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Abstract. Long steel stay cables, which are mainly used in cable-stayed bridges, are easy to vibrate because of
their low inherent damping characteristics. A lot of methods for vibration reduction of stay cables have been
developed, and several techniques of them have been implemented to real structures, though each has its
limitations. Recently, it was reported that smart (i.e. semi-active) dampers can potentially achieve performance
levels nearly the same as comparable active devices with few of the detractions. Some numerical and experimental
studies on the application of smart damping systems employing an MR fluid damper, which is one of the most
promising smart dampers, to a stay cable were carried out; however, most of the previous studies considered only
one specific control algorithm in which they are interested. In this study, the performance verification of MR fluid
damper-based smart damping systems for mitigating vibration of stay cables by considering the four commonly used
semi-active control algorithms, such as the control algorithm based on Lyapunov stability theory, the maximum
energy dissipation algorithm, the modulated homogeneous friction algorithm and the clipped-optimal control
algorithm, is systematically carried out to find the most appropriate control strategy for the cable-damper system.

Keywords: stay cable; smart damping system; semiactive control algorithm; MR fluid damper.

1. Introduction

A smart (i.e. semi-active) damping system based on magnetorheological (MR) fluid dampers has

become widely studied in the field of civil engineering because of its many attractive characteristics for

use in vibration control applications. MR fluid dampers may be operated directly from small power

supplies, while they are relatively inexpensive to manufacture, are less sensitive to contaminants in

fluids, and have a broader operational temperature range. In addition, the dampers are characterized by
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their ability to dynamically vary their properties with a minimal amount of power, and may provide

reliability as well as stability. As semi-active devices such as MR fluid dampers have demonstrated

promise for civil engineering applications, many studies developed a phenomenological model

(Spencer, et al. 1997), proposed the numerous control algorithms appropriate for implementation in

full-scale structures and tried new application of semi-active devices for civil engineering structures

(e.g., Cho, et al. 2005, Choi, et al. 2007a, Jung, et al. 2007).

Recently, several studies have adopted semi-active controllers to suppress stay cable vibration. Long

steel stay cables, such as are widely used in cable-stayed bridges and other cable structures, are highly

susceptible to vibration caused by wind, rain and support motion due to their large flexibility, relatively

small mass and extremely low inherent damping. A number of methods, such as tying multiple cables

together, aerodynamic cable surface modification, and passive and active axial and transverse cable

control, have been proposed and/or implemented to suppress cable vibrations, but each method has its

limitations. Recent studies on cable vibration control have demonstrated that semi-active dampers

attached to stay cables may provide levels of damping far superior to their passive counterparts as well

as can potentially achieve performance levels nearly the same as comparable active devices with few of

the detractions. Johnson, et al. (2000) used a taut string model of in-plane cable vibration and developed a

control-oriented model using a static deflection shape in a series expansion for the cable motion. Ni, et

al. (2002) proposed neural network-based controllers for reducing the excessive vibration of sagged

stay cables incorporated with MR fluid dampers. Johnson, et al. (2003) extended their previous work

by adding sag and inclination to the cable model, and showed that the response of the cable was

significantly reduced by semi-active dampers for a wide range of cable sag and damper locations. Also,

Christenson (2001) experimentally verified the effectiveness of MR fluid damper-based semi-active

control technology. However, most of the previous numerical and experimental studies considered only

one specific semi-active control algorithm, such as the clipped-optimal control algorithm and the neural

network-based control algorithm, in which they are interested.

In this paper, the effectiveness of a smart damping system using an MR fluid damper in mitigating

cable responses is systematically investigated by considering the four commonly used semi-active

control strategies, such as the control based on Lyapunov stability theory (Leitmann 1994), the maximum

energy dissipation (McClamroch and Gavin 1995, Choi, et al. 2007b), the clipped optimal control (Dyke, et

al. 1996) and the modulated homogeneous friction algorithms (Inaudi 1997). Numerical simulation

considers a stay cable excited by external load distributed along the cable and controlled by an MR

fluid damper. The control performance of each semi-active control algorithm has been compared with

those of the passive-type control systems employing an MR fluid damper.

2. Cable dynamics

Stay cables typically have small sag (1 % sag-to-length ratio or less) with high tension-to-weight

ratios. With small sag, the motion of the cable may be modeled by the motion of a taut string (Irvine

1981). Therefore, the transverse motion of the cable with a semi-active damper attached transverse to

the cable is depicted as shown in Fig. 1, where v(x, t) is the transverse deflection of the cable, L is the

length of cable, xd is the location of the damper, Fd(t) is the damper force, T is the cable tension, m is the

cable mass per unit length and ς is the modal damping ratio.

The motion of the taut cable in the linear range is described by the following partial differential

equation, 
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 (1)

where  is the external load and c is the cable viscous damping per unit length.

It is assumed that the transverse deflection may be approximated using finite series as

 (2)

where n is the number of modes considered,  is the generalized displacement and  is a shape

function.

Several hundred terms in the sine series are usually used as shape functions, even though it takes

considerable computation effort. However, when trying to use active or semi-active control, controllers

with such complexity can cause various problems in the control design and implementation stages.

Johnson, et al. (2000) showed that introducing shape function (Eq. 3) based on the deflection due to a

static force at the damper location can reduce the number of terms required for the comparable

accuracy. Fig. 2 shows a simple approximation of the first damped eigenfunction using a linear

combination of the static deflection shape and the first sine term. The static deflection shape function is

shown in Fig. 2(b) and is given by

(3)

The other shape functions remain sinusoidal as follows:

(4)

We can get the equation of motion written in matrix form from a standard Galerkin approach as

mv·· x t,( ) cv· x t,( ) Tv″ x t,( )–+ f x t,( ) Fd t( ) x xd–( )δ+=

f x t,( )

v x t,( ) φj

j 1=

n

∑ x( )ηj t( )=

ηj t( ) φj x( )

φ1 x( )
x x⁄                        0 x xd≤ ≤

L x–( ) L xd–( )⁄    xd x L≤ ≤⎩
⎨
⎧

=

φj 1+ x( ) sinπj
x

L
---= j 1 2…n 1–,=

Fig. 1 Cable with attached semi-active damper

Fig. 2 Simple approximation of first damped eigenfunction (Johnson, et al. 2000)
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 (5)

resulting in the (n×n) mass matrix M, 

 (6)

the (n×n) stiffness matrix K, 

 (7)

the (n×1) load vector f,

 (8)

and the (n×1) damper force vector ϕ,

(9)

And the damping matrix C can be derived from mass, stiffness matrices and the given set of modal

damping ratios.

Eq. (5) can be written in state-space form as

(10)

(11)

 (12)

where  is the (2n×1) state vector,  is a (3n×1) vector of quantities to be

regulated, y is a (2×2n) vector of noisy sensor measurements, v is a (2×1) vector of stochastic sensor

noise processes, and matrices are
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An observer for state estimation should be provided for state feedback, since measurements are

assumed to be available only at the damper location in the numerical example. A Kalman-Bucy filter is

used as the observer for state estimation. The displacement and velocity are measured for inputs of the

Kalman-Bucy filter, and then the state estimation vector = [ ]T can be obtained from

= (13)

 (14)

where Lkf is the estimator gain obtained by solving an algebraic Riccati equation (Burl 1999).

3. Semi-active MR fluid damper

As many researches verified the efficiency of the semi-active controller, various semi-active

control devices such as variable orifice dampers, variable friction dampers, controllable tuned

liquid dampers, and controllable fluid dampers have been developed rapidly. Semi-active devices

are distinguished from active control devices in the fact that they can produce only dissipative

force and different from passive control devices in the fact that characteristics of devices can be

changed in real time. Controllable fluid dampers are similar with variable orifice dampers but it is

different that controllable fluid dampers use controllable fluids such as electrorheological (ER)

fluids and magnetorheological (MR) fluids and do not require a mechanical valve. Many studies

on civil structural control using ER or MR fluids have proved the efficiency of those control

systems recently.

The damping device considered in this study is an MR fluid (Carlson 1994), a kind of controllable

fluid dampers using MR fluids. The simple dynamic model of an MR fluid damper has been developed

by Terasawa, et al. (2004). They adopted the MR fluid damper (RD-1097-01) provided by Lord

Corporation and the damping force Fd(t) in their proposed dynamic model of the MR fluid damper can

be expressed by

 (15)

(16)

where w(t) is the internal state variable (m), vd(t) is the displacement of cable at damper location (m),

V(t) is the input voltage to the MR fluid damper, σ0 is the stiffness of w(t) influenced by V(t) (N/(mV)),

σ1 is the damping coefficient of w(t) (Ns/m), σ2 is the viscous damping coefficient (Ns/m), σa is the

stiffness of w(t) (N/m), σb is the viscous damping coefficient influenced by V(t) (Ns/(mV)), and a0 is the

constant value (1/m).
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ẑ A LkfCy–( )ẑ Lkf  B Lkf–  Dy  G Lkf Hy–[ ]

y

Fd t( )

f⎩ ⎭
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎧ ⎫

+

ŷ
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4. Semi-active control algorithms for cable vibration

Various approaches have been proposed for the control of semi-active devices. Since the response of

the semi-active device is dependent on deformation of the device as well as the command input, it is not

possible to command directly to generate a specified damper force. Instead, the value of the voltage

applied to the current driver is changed to increase or decrease the damper force. Based on this

observation, semi-active control algorithms are designed to produce the command voltage input.

In this study, the commonly used four control algorithms are adopted and evaluated through

numerical simulation: the control algorithm based on the Lyapunov stability theory, the maximum

energy dissipation algorithm, the clipped optimal control algorithm, and the modulated homogeneous

friction algorithm. Detailed information of each control algorithm can be found in Jansen and Dyke

(2000).

4.1. Control algorithm based on Lyapunov stability theory

According to the Lyapunov stability theory, the state is stable in the sense of Lyapunov when the rate

of change of the Lyapunov function is negative semi-definite. Lyapunov’s direct approach was applied

to design a semi-active controller by Leitmann (1994). In this approach, the goal of the control law is to

choose control inputs that will result in making the following rate of change of the Lyapunov function

as possible:

 (17)

where z is the state vector, and PL is the real, symmetric, positive definite matrix satisfying the

following Lyapunov equation

 (18)

for a positive semi-definite matrix QP.

The only term in Eq. (17) which can be directly affected by a change in the control voltage is the

middle term which contains the force vector Fd. Thus, the control law which will minimize  is

 (19)

where Vmax is the maximum voltage input to an MR fluid damper, and H(·) is the heaviside step

function.

4.2. Maximum energy dissipation algorithm

The maximum energy dissipation algorithm was presented as a variation of the decentralized bang-

bang approach by McClamroch and Gavin (1995). In the maximum energy dissipation algorithm, the

Lyapunov function was chosen to represent the relative total vibratory energy in the system as (Jansen

and Dyke 2000)

 (20)
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Calculating the rate of change of the Lyapunov function from Eq. (20), the term which can be directly

affected by changes in the control voltage is identified and the control law for semi-active controller

attached to cable is obtained as 

 (21)

This control algorithm commands the maximum control voltage when the cable system dissipates

energy.

4.3. Clipped-optimal control algorithm

The clipped optimal control algorithm proposed by Dyke, et al. (1996) is the one that has been shown

to be effective for use with the MR damper. This algorithm consists of two parts of controller. The

primary controller is the LQR control design which gives the optimal control force, Fdci, that minimizes

the cost function. In this study, LQR controller which is designed by Johnson, et al. (2000) and proved

to perform well for stay cables is adapted. This controller uses force proportional to an estimate of the

state of the system using feedback gain that minimizes the cost function

 (22)

where Q and R is the response and control weighting matrices, respectively.

Optimal control force Fdci is given by equation Fdci = −Lz and the feedback gain L is given by the
equation,

  (23)

where Pc satisfies the algebraic Riccati equation 

(24)

The secondary controller, which accounts for the characteristics of MR fluid dampers that can only

exert dissipative forces, is given by

  (25)

The control law means that when the force produced by the damper is smaller than the desired

optimal force and the two forces have the same direction, the controller will command the maximum

voltage to control device.

 

4.4. Modulated homogeneous friction algorithm

The modulated homogeneous friction algorithm was originally proposed for the controller using a

variable fiction damper (Inaudi 1997), but it can be adopted for an MR fluid damper because there are

strong similarities between the behavior of a variable friction device and the MR fluid damper. This
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algorithm commands more slip force with damper deformation larger by increasing the damping

coefficient to improve the energy dissipation process of semi-active dampers. In this approach, at every

local extreme deformation of the device the desired control force Fdn
 can be determined as

(26)

where gn is the positive gain, the operator P[·] is defined as 

  (27)

for s = {min x ≥ 0| (t−x) = 0} and  is the most recent local extreme deformation of the device.

Because the force produced by the MR fluid damper cannot be directly commanded as in the clipped

optimal control law, the force level, or the command voltage input to dampers is renewed as following

equations

 (28)

5. Numerical simulation

5.1. Numerical models of cable damping model

To numerically evaluate several semi-active control algorithms for an MR fluid damper-based smart

damping systems of cable vibration, a numerical model was extracted from the real-scaled PVC

covered high-tension cable as shown in Fig. 3. The cross section and properties of the cable are

demonstrated in Fig. 4 and Table 1. In the table, l is the length of the cable, m is the cable mass per unit

length, E is the modulus of elasticity, EI and EA are the flexural and axial rigidity respectively, T is the

cable tension, and ς is the modal damping ratio.

Fd
n

gn P vd t( )[ ][ ]=

P Δi t( )[ ] Δi t s–( )=

Δ· i Δi t s–( )

V VmaxH {Fd
n

Fd–( )=

Fig. 3 Real-scaled stay cable Fig. 4 Cross section of the cable
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The MR fluid damper is constructed to provide controllable damping forces and the parameters

identified by Terasawa, et al. (2004) are in Table 2. This damper has a maximum force level of

approximately ± 2000N and maximum voltage input Vmax = 10 volts. In the table, MF represents the

magnification factor (MF = 10 in this numerical simulation).

The MR fluid damper is positioned at 3.129 m (7% of the cable length) from the bottom support and

it provides in-plane forces transverse to the cable.

5.2. Evaluation criteria

The four control algorithms considered in this study are evaluated using a set of the evaluation

criteria. The first and second evaluation criteria are measurements of the displacement at mid-span and

quarter-span, respectively. The third and forth evaluation criteria are root mean square (RMS) of cable

deflection and velocity. Each evaluation criterion is normalized by the uncontrolled value. All the

evaluation criteria are defined by

(29)

(30)

(31)

where  (32)

(33)

J1
max vmidspan t( )( )

max vmidspan t( )( )
uncontrolled

----------------------------------------------------------------=
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-----------------------------------------------------------------------=

J3
σ

2

displacement t( )

σ
2
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-------------------------------------------------------------=

σ
2

displacement t( ) E v2
0

L

∫ x t,( )dx[ ] 1

m
----trace M

1 2⁄
E η t( )ηT

t( )[ ]M1 2⁄{ }= =

J4
σ

2

velocity t( )

σ
2

velocity t( )
uncontrolled

---------------------------------------------------=

Table 1 Cable characteristics

Parameter Value Parameter Value

l 44.7 m m 89.86 kg/m

E 1.89×108 kN/m2 EI 3.79×105 kNm2

T 500 kN EA 77.36 kN

ς ς1 = 0.0015
ςi≥1 = 0.0005

Table 2 Parameters for damper model

Parameter Value Parameter Value

σ0 (N/(mV)) 28815 MF σa (N/m) 30542 MF

σ1 (Ns/m) 0.131 MF σb (Ns/(mV)) 16.3 MF

σ2 (Ns/m) 29.6 MF σ0 (V/N) 3198
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where (34)

5.3. External load

It has been reported that the response of a stay cable under wind loads tends to be dominated by the

first few modes. In this study, therefore, the excitation is assumed to be a subset of the series in equation

(4) using one term

 (35)

where W(t) is a zero-mean Gaussian white noise process with E[W(t)W(t + τ)] =δ (τ ). If a damper is not

employed to a cable, the response would be dominated only by its first mode. 

5.4. Numerical results

A series of numerical simulations were conducted. 20 shape functions are used in all the simulations.

To compare the performance of the smart damping systems employing several semi-active control

algorithms to that of comparable passive systems, two cases are considered in which the MR fluid

dampers are used in a passive mode by maintaining a constant voltage to the devices: passive off

(V = 0 volts) and passive on (V = 10 volts). For all the semi-active control algorithms considered except

the maximum energy dissipation algorithm (MED), the optimal parameters for each controller should

be obtained to make the well-performed controller. In the case of the control algorithm based on the

Lyapunov stability theory (LYAP), the several tries are carried out by varying the values in Qp because

of no standard method for selecting Qp. The resulting Qp is the identity matrix. In the case of the clipped

optimal control algorithm (CO), after varying weight R from 103 to 10-12 with the fixed Q = , the

optimal control weighting matrix is obtained as R = 10-11. In the case of the modulated homogeneous friction

algorithm (MHF), the optimal gain gn = 50,000 N/m is selected after several numerical simulations.

Numerical simulations of the two cases have been carried out. In the first case (Case 1), the relatively

large wind load is considered, and the other case (Case 2), the excitation with one-third magnitude is

considered to investigate the adaptability with respect to the change in the magnitude of the excitation.

Fig. 5 shows that the time history response of generated wind load for Case 1 and Case 2, respectively.

In Case 1, the uncontrolled maximum displacements at mid-span and at quarter-span are 29.62 cm and 20.94

cm, respectively. In Case 2, on the other hand, those values are 9.87 cm and 6.98 cm, respectively.

Table 3 and Fig. 6 show the normalized responses of control algorithms with respect to the

uncontrolled system. As shown in the table and the figure, all the control algorithms including passive-

on and passive-off significantly reduce the responses compared with the uncontrolled system. In the

passively operated systems, the performance of the passive-on is much better than that of the passive-

off system. Of all the semi-active control algorithms, the clipped optimal control algorithm and the

modulated homogeneous algorithm are slightly better than the other two algorithms that are comparable to

the passive on system. Although the performance of the clipped optimal control algorithm gives a little

superior than that of the MHF, the latter may be promising to achieve the good performance to cable

σ
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velocity t( ) E v· 2
0

L
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structure because of its simplicity. 

Table 4 shows the max and RMS control forces of each control algorithm. The clipped optimal

control algorithm, one of the most efficient control algorithms used 458.6 N RMS damper force, which

is most smallest in the all algorithms.

The numerical simulation results of Case 2 are demonstrated in Table 5 and Fig. 7. In this case that

the magnitude of the excitation is one third in Case 1, the performance of the passive-off system is

clearly better than that of the passive-on system. This shows the lack of the adaptability of the passive-

type control system. On the other hand, all the semi-active control algorithms except the maximum

energy dissipation algorithm show the good control performance. The clipped optimal control and the

Fig. 5 Zero-mean gaussian white noise W(t)

Table 3 Normalized responses with respect to the uncontrolled system (Case 1)

Control algorithms Passive-off Passive-on LYAP MED CO MHF

J1 (max. displ. at mid-span) 0.4203 0.2326 0.2215 0.2316 0.1918 0.1935

J2 (max. displ. at quarter-span) 0.4078 0.2479 0.2283 0.2455 0.1891 0.2063

J3 (RMS displ.) 0.3605 0.2090 0.1785 0.2047 0.1412 0.1611

J4 (RMS velocity) 0.3617 0.2249 0.1884 0.2197 0.1527 0.1700
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modulated homogeneous friction algorithms show the better performance than other algorithms similar

to Case 1. In the case of the maximum energy dissipation algorithm, its performance in Case 2 is poor

while that in Case 1 is relatively good. That might be because it is less adaptable to the intensity change

Fig. 6 responses with respect to the uncontrolled system (Case 1)

Table 4 Control forces of each control algorithm (Case 1)

Control algorithms Passive-off Passive-on LYAP MED CO MHF

Max. control force 240.15 1439.2 1821.1 1452.0 1858.4 1478.6

RMS control force 123.34 754.75 506.82 759.77 458.6 517.4

Table 5 Normalized responses with respect to the uncontrolled system (Case 2)

Control algorithms Passive-off Passive-on LYAP MED CO MHF

J1 (max. displ. at mid-span) 0.2442 0.3921 0.2229 0.3749 0.1874 0.1814

J2 (max. displ. at quarter-span) 0.2464 0.4169 0.2249 0.4011 0.1977 0.2077

J3 (RMS displ.) 0.2175 0.4054 0.1750 0.3628 0.1470 0.1484

J4 (RMS velocity) 0.2216 0.4388 0.2026 0.3908 0.1570 0.1656

Fig. 7 responses with respect to the uncontrolled system (Case 2)
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of the excitation than other semiactive control algorithm such as the clipped optimal control algorithm

because of its simplicity. Table 6 shows the max and RMS damper force of each control algorithm. The

tendency is almost same with the results of Case 1. 

6. Conclusions

In this study, the efficacy of an MR fluid damper-based smart damping systems for vibration

suppression of stay cables has been analytically investigated. The four commonly used semi-active

control algorithms, such as the control based on Lyapunov stability theory, the maximum energy

dissipation, clipped optimal control, and the modulated homogeneous friction algorithm, are applied to

smart damping systems for the stay cable, and the performance of each one is numerically evaluated. It

is verified from the numerical simulation results that all the semi-active control algorithms has a good

control performance to mitigate cable vibration. Especially, the clipped optimal control and the

modulated homogeneous friction algorithm are superior to other control algorithms. In addition, the

results of the passively operated systems clearly show that they do not have the adaptability to the

intensity change of excitation. Therefore, the MR fluid damper-based smart damping systems adopting

the semi-active control algorithm such as the clipped optimal control algorithm and the modulated

homogeneous friction algorithm could be considered as one of the promising strategy for vibration

mitigation of stay cables.
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