is the consequence of the fact that the mesh distortion

simultaneously affects both the mechanical stiffness and the piezoelectric coupling matrices in a

similar manner.

4.2.2 Sensor case - predefined displacements

In this case, a predefined deflection of the beam tip is imposed as external excitation. This type of

boundary condition is dealt with by determining external forces equivalent to the predefined

displacements. The vector of nodal displacements can be divided into two vectors - {d*}, which is

completely known since it contains the predefined displacements at nodes where they are imposed

and zeros at all other nodes, and , which contains unknown displacement at nodes other than

those at which boundary conditions are defined and zeros at nodes with defined boundary conditions

(predefined displacements or fixed boundary conditions), so that

(23)

The system of Eqs. (13) and (14) can now be represented in the following form

(24)

(25)

The vectors on the right-hand side of the equations represent the equivalent external nodal

d{ }

d{ } d
*

{ } d{ }+=

Kuu[ ] d{ } Kuφ{ } φ{ }+ Kuu[ ] d
*

{ }–=

Kφu[ ] d{ } Kφφ[ ] φ{ }+ Kφu[ ] d
*

{ }–=

Fig. 6 Sensor case, predefined force: normalized sensor voltage and normalized strain energy 
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mechanical forces and electric charges that correspond to the predefined mechanical displacements.

The obvious difference with respect to the previous case is that the right-hand side of the system of

equations is dependant on mesh distortion. As the mesh distortion proceeds (parameter e takes

higher values) the excitation equivalent to the predefined displacements increases. 

The electric voltage has been again normalized with respect to the result obtained by undistorted

mesh. The development of normalized electric voltage, depicted in Fig. 7(a), reveals a different

tendency compared to the previous case that involves predefined forces. The computed sensor

voltage increases with higher values of parameter e, thus reaching the value of approximately 1.3,

which means that the sensor voltage, computed with the distorted mesh implementing the highest

value of parameter e, is approximately 30% larger than the sensor voltage computed with the

original (undistorted) mesh. If the same case is considered as a purely mechanical case, the strain

energy increases rapidly as the mesh distortion progresses (Fig. 7(b)), which is the consequence of

increasing equivalent forces on the right-hand side of Eq. (24) (piezoelectric coupling excluded),

although the predefined displacements remain constant. 

Hence, a significant sensitivity of computed sensor voltage to mesh distortion with predefined

displacements as an excitation is noticed. This gave impetus to investigation if uniformly reduced

integration technique (the 2×2 Gauss integration rule) could improve the result. Indeed, as Fig. 8

Fig. 7 Sensor case, predefined displacement: normalized sensor voltage and normalized strain energy

Fig. 8 Sensor case, predefined displacement: normalized sensor voltage with reduced integration technique
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shows (the same scale used as in Fig. 7(a) for the purpose of comparison), the ACShell9 element

with the 2×2 integration rule yields remarkable improvement regarding the issue. The computed

normalized voltage still takes higher values with the progressing mesh distortion, but the maximal

increase is kept in reasonable limits (approximately 1.2% compared to 30% obtained with the full

integration). 

4.3 Actuator case - aspect of balance of induced loads

As already elaborated, electric voltage applied across the thickness of a collocated pair of

oppositely polarized piezoelectric patches induces bending moments which are uniformly distributed

over the edges of the surface covered by patches. If the patches are of rectangular shape, then the

bending moments over the opposite sides of the rectangular surface covered by them are, in ideal

case, balanced. Using a uniform mesh to discretize the surface yields balanced bending moments.

The following example should illustrate the influence of mesh distortion on this aspect.

The example involves a beam made of aluminium, with two oppositely polarized piezoelectric

patches made of PIC151 bonded to the upper and lower beam surfaces so that they are collocated.

The geometry and material properties are given in Fig. 9, with grey surface depicting the piezopatches.

The patches are supplied with the same electric voltage, thus inducing actuating bending moments.

With a uniform mesh, the computed bending moments are perfectly balanced over the opposite

sides of the rectangular surface covered by the patches. 

Mesh distortion has been done over the whole structure (Fig. 10), although it is the mesh

distortion over the piezopatches that affects the results essentially. The mesh distortion has a twofold

influence on the calculated bending moments. Firstly, they have higher values than in the case of

the undistorted mesh - this effect has been already discussed. Additionally, the calculated bending

moments over a pair of opposite (parallel) patch edges are not exactly balanced any more. Thus, the

equilibrium of the structure as a whole is achieved by additional reaction moments acting at the

support. Since the deflection of the beam tip has been observed, a simple way to investigate the

impact of the unbalanced moments on the obtained result is to switch the calculated moments

between the two parallel edges of the patches in the direction of the beam length (denoted as edges

A and B in Fig. 10). In that case the difference in the obtained results directly indicates the “size of

imbalance” of bending moments. The mentioned “switch” is simply performed by mirroring the part

of the finite element mesh over the patches with respect to the axis of symmetry of the patches

shown in Fig. 10 (mirror line). The result of the mirroring is that the bending moment distributed

Fig. 9 Geometry and material properties of the active beam
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over the edge A and calculated for the mesh 1 is the same as the bending moment distributed over

the edge B for the mesh 2, only with opposite orientation (sign). A relatively small difference of

0.3% in the obtained results for the two distorted meshes is noticed. It was expected that the

difference would not be large and it is to be attributed to the full biquadratic shape functions utilized

by the element and the small distance between the clamped end of the beam and the piezopatches.

This aspect, however, could be playing a more significant role with linear piezoelectric elements

and differently shaped and supported active/adaptive structures. 

5. Conclusions

The piezoelectric patches are frequently applied as active elements on thin-walled structures in

order to obtain controllable dynamic response or static shape control of the structures. And the FEM

has established itself as a standard method in structural analysis. That was the motivation for the

authors to consider the aspect of FE mesh distortion over the surface covered by piezoelectric active

elements.

Both actuator and sensor function of piezoelectric patches has been considered and the influence

of FE mesh distortion over the surface of piezopatches onto the obtained results has been

investigated. A recently developed and verified shell type finite element has been used in modeling.

The considered examples involve simple structures with a relatively large surface covered by active

elements, as it was aimed at rather obvious effects caused by mesh distortion. This enabled a

straightforward assessment of the effect. It was shown that, in the case of coupled piezoelectric

problems, the effect of mesh distortion is more complex compared to purely mechanical structural

problems treated by means of FEM. Not only is the mechanical stiffness matrix affected by mesh

distortion, but also is the piezoelectric coupling matrix. Furthermore, depending on the function of

piezoelectric patches and predefined boundary conditions, the FEM system of equations takes

different forms accordingly and the influence of mesh distortion gains even more on importance in

certain cases. The actuator function (predefined voltages) and the sensor function of piezopatches

with predefined mechanical loads appear to be less prone to mesh distortion. In those cases, the

mesh distortion affects the mechanical stiffness and piezoelectric coupling matrices in such a

manner so that those influences cancel each other within the system of equations leading to a final

result that is not significantly altered compared to the result with a uniform FE mesh. However, the

case of sensor function of piezopatches with predefined displacements imposed as external

excitation has demonstrated much larger susceptibility to mesh distortion. 

The comprehension of the considered aspect is of significance for FE simulation of behavior of

active/adaptive structures as well as implementation and test of control algorithms. The assessment

Fig. 10 The performed mesh distortion - mesh mirroring over the surface of piezoelectric actuators
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of developed control algorithms through FEM simulations may be notably affected by this aspect,

especially if not enough care is taken when meshing the structure, e.g., if automatic meshers had

been used without further checks on quality of the mesh. As demonstrated, the sensor function of

active elements combined with predefined displacements as a part of mechanical excitation is

expected to be most critical regarding the aspect. It is advised to invest additional effort in meshing

in order to get as uniform mesh over piezopatches as possible. If a distorted mash is inevitability,

one should consider techniques to mitigate the effect of mesh distortion. It was shown that the

uniformly reduced integration has offered a significant improvement. Although the advantage

offered by the approach has been demonstrated only in the aforementioned critical case, it should be

emphasized that it also had a positive influence in all the considered cases. On the other hand, the

technique comes with the drawback of possible occurrence of zero-energy modes. Although the

application of the full biquadratic shell element gives rise to zero-energy modes only in some quite

rare cases (as opposite to a bilinear element), this fact requires caution when the technique is

applied. A stabilization of zero-energy modes can be a solution for those cases. 

Finally, the presented investigation is done by means of the developed displacement-based shell

finite element and the nature of the conclusions is representative for the elements using displacement-

based formulation. However, the conclusions cannot be extended to elements based on hybrid

formulations and an additional investigation would be necessary to gain worthwhile knowledge about

behavior of FEM models using this type of elements with respect to the effect of mesh distortion.
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