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Abstract. The governing equations of motion are derived for analysis of a sandwich microbeam in this paper. The
sandwich microbeam is including an elastic micro-core and two piezoelectric micro-face-sheets. The microbeam is
subjected to transverse loads and two-dimensional electric potential. Higher-order sinusoidal shear deformation beam
theory is used for description of displacement field. To account size dependency in governing equations of motion, strain
gradient theory is used to mention higher-order stress and strains. An analytical approach for simply-supported sandwich
microbeam with short-circuited electric potential is proposed. The numerical results indicate that various types of
parameters such as foundation and material length scales have significant effects on the free vibration responses and
dynamic results. Investigation on the influence of material length scales indicates that increase of both dimensionless
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material length scale parameters leads to significant changes of vibration and dynamic responses of microbeam.
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1. Introduction

The scientists have found this fact that the behavior of
materials in very small scales leads to important changes in
fundamental governing equations and need more
considerations. These changes for different analyses such as
free vibration, wave propagation, extension and other
analyses presents different behaviors. To capture the effect
of various parameters in micro- and nano-scale, some new
theories have been developed. Eringen (1983) developed
nonlocal elasticity for nano-scale problems and Wang et al.
(2010) developed strain gradient theory for micro-scale
problems. Studying the behavior of a micro-sandwich beam
can present important issues for researchers. A literature

review on micro-scale problems can be presented as follows.

Wang (2010) used Timoshenko's beam theory to study
the effect of transverse shear deformation on the deflection
and stress resultants of single-span Timoshenko's beams,
with general loading and boundary conditions. A modified
couple stress theory has been developed by Park and Gao
(2006) to study bending analysis of a Bernoulli—Euler beam
using principle of minimum total potential energy. They
investigated the influence of material length scale
parameters on the results. It was concluded that employing
the new model for micro-scale problems leads to a more
rigid structure rather than classical models. Aydogdu (2009)
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presented axial vibration analysis of nanorods with
clamped-clamped and clamped—free boundary conditions.
He investigated that considering the nonlocal parameter
leads to increase in natural frequencies of nanorods.

The wave propagating in 1D nano-structures with initial
axial stress has been investigated by Song et al. (2010).
They used a nonlocal elastic model incorporating with
strain gradient theory. Buckling nonlocal analysis of a
micro- or nano-rods/tubes was studied by Ghannadpour and
Mohammadi (2010) using the Eringen’s nonlocal elasticity
theory based on the Timoshenko beam theory. Shooshtari
and Rafiee (2011) studied nonlinear forced vibration
analysis of a FG beam using Euler—Bernoulli beam theory.
The nonlinearity was assumed based on von Karman
relations. Both exponentially and power law distributions
have been used for gradation of material properties along
the thickness direction. Firstly, Galerkin method was used
to obtain a second-order nonlinear ordinary equation with
cubic nonlinear term and finally multiple time scale
solutions were developed. Pradhan and Chakraverty (2013)
presented free vibration analysis of functionally graded
beams subjected to various types of boundary conditions
based on classical and first order shear deformation beam
theories. The influence of some important parameters such
as constituent volume fractions, slenderness ratios and the
beam theories has been studied on the vibration
characteristics of the problem. Sahmani and Ansari (2013)
studied vibration responses of functionally graded
microplates. Mori—Tanaka homogenization technique was
used for description of gradation of material properties. The
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governing equations of motion and constitutive relations
have been derived using strain gradient elasticity theory
with three material length scale parameters for accounting
the size dependencies. They were concluded that by
approaching the thickness of microplates to the value of
internal material length scale parameter, the natural
frequency increases significantly. The one dimensional
wave propagation in a nanobar has been presented by
Guven (2014). The local and nonlocal solutions were
evaluated for wave velocity.

Size-dependent analysis of nano-structures was studied
by many researchers (Belkorissat et al. 2015, Larbi Chaht et
al. 2015, Ahouel et al. 2016, Bouafia et al. 2017). They
examined the influence of various shear deformation theory
on the nonlocal analysis of nanobeams and plates.
Sandwich structures can be used in various situations to
perform a defined operation and withstand against various
loads. Analysis of sandwich structures needs more
consideration rather than single layered structures.
Application of higher-order shear deformation theory for
sandwich structures was performed by various researchers
(Tounsi et al. 2013, Bouderba et al. 2016). The effect of
temperature rising and temperature dependencies was
studied on the vibration and bending results of functionally
graded structures based on various higher-order shear
deformation theory (Attia et al. 2015, Bourada et al. 2015,
Houari et al. 2016, Bousahla et al. 2016, Beldjelili et al.
2016). Some applications of sandwich structure and
analysis of them were investigated by Mahi et al. (2015),
Ait Amar Meziane et al. (2014),Menasria et al. (2017),

Bennoun et al. (2016), Hamidi et al. (2015), Abdelaziz et al.

(2017), El-Haina et al. (2017), Abualnour et al. (2018). In
addition, the comprehensive analysis of nano and micro
structures was reported by Zemri et al. (2015), Bounouara
et al. (2016), Besseghier et al. (2017), Al-Basyouni et al.
(2015), Khetir et al. (2017), Mouffoki et al. (2017), Bellifa
et al. (2017), Larbi Chaht et al. (2015). Arefi et al. (2011)
studied the influence of magnetic field on the responses of a
smart cylindrical shell. Some application of piezoelectric
materials as sensor and actuator can be observed in
literature (Arefi and Rahimi 2011a,b, 2012a,b,c, 2014a,b,
Arefi et al. 2012, Arefi 2014, 2015, Arefi and Allam 2015,
Rahimi et al. 2012, Arefi et al. 2016a,b,c, Arefi 2018a,b,
Khoshgoftar et al. 2013).

Farokhi and Ghayesh (2015) developed the nonlinear
equations of motion for micro-arches under axial loads
using the modified couple stress theory. Sourki and Hoseini
(2016) developed modified couple stress theory to a Euler—
Bernoulli beam for vibration analysis of a cracked
microbeam. The cracked beam was modeled by dividing the
beam into two segments connected by a rotational spring
located at the cracked section. Some useful works on the
influence of magnetic and electric loads on the transient and
bending responses of small scale structures were performed
by Arefi and Zenkour (2016a,b,c, 2017a,b,c,d,e,f,j) and
Arefi et al. (2017). Zhen (2016) studied vibration and
instability analysis of a double-carbon nanotube system
including fluid-conveying using nonlocal elasticity theory
and Euler-Bernoulli beam theory. The influence of nonlocal
parameter was discussed on the in-phase and out-of-phase

vibration characteristics of structure. Farajpour et al. (2016)
studied local and nonlocal analysis of large amplitude
vibration of a piezo-magnetic nanoplate subjected to
applied electric and magnetic potentials. The influence of
initial electric and magnetic potentials was studied on the
responses of nanoplate. Arefi and Zenkour (2017c) studied
two-variable sinusoidal shear deformation theory to
investigate nonlocal electro-elastic analysis of a sandwich
nanoplate including Kelvin-Voigt core and face-sheets.
Arefi and Zenkour (2017e) studied piezo-magnetic analysis
of a Timoshenko nanobeam using nonlocal magneto-
electro-elastic relations. Zhang et al. (2017) studied size
dependencies, surface and bulk effects in modeling a
nanobeam based on Bernoulli-Euler and Timoshenko beam
theories. They investigated that employing current model
leads to significant differences in various responses such as
deflection, rotation, and natural frequency. Arefi (2016a,b)
studied wave propagation analysis of nanorods made from
piezoelectric and  magneto-electro-elastic ~ materials
respectively. Zenkour and Arefi (2017) studied the influence
of applied voltage and nonlocal parameter on the free
vibration and wave propagation of nanoplate and nanorods
respectively.

Based on above literature review, one can conclude that
there is no comprehensive work on the electro-elastic
dynamic analysis of sandwich nanobeam subjected to
applied electric potential using higher-order shear
deformation theory. In this paper, we develop electro-elastic
relations for a sandwich piezoelectric microbeam resting on
Pasternak's foundation subjected to transverse loads and
applied voltage. Higher-order sinusoidal shear deformation
theory and strain gradient theory are used to derive the
governing equations of motion. The problem is solved using
analytical approach for a simply-supported microbeam. The
influence of important parameters such as material length
scale parameters, two parameters of Pasternak’s foundation
and applied voltage is studied on the vibration and dynamic
characteristics. This paper is a comprehensive extension of
previous work (Arefi and Zenkour 2017a) on magneto-
electro-elastic analysis of sandwich nanobeam to sandwich
microbeam using strain gradient theory and higher-order
sinusoidal shear deformation theory. The previous paper
(Arefi and Zenkour 2017a) employed first order shear
deformation theory for free vibration and bending analysis
of microbeam. In this work we develop the governing
equations based on an advanced theory to enrich previous
numerical results and conclusion. The numerical results in
this paper and comparison with previous papers indicate that
this work has sufficient novelty for presentation as a new
work. The considered model can be used as sensor or
actuator in micro- or nano-electro mechanical systems.
Designer can use this model to measure loads or deflections
and control the stresses or deformations using a feedback
system based on two piezoelectric layers.

2. Basic relations

In this paper, we consider a sandwich microbeam with
length L including a core and two piezoelectric face-sheets
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with thicknessh, h,,, respectively. The piezoelectric face-
sheets are subjected to applied voltageV,. Based on the
sinusoidal shear deformation theory, the displacement field
components are derived as (Arefi and Zenkour 2016b)

uy (1, x3,t) = u(xg, t) — x39(x5, t) + x(x3)T(x4, 1), 1)
uz(xq, x3,t) = w(xy, t)

in which (u,,u3) are displacement components along the
longitudinal and transverse directions, respectively (Fig. 1).
In addition, T' corresponding terms of higher-order shear
deformation theory and y(x3) is a function that describes
the displacement field along the thickness direction. In this
study, based on the sinusoidal shear deformation theory,
x(x3) isselected as (Fig. 1)

h  mxg
x(xs) = —sin () @
Referring to assumed displacement field in Eq. (1), the

nonzero strain components are derived as

du dd dar
gll:d_xl_x3d_xl+xd_xl' -
1/dw dy
€13 =§<d—x1_8+d—x3r>

Hooke's law using Young’s E and shear G moduli yields
stress-strain relations for micro-core as

_E(du d8+ dF)
= dx, x3dx1 de1'

(4)

The constitutive relations for piezoelectric micro-face-
sheets are derived as

011 = Ci111611 — €113E3, (5)
013 = (1313613 — €131E1

in which Cij, are stiffness coefficients, e;; are
piezoelectric constants and E, is electric field. By
considering the electric potential, the constitutive relations
can be completed. A two-dimensional electric potential with
an applied voltage is employed as following format (Arefi
and Zenkour 20173, b)

1/;(x1' x3) = 2V, i_3 —P(x;) cos <T[h_f3) (6)
p

p

Shear layer

Fig. 1 The schematic of a sandwich microbeam subjected to
applied voltage

where V, is applied voltage at top of the plate and

~ h hp - - -
¥; = x3 £+ " For above electric potential, two electric
potential fields are derived as

Y dy (m?3)
E,=——=—cos|—],
hy

oY 2V, w X
Es = ——¢= ——o——z,bsin(—3>
hp

U]

Substitution of electric potential components into stress
relations yields following relations

du a9 ar 2V, m . (mXs
011261111(d_3C1_X3d_X1+Xd_Xl)+6113 h—p+h—p¢51n ik

dw dy dy X4

013 = 61313 (d_xl -9+ d—x3r> — €131 d_xl Ccos <h._p>

®)

For an electromechanical system, electric displacements
D; = e;jrgjr + nixEy can be defined as

X5

D = (dw )+ dy
1= €113 d_xl 4 7711d_x1C05 h_p ,

by e (B 20) g [P ()]
3 = €311 dx, x3dx1 733 b, +hp¢5m b,
In this stage, the basic relations for strain gradient
theory are expressed. The mentioned relations for this
purpose are defined as (Wang et al. 2010)

pi = 2uldy;, Tijie = 2ulin; e, my; = 2ul3 x5 (10)

in which p; are stress couples, 7;;, and m;; are higher-
order stress tensors, 71, and x;; are deviatoric stretch
gradient tensor and symmetric gradient rotation tensor and
y; is dilatation gradient tensor. In addition, u is the bulk
shear modulus and [,, I; and [, are micro-length-scale
parameters. In Eqg. (10), the deviatoric stretch gradient

tensor, symmetric  gradient rotation tensor and
corresponding dilatation are defined as (Wang et al. 2010)
_ Bskk
yi - axl )

1
Nijk = Mijic — §(5ijnrsnmk + jMymi + Skillymy)» (1)

“ =1(E. %% , 0_>
J 4 pq axp jpq axp
. . s _1f 9%y Pu; .
in which Mijk —g(axjan 9xr0%; axiaxj) and € is
the permutation symbol. By using the displacement field
defined in Eq. (1), the nonzero higher-order strains 7;jx
and consequently 73, can be derived as
s _dlu e dr 1,

M1 _d_xlz_x3d_x12+xd_xlz’ M3 = 35X L,

1/ _ady . dr dw
Ni13 =Mz =M311 = 35| —25—+2 + )

3\ “dx, T K ax dx?
. au a9 T
Mmm1 = Mi11 T N221 T M331 =d_xlz_x3d_xlz Xd_xlz’

dd dr d2w>

1
Nmm3 = M1z + N2z + Nz = §<_2d_xl + ZXd_xl + dx?

(12)
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After derivation of higher-order strains, we will get 7,
xij (deviatoric stretch gradient tensor and symmetric
gradient rotation tensor) and y; (dilatation gradient tensor)
as

du_ % dr a A
= ——- X — -, = - — JR—
" dx? 3 dx? delz Vs dx, X dx,
. 3., 2(du _d? dr
M1 =M1~ glhmm1 = g d_xlz_x3d_xlz+xd_xlz )

.3 1/ _do  _ dr dw
M333 =M333 ~ ¢ =-—c\25—+2%—+—=),

2
5Tmm3 = T\ T, T A, " dn?
1/d?*u d29 d?T
M2z =M212 = 7221 = ~ g d_xlz dxl +de1

1 ., dZ dZ (l‘?’b)

Mass =M313 = 331 = 35X F_g(d_xlz_xsd_xlz-i- dx1>
4 dd dr  d*w

7113 = M131 = N311 = E(_Zd_xl+ ZXd_Jcl+d—9c12>'

~ ~ B , d9 ) dr +ulzw
M322 = M223 = T232 = ~ ¢ dx, del dx?

X12 =

dx; 0x,/) 8 dx,

6811 6831 1 dd , dr dZW
O IE a
T dx, dx; dx?

) (13c)

After derivation of required terms for y;, x;; and n;,
the corresponding stress components p;, m;; and 7, can
be derived as

d?*u d?9 d’r
= 2ul? —X3—+
p1 =zl dx 2 3 dx1 XT3 dx1
(14s)
2ul2( 9 + dar
p3 = 4lly X == dx,
, (d%u d?*9 d’r
Ti11 = ﬂl d_ X3 dx d_xf ,
12 2 + 2x ar dzw
f333 = 5“ N, Yz )
2 2 (dz d219+ d*r >
Ti22 = T212 = To21 = —gMh | 55— X353
5 dx dx dx
gz (l4b)
= = = 2ul? ! "T d d 15)+
T133 = T313 = T331 = 4Hl 3)( 5\dx? X3 dx? dx1
8 d9 dr d*w
T113:T131:T311:EH11 _Zd_)cl+2)(d_3€1+d_xlz ,
_ _ 2 2 dﬂ +2 dar +d2
T223 = T232 = T322 = 15# dxl de1 dx?
Lo 40, dr dw (1409
mq, = — - _—— C
12 = g H% dx, X dx, dx?

After derivation of the required expressions for stresses,
electric  displacements and  higher-order  stresses
corresponding to strain gradient theory, equations of motion
can be derived using Hamilton's principle § [(T — U +
W)dt = 0, in which

oT = fpultsuldV, ,
6U = f(plé‘yl + 0',:]'681']' + Tijk6nijk + ml-j6)(i]- - DL6EL)dV
(15)
oW = fb(q6u3|x3=h/2 — RpSusly,——ps2)dxy , us,
dw
Rf = K1W - KzVZW + K3E

where K is kinetic energy of structure, U is strain energy
and W is the work performed by external works.
Kinetic energy of sandwich microbeam is expressed as

T = %f puZdv = f{%h [(%)2 + (Z—V:)Z] ~J2 (%) (%
ra(5) e () )

o () ) (e

in which the integration constants are expressed as
h

pxitdxs, (i = 1,2,3),

Ji

n/2
Ja= f
—h/2

h/2
Je = f px3xdxs.
—h/2

NS

h/2
p)(zdx3,]5 = f pxdxs, 17)

—h/2

Variation of kinetic energy and energy due to external
works are derived as

or = 1 {1 () () + (@) ()] =12 (@) () -
1 (@) () +1: (@) (50

der du\ [déT dry [déu (18a)
(5 (50) +1s (5 (50) +1: () () -
Js (dt) ( dt ) Js (dt) (?)}dxl'
oW = f(qo — Ry)dwdx;,
(18b)

2 dw
Rf=K1W—K2V W+K;;E

By using Eqg. (15) and integration along the thickness
direction, the variation of strain energy after integration by
parts is derived as

or = [ {1 [ () o = () ow] + 1 () 99 + 2 (5) o
15 (52£) 89 11 (5) o7 =15 () o1 s (55) o + (19)
Jo(58) o141 (52) 30}
Substitution of variation of strains &e;;, dilatation
gradient tensor §y;, deviatoric stretch gradient tensor 87y,
symmetric rotation gradient tensor §y;; and electric field

SE; into variation form of energy equation and integration
by part on the derived equation yields
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sU _J‘ d*6u d2519+ d?6T + < déd . d5F)
A dx? s dx? x dx? Ps\ ™ dx, dx,
+ (d5u déd + d5F)
911 dx; s dx; del

+0;3 (— —-69+y 6F) +oTin (dzsu — X3

azs9 d2§F)
dx% X dx%

1 2 d&a asT | d2sw
2 T333 - e ¥ ax?
1 X1
3 d%su d?589 d?sT
—-=T (——x + )+3‘L’ [ "6T —
5 1122\ gp2 e X3 133 |3 X (20)
1(d26u x d?589 dZSF)]
dx? 3 ax? X dx?
12 as9 dsr | d*sw 1 dso dsr
+—1'(2—2— )——1(2—2 +
15 "113 dx; | dx? 223 X ae;
dzdw)
dx?

, 5
+21 P (—@+X’ﬂ—d 6W)—D1cos(%)@+
P

dx. dxq dx% dxq

Dy h—p sin (nh—%) 61/)} dv

P
By substitution of &¢;;, 8y, 8xij, onijx and SE;
into Eq. (15), the variation of strain energy is derived as
d P1 2d?Ny;;  3d?Ny33  dNy;  3d?Nqy,
(i e e S U

(d M,  2d®My,; dP;

dx? 5 dx? dx,

N 3d%My;; 8dNyys |, 2dNggs

tNz—c—2 % s -
5 dxi 5 dx; 5 dx;

dMq4 2 dN333
dx, 5 dx;

1any,  3a? M133) 59
4 dx, 5 dx?

+( dN;3  1d?N33z; , 4d?N;y3 1d2Ngps leNi(Z)(SW(Zl)
dx; 5 dx? 5 dx? 5 dx? 4 dx?

(d251 __dRy _ dSy; | 2d%Siy + 2dS333 +R 3d%S15,
dx? dx, dx; 5 dx? ' 5 dx; 137 5 g2
G 3d%Sy;33  8dSi3
133 7 5 ax2 5 dx,
2dS;5;  1dRY, (dD1 ) }
S dx 4 d —2)6T + + D3 ) 5y

in which the resultant components are expressed as
Nyy =f011dx3,M11 = fx30'11dx3:P1 = fp1dx3»

Py = [ pydxs,

My = [x3pydxs,S; = [ xpydxs, Ry = [psx'dxs, Sy = [ xoy,dxs,
R13 f0'13)( dX3, ijk — frljkdx3' ijk — fx3TL}kdx3r ijk =

fXTL]kdx3'

(22)

Gyiji = f‘[uk)( dxs, N 12 lezdx3,

sz = lez)(’dx3,M12 = fx3m12dx3,

fchos< )d9c3,D3 —fD3—sm( )dx3

In this stage and after completion of required terms of
strain energy, kinetic energy and energy due to external
works, the final governing equations of motion can be
obtained by separation of coefficients of su, dw, d¢ and
o6y as follows

d?P;  2d*Nyy;; 3d*Nyz; dNy;  3d?Npg,

dx? 5 dx? 5 dx? dx, 5 dx?

d?u 429\ . [deT (23a)
- (5) o1 52) (5

ou:

d*M; 2d?Myy; , dP3 | dMy; 2 dNs33

dx? 5 dx? dx, dxy 5 dxq
3d2M 8 dN. 2dN, 1dNf, | 3d%M
3 1222 8dNii3  2dNpp3 4+ 1% _—1233 = (23b)
5 dxi 5 dxq 5 dxq 4 dxq 5 dxj

12 (522) = (32) +1s (i)

dN;s 1d%*N333 4d*N;;3  1d%Nyys
dx, 5 dx? 5 dx?

1 B lelez
5 dx? 4 dx?

d*w dw(ZSC)
=—/; el +q—Kw+K,V*w— K3dt

d?S, dR; dSy; 2d2Sy;; 2dSsss 3d2S,,,
dx? ~dx, dx; 5 dx? 5 dx; a3 dx?
3d?%S;3; 8d5113 2dS,,5
5 dx? 5dx; 5 dx

_1dRf,
1 ax. (23d)

d*r d*u d?9
= () (@) ()

+ 6133

D
61,[): T + D3 =0 (236)

By substitution of strain and electric field components
into basic relations, the resultant components are derived as

dd dar
]7d ]de +Joy +]23_+N
dw dy
Niz =], (d_xl - ‘9) _]13d_x1 + /240,
d a9 dar
My, :jsd_;_]wd_xl‘i']nlp +]27d_x1+Mw’
— dw dy
Dy =Ji3 (d_xl_ ‘9) + JosT +]14d_x1'
= d a9 dar
Dy =]9d_;_]11d_n+]25d_n_]15¢_[)¢1

d*u d2 dsr

Pr=J165=3 dx ]17 + /)85 dxz'
J dad +) dar
16 dx, 29 dx, (24)

oo QAT
1 _]17dx12 ]18dx12 ]30 dxlz'

oy T AT
1= ]28dx12 ]30dx12 ]35 dxlz'

dd + dar
= jzgdxl ]36dx1'

o du a9 ar
11—]z3d_xl_]z7d_xl+/261p+]37d_xl+5 )
dw dip
13 = Jaa (d_xl - ‘9) _]zsd_x1 + /38T,

1 1 d*u d?9 d’r
G133:§/43F_§ 4od_xlz_]41d_xlz+]4zd_xlz E
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1 d*u dd d*r
{N111-N122}:§{2'_1} ]19@‘]20@4'/31@ )

Wars, Nozs, N} = 35 0 =1 =13 (o 55 2119dx+2131dx)

{My11, My} = g{z -1} (]20 ax? ]21 ax? + /32 :xr)

i S122) =32 =1 (I 55— S 55 o 5%)

d*w a9 ar
{51131522315333]— {4' -1,-1} ]31d z 2]31dx +2]39dx

dzr
Nys3 = 5]401" (]19 ax? ]20 ax? + /31 ax? )

azr
( 20 dx ]21 dx ]32 dx )

azr
( 31 dx ]32 dx ]39 dx )

a9 d*w dr
NX == (_ &y _) iy
12 ]22 ax,  ax? 8]33 axy’

a1 ds  d*w L1 dar

12_8]33 dx, dx? 8]34(1)61
in which the integration constants are expressed in
Appendix.

Substitution of resultant components into five equations
of motion leads to

1
M3z = 5]41F

1
S133 = ;]42F

4 3 3 d*u d*u
Su: (]16 + ﬁ]w + ﬁhg + ﬁhg) dxd -7 a2

%9

- (ifzo +Ji7+ i]20 /20) tls 2 P
( ]31+]28+ ]31+ fsl)d 3 (252)

__an¥
dxq

(/23 + 140)

— dx1 =

d?r

]1 dt2 ]2 dt2 ]5 a2’

d*u d*u
dxt tle gz dx?
d*9

dxt

3
(]17 + 25]20 + 25]20 + 25]20)

4
+ (ﬁ]u + E]u + /1 + E]u)

4 64 4 1 d?9
- (ﬁh‘) + ﬁh‘? + ﬁ]w +J16 +J10 + ﬁ]zz)d_xlz
+ /129

32 2 2 d3w dw
+ (E]w + ﬁ]w + ﬁ]w ]22) _]12 ax,  (25h)

3 d4
(]30 + 25]32 + 25]32 + 25]32)11 Z

64 a’r
+ (%]31 tJ20t )27 +5 ]31 + ]31 +3 ]33 + ]41)

d
—J24T + (13 +]11)d_;l)1

dM1/’+ d?u d28+ d2r
dx, Jogez ~ g He g

d39 dd
>—3 + /12 ax

2 2
ﬁhg - ﬁhg

1 32
Sw: (5122 - ﬁhg -
d2

47 250)
ss) i 124d,f +ls et

d* w_
( J22 + ]19 + ]19 + /19)
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3. Solution procedure

For free vibration and dynamic analysis of sandwich
microbeam with two axially movable ends fixed along the
transverse direction and two short-circuited electric
potential, the following solution may be supposed as

(- S o

where A, =nm/L . Based on above solution and
substitution into governing equations of motion, elements of
stiffness, mass and force matrix can be obtained as

[k1{X} = [MI{X} + [C1{X} + {F} @27)

in which {x}={U,,0,,W,,E, ¥}’ and the nonzero
symmetric elements of stiffness k;; and mass in this case
can be obtained as

kyy = (]16 + %]19) )"11'1 +]7/1$u ki, = _( 17+
%]20) /14111 _]sli,kls =0, ks = (]28 + %]31) /1‘7}1 + (28)
(]23 + %]40) 2,
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kis = —JoAn, Myy = —J1, M1z = J3, M1s = =5,
2 4 72 1 2
ko = (]18 + §]21)/1n + (]10 +J16 + ﬁ]w + ﬁ]zz) An
+ J12, K23
36 1 3
== (ﬁ]w - ﬁ]zz) A = Ji2n

2 72 1
ks = — (]30 + 5132) - (]27 tlotcJant et
1
i) 2 = Jaatn
kas = 1z + J11)An, Moy = —J3, M4 = J6,

1 18 4 2 2
ksz = (ﬁ]zz + ﬁ]w) A+ J1240 + K1 + KAy

36 1
k3s = (§]31 - 5]33) B+ Jaaln, kzs = —J13A%, Ms3 = —]4,
2 1
kas = (]35 + 5139) = (5]34 +J36 + /37 +
2 72 1
5]42 + E]39) 22+ (]38 + 5]43)»](45 = —(z6 +J25) A0
kss = _]14/131 —JissMy1 = —Js, My = Jo, Myy = =],

4. Results and discussion

The numerical results of the problem including the
natural frequencies and dynamic responses may be
presented as function of input parameters of the problem.
Before presentation of the numerical results, the material
properties of core and piezoelectric face-sheets may be
presented as (Arefi and Zenkour 20173, b)

E =1x10' (Pa),v = 0.3,p = 2300 (kg/m?),
C1111 = 226 X 10° Pa, €y312 = Cy313 = 44.2 X 10° Pa,
e113 = €131 = —2.2 (C/m?), p? = 5500 (kg/m?),

11 = 5.64 X 10~° (C/mV), 755 = 6.35 x 10~° (C/mV)

To investigate the effect of three micro-length-scale
parameters (ly,l;,1,) on the dynamic results of the
sandwich  microbeam, two-dimensionless parameters
a=1/l, and B =1,/l, are employed.
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Fig. 2 shows fundamental natural frequencies of
sandwich microbeam in terms of two dimensionless
parameters «, 8. It can be observed that with increase of «,
all fundamental natural frequencies are decreased
significantly. In addition, the values of natural frequencies
are strongly depending on the values of B. The unique and
general expression for change of natural frequencies in
terms of B cannot be mentioned. Figure 3 shows variation
of fundamental natural frequencies of sandwich microbeam
in terms of spring K; and shear K, parameters of
foundation. One can conclude that fundamental natural
frequencies are increased significantly with increase of both
parameters. This is due increase of stiffness of foundation
that leads to larger natural frequencies.

The influence of Winkler's parameters of foundation K;
on the dynamic responses of microbeam is presented here.
Shown in Fig. 4 is non-dimensional displacement
w=103W/L of sandwich microbeam in terms of
excitation frequency w for various Winkler's parameters of
foundation Kj.
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It is observed that with increase of spring parameters of
foundation, the non-dimensional displacement w s
decreased significantly. Fig. 5 shows the beam rotation
© = 10°0 of sandwich microbeam in terms of excitation
frequency w for various Winkler's parameters of
foundation K;. One can conclude that with increase of
Winkler's parameters of foundation K;, the stiffness of
foundation is increased and consequently deflection and
rotation of microbeam are decreased. Shown in Figure 6 is
beam higher-order rotation E = 10°E of sandwich
microbeam in terms of excitation frequency w for various
Winkler's parameters of foundation K;. One can see that
beam higher-order rotation £ of sandwich microbeam is
negative and is decreased with increase of Winkler's
parameters of foundation K;. Fig. 7 shows maximum
electric potential ¥ = 10°¥ through thickness direction of
sandwich microbeam in terms of excitation frequency w
for various Winkler's parameters of foundation Kj.
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Fig. 11 The maximum electric potential ¥ through
thickness direction of sandwich microbeam in terms of
excitation frequency w for various first dimensionless
material length scale parameters «
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Fig. 12 The non-dimensional displacement w of
sandwich microbeam in terms of excitation frequency w
for various second dimensionless material length scale
parameters

Fig. 8 shows non-dimensional displacement w of
sandwich microbeam in terms of excitation frequency w
for wvarious first dimensionless material length scale
parameter «. It can be concluded that with increase of first
dimensionless material length scale parameter «a, the
dimensionless deflection is decreased due to increase of
stiffness of structure. The influence of first dimensionless
material length scale parameter a on the beam rotation 8,
beam higher-order rotation E and maximum electric
potential & through thickness direction of sandwich
microbeam are presented in Figs. 9-11.

Influence of second dimensionless material length scale
parameter B on the non-dimensional displacement w of
sandwich microbeam, beam rotation ©, beam higher-order
rotation £ and maximum electric potential @ through
thickness direction of sandwich microbeam in terms of
excitation frequency w are presented in Figs. 12-15.
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microbeam in terms of excitation frequency w for
various second dimensionless material length scale
parameters f3
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Fig. 15 The maximum electric potential ¥ through
thickness direction of sandwich microbeam in terms of
excitation  frequency @  for various second
dimensionless material length scale parameters g
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Fig. 16 Comparison of dimensionless deflection of
microbeam between Timoshenko and higher-order
sinusoidal shear deformation theories

Fig. 16 shows comparison of dimensionless deflections
of microbeam between Timoshenko and higher-order
sinusoidal shear deformation theories in terms of Winkler's
parameters of foundation. it is concluded that employing the
higher-order sinusoidal shear deformation theory can
improve accuracy of results.

5. Conclusions

In this research, free vibration dynamic response
analyses of a sandwich microbeam were investigated. The
sandwich microbeam was fabricated from a micro-core and
two integrated piezoelectric face sheets. Strain gradient
theory as well as higher sinusoidal shear deformation beam
theory were employed to derive governing equations of
motion. After derivation of appropriate terms for kinetic and
strain energies and energy due to external works, the

governing equations of motion were derived using
Hamilton's principle. The important results to present the
effect of significant parameters such as micro-length scale
parameters, parameters of foundation and excitation
frequency were presented. The main conclusions of this
paper can be presented as follows:

Our analytical results indicate that material length scale
parameters have significant effect on the vibration and
dynamic characteristics of sandwich microbeam. To
investigate the effect of three micro-length scale parameters
(lo,14,1;) on the results, two dimensionless parameters
a=1/l, and B =1,/l, were employed. The results
show that fundamental frequencies are increased with
increase of a while with increase of g, they increased for
B < 0.5 and decreased for B > 0.5. In addition, with
increase of two parameters of Pasternak's foundation,
natural frequencies are increased significantly due to
increase of stiffness.

Maximum electric potential through thickness direction
of microbeam are changed with change of two
dimensionless parameters a, . It is concluded that with
increase of a, B this component is decreased significantly.
In addition, with increase of two parameters of foundation,
maximum electric potential is decreased due to increase of
stiffness of microbeam. The numerical results show that the
beam higher-order rotation of microbeam is negative while
the beam rotation is positive. Both components are
decreased with increase of two parameters of Pasternak’s
foundation and two dimensionless material length scale
parameters «a, 5.
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