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Abstract. Maintenance of deteriorated bridge structures has always been one of the challenging issues in developing
countries as it is directly related to daily life of people including trade and economy. An effective maintenance strategy is
highly dependent on timely inspections on the bridge health condition. This study is intended to investigate an approach
for detecting bridge damage for the long-term health monitoring by use of copula theory. Long-term measured data for the
seven-span plate-Gerber bridge is investigated. Autoregressive time series models constructed for the observed
accelerations taken from the bridge are utilized for the computation of damage indicator for the bridge. The copula model
is used to analyze the statistical changes associated with the modal parameters. The changes in the modal parameters with
the time are identified by the copula statistical properties. Applicability of the proposed method is also discussed based on

a comparison study among other approaches.
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1. Introduction

Performance of deteriorated bridges is a key concern in
retaining the stability of land transport. Maintenance
strategies and repair works are usually required in order to
prevent failure of such important infrastructures. However,
developing an effective maintenance strategy is not easy as
it needs timely evaluations on the health conditions of
bridges. As most bridges have been functioned for several
decades, certain potential risks are expected due to the
structural strength reduction in long term. Moreover,
following the fast economic development nowadays, the
need for public transportation is increasing. This leads to
more number of vehicles and higher load burden to the
bridge which even worsen the situation. Therefore, an
economical and efficient structural monitoring system for
the bridges would be useful for ensuring its serviceability.
Structural health monitoring of old deteriorated bridges has
became of great significance in civil engineering
community in past decades. Many advanced techniques
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have been utilized and been attempted to evaluate the
structural health condition. Park et al. (2007) have
implemented the laser scanning technology to detect the
displacement of the structure. The use of piezoceramic
patches in the health monitoring of concrete bridges have
been reported by Soh et al. (2000). Li et al. (2016) have
provided an overview of the development in the field of
structural health monitoring by using the optical sensors.
Until recently, the advances and achievements in ultrasonic
wave structural health monitoring have been discussed in
Mutlib et al. (2014). Among these, the use of vibration data
is still one of the most common and promising technologies
(Feng et al. 2017, Hoag et al. 2017, Zhang et al. 20173, b).
The idea is to use the structural dynamic parameters,
such as the frequency, damping and modal shape, as an
indicator for the health condition of bridges. Fundamentally,
if a change in the parameters is observed, the health
condition of bridge structures is considered changed.
Typical applications include, for example, Chang and Kim
(2016) have identified the modal frequencies and mode
shapes of the bridge by using a stabilization diagram-aided
multivariate autoregressive analysis of vehicle-excited
bridge vibrations. Dilena et al. (2011) have estimated the
modal parameters of a damaged bridge from frequency
response measurements using harmonic excitations. A key
step in the damage identification process is to find
anomalies out from the observations. Many works have
been devoted to this task based on statistical properties of
observed variables. However, significant research
conducted was focussed on individual statistical properties
whilst the dependencies are simply ignored. Since vibration
data is collected from a huge structural monitoring sensor
network, such ignorance would lead to a large waste of
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information in the analysis.

An alternative way of improving the current
identification techniques is to utilize the statistical
properties of dependencies between the observed data. The
canonical correlation analysis is perhaps one of these
approaches that have drawn the most attention (2007). The
idea of using the Mahalanobis Distance to detect the
anomalies in the multivariate time series data has also been
noticed by Kim et al. (2013) and Tee et al. (2013). However,
all these approaches are having a general assumption that
the data from different sources are linearly dependent. If the
actual dependency is nonlinear, then the applied approach
may only offer quite coarse approximations. Unfortunately,
the nonlinear dependency is commonly existed between the
sensor observations. The characterization of nonlinear
dependency among the sensor network remains challenging
and requires robust multivariate models to detect structural
damage from the partial available information.

To remedy this problem, this study aims to provide a
methodological contribution by developing copula-based
multivariate models for the modal parameters of bridge
structures, and an associated identification approach to
detect structural damage. The paper is organized as follows.
Section 2 will firstly present the fundamental modal
parameter—based bridge diagnosis method using time series
models. Then the copula-based damage identification
method is described in Section 3. Section 4 then
demonstrates the use of the developed method for a real old
deteriorated bridge. Detailed benefits of utilizing the copula
concept in the analysis are discussed. The concluding
remarks are summarized in Section 5.

2. Structural damage identification from AR model

There are many techniques developed nowadays on the
health monitoring of bridge structures based on damage-
sensitive features. One of the common methods is focusing
on changes in system frequencies and structural damping
constants by utilizing a time series model such as the
autoregressive (AR) model.

2.1 Damage indicator from AR coefficients

In a linear dynamic system, the output can be idealized
by an AR model as

y(k)=iaiy(k—i)+e(k) (1)

where y(k) represents the output of the structural dynamic
system at time k, @; is the ith order AR coefficient, and e(k)
denotes an error term. However, there are several key points
to be addressed when using the time series model in modal
parameter—based bridge diagnosis. For instance, the number
of order terms used in a time series model for characterizing
the vibration responses of bridge structures should be
selected with caution. An inappropriate selection may result
to spurious modal parameters and thus lead to unreliable
results of system frequencies and damping constants.

A possible way to determine the optimal AR order can
be obtained by the means of Akaike Information Criterion
(AIC). The standard AIC for a time series model can be
given as

AIC =nlog(272 )+ 2(m +1)+n @)

where n is the number of data, m is the number of orders in
AR model, and E? is the square of prediction errors. AIC
takes into account both the complexity and the goodness-of-
fit of the model. A smaller value of AIC indicates a better
model.

Once the order of AR model is confirmed, the AR
coefficients can be transformed and linked to the modal
parameters. By utilizing a z-transformation, the AR model
with order of p can be expressed in the z-transform as

)= - zl e(c) o

where H(z) represents the transfer function of the system in
the discrete-time complex domain, and z" is a forward shift
operator. The denominator of the transfer function is the
characteristic equation of the dynamic system and

2" +az" a2+ +a, yz+a, =0 (4)

Therefore, the frequency and damping constant of each
structural mode can be determined from the complex
conjugate poles as follows.

Z, =exp(hka)k + jor y1- hkzj (5)

where | represents the imaginary unit, h, and wy are the
damping constant and circular frequency of the kth mode of
the structural system, respectively. The function H(z) is also
defined as AR polynomial of the model transfer function
which relates the input to output. The poles z, in Eq. (4) can
be estimated by finding the roots of the AR coefficient
polynomial in the denominator of H(z). As the coefficients
of H(z) are real, the roots should be real or complex
conjugate pairs. The number of poles in z-plane must equal
to the number of orders in AR model. Therefore, damages
in the structure (e.g., a change in frequency and damping
ratio) will correspond to changes in the AR model
coefficients. Based on this concept, the AR model based
damage indicator (DI) can be defined as

lay|
- 2 (6)
ZJa_

where DI stands for the damage indicator, and also changes
due to damage. Usually, in computing the damage indicator,
it is not necessary to include all the order terms in the AR
model. For example, the higher order terms in the AR
model are corresponding to high frequency modal
parameters which are insignificant in the structural
dynamics. Therefore, the following equation is suggested

DI =
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for a simplified damage indicator

a2 + a2 +a2
1 2 3
where only the first three AR coefficients are utilized.
It was shown by Nair (2006) that these AR coefficients
are the most significant ones in the AR model when there
are damages occurred in the structure. The conclusion was
also agreed by Kim et al. (2013), who observed from a
bridge-moving vehicle laboratory experiment that DI,
considering up to the third order of AR coefficients, is a
promising parameter in bridge health monitoring.
Feasibility of the DI for real bridge application is examined
in (2016) which concluded that the DI is superior to modal
parameters, with the advantages of preventing potential
human errors.
2.2 Removing environmental and
influences

operational

Before performing any further damage identifications
based on the calculated modal parameters, it should be
realized that the environmental and operational changes
could have significant influences on the modal parameters.
For example, the temperature could be quite an influential
factor that can greatly affect the structural frequency values.

This is because the Young’s modulus is usually
temperature dependant. Theoretically, for the same
structural system, natural frequencies are proportional to the
Young’s modulus of the system. Therefore, a change in the
temperature would eventually lead to a change in the
structural natural frequency. In this sense, certain data
pretreatment is required to remove the associated influences
in order to have more independent modal parameter dataset.

To achieve this, Kalman filter and autoregressive
exogenous (ARX) model (Varouchakis 2016, Omenzetter
and Brownjohn 2006, Yan et al. 2004) are applied in this
study. Following are details regarding application.

2.2.1 Kalman filter

Kalman filter can be utilized to remove the noises that
might be induced by the environmental and operational
conditions. In combination with ARX model, the
disturbances caused by environmental and operational
factors can be well identified and eliminated. Another
advantage of applying Kalman filter is its updating
procedure. Since it is an online updating algorithm, the
structural health monitoring can be conducted in a more
efficient way. The converged model parameters in Kalman
filter after updating can be considered as an optimal model
parameters. Therefore, the noises can be removed by
applying the identified model parameters in the time series
data analysis. The detailed procedures can be described in
following steps.

The state space model for the Kalman filter is given by

x, =Fx, +Gv, (8)

Yi = Hix +w, 9)

where x; and y; are the state matrix and observation at time t,
respectively, v; and w; denote noise at time t. For a
particular time series model, F, G and H, can be estimated
from the collected data. In the present structural health
monitoring, X could be referring to the observed damage
indicators, e.g., DI.

Therefore, the future state can be predicted by means of
the Kalman filter as follows (Kitagawa and Gersch 1984)

Xijr—1 = FXe g1 (10)

Vi1 = F\/t—]Jt—lFT +GQG" (11)

where x and V denote the predicted mean matrix and
covariance matrix at time t given the value at time t-1,
respectively. Q stands for the covariance matrix of V..

The filtered state can also be calculated from the
following equations

X =Xy + Ky (Yt - HtXt|t—1) (12)

Vi = (l -KiH, )Vt|t—1 (13)

where K, stands for the Kalman gain defined by
-1
K= tht—lHtT (Htvtlt—lHtT + R) (14)
where R denotes the variance of w;.

2.2.2 ARX model

Although Kalman filter could remove a significant part
of the noises, the influences induced by environmental and
operational factors can still exist in the observed data. In
order to further eliminate these effects, the ARX model
could be adopted. Theoretically, it could express the
environmental and operational factors discretely as exterior
disturbances (Bishop 2006). To remove the environmental
and operational influences from the oberved DI, this can be
obtained by

q . r .
DIV =» DI+ gul 1w, (15)
i=1 i=1

where g and r are the orders of the time series model, ¢; and
fi are the associated order coefficients, u® denote the
observed environmental and operational factors at time t
and w; is the white noise. Furthermore, by connecting Egs.
(11) and (15), the relationships among the parameters and
matrices can be given by

y, =DIV (16)

F = I (Identity matrix) a7
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G = 0(Null matrix) (18)
X, =ler, g, BT (19)

H, =[ DI, D¢,y ]
(20)

R=1

While the initial mean and covariance matrices can be
assumed to be

Xopo = 0(Null matrix) (21)

Voo = I (Identity matrix) (22)

The optimal model parameters are obtained by
satisfying

|Xt|t _Xt—llt—1| =0 (23)

Therefore, the environmental and operational effects can
be greatly removed by characterizing the dependences in
the ARX model.

2.3 Damage identification from multiple observations

Once the data corresponding to calculated modal
parameters is preconditioned, the damage identification can
be conducted. For instance, the DI could be utilized as a
reference in observing the monitored structure. A large
deviation with the observations of structure at its intact
condition would be considered as a change in the structural
condition. The damage indicator based structural health
monitoring method is easy and convenient. However, it is
usually criticized for its inefficiency in data usage. The
construction of a time series model usually requires too
much information. This normally needs a very long
observation time. Moreover, the stability of the damage
index in single time series is not reliable enough to judge
the safety of the whole structure. The use of only one
parameter to identify the health condition of bridge
structure is usually too bias and unreliable. For instance, the
identification accuracy of frequencies from the vibration
data is higher than that of the damping constants. Based on
this concern, the frequencies are more preferred in detecting
the structural damage. However, , damping constants are
more sensitive to the structural damage. The detection of
changes in damping constants would be more meaningful
compared to the frequencies. Therefore, many studies
attempt to utilize the monitoring data from multiple sources.
Among these, the Mahalanobis Distance (MD) is one of the
widely adopted approaches (Chang and Kim 2016).

The Mahalanobis Distance is generally a measure of the

distance between the observations and the theoretical values.

In detecting the structural damages, it is usually utilized to

calculate the distance of an observation X = (x;, -+, x,)7
from their theoretical mean u = (uq, -+, u,)7. This can be
expressed as

MD(X )= (X ) (X — ) (24)

where S is the covariance matrix for the n-dimensional data
X. The theoretical mean u can be obtained from the
monitored data of the bridge at an early stage which is set as
a reference. Therefore, a large deviation from the theoretical
mean would imply a structural damage in the bridge.

Furthermore, the Bayes factor can also be introduced to
make judgment of the value changes. Under the Bayesian
theory, the probability of a hypothesis conditionally on
observed data can be calculated. For example, if the null
hypothesis (Hp) is indicating a ‘healthy’ condition and the
alternate hypothesis (H;) is defined as a ‘damage” condition,
the posterior odds can be obtained by utilizing priors and
marginal likelihoods as follows

_ pOH,) _ | P16 H)PE [H)dG
- POIHo) [ (D6, Hy)p(@, | Ho)d0,

where D refers to the data obtained during monitoring,
p(D|Ho) and p(D|H,) are the marginal likelihoods, and 6, 6;
are parameters under hypothesis Hy and H; respectively.
Bayes factor is in fact the ratio of likelihood of the ‘healthy’
scenario and ‘damage’ scenario. By utilizing a similar
concept of Mahalanobis distance, the hypothesis Hy and H;
can be defined as

Ho 1 X =44 (26)

which measures how much deviation between the observed
data and the reference data.

If the Bayes factor is greater than 1, it indicates the data
favor hypothesis H; and hence suggests that there is a
structural damage. If Bayes factor is less than 1, it generally
implies a ‘healthy’ structural condition.

Although MD and Bayes factor are both simple
concepts that can be efficiently applied, the drawbacks of
these two are also obvious. Mahalanobis distance might not
offer an accurate measure of structural damage if the
observations are nonlinearly dependent. The Bayes factor
only measures the data mean. The change of dependency
structure could not be captured by the Bayes factor.
Therefore, with the aim of advancing the field of structural
health monitoring, there is a strong need for establishing a
more robust damage identification approach that could
utilize the relationships between multiple observations.

3. Copulatheory

To achieve a more efficient use of multivariate data, the
concept of copula could be introduced in the structural
health monitoring analysis (Zhang et al. 2015). Copula is a
powerful tool for modeling multivariate data which has
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been widely applied in finance and economics (Cherubini et
al. 2014), offshore engineering (Zhang 2015, Zhang and
Lam 2015), reliability theory (Zhang and Lam 20164, b) as
well as in hydrology and environmental sciences (Vanem
2016).

3.1 Basic formula

Copula is a model which could connect univariate
marginal distributions to a multivariate distribution. In
practice, a multivariate distribution function can be
constructed by combining the marginal distributions with
specific dependence structures where the latter is called a
copula function. This copula function can be expressed as

C:[0,1]" - [0,1] and H(xq,...,x,)
= C(FL (1), o) Fn () @7)

where H(-) is the cumulative joint distribution function
and F;(-) is the individual cumulative marginal distribution
function for the ith variable. Specifically, copula C is a
cumulative distribution function which connects the one-
dimensional probability distributions Fi(x1),..., Fa(X,) to a
multivariate probability distribution H(-).

Generally, the most important characteristic in a copula
model is the dependence structure. A copula model can
describe various kinds of dependencies which include
association concepts such as concordance, linear correlation
and the related dependence measures. It is much more
flexible than traditional concepts for characterizing
multivariate dependencies. More detailed theoretical review
can be found in (Nelson 2006, Genest and Favre 2007,
Genest and Neslehova 2007, Joe 2015). Typical examples
of copulas are shown in Appendix A.

3.2 Copula based damage detection method

In the damage identification problem, the structural
damage can be detected by a change-point detection
algorithm from the dependence structure in the multivariate
series. For an n-dimensional data series X = (x,--,x,)7,
the joint distribution of the multivariate variables at time t
can be formulated by a copula function by

H(Xt)zc(ut:(Ul,tv--vun,t)|‘9t) (28)

where u; is the marginal probability vector of x;, e.g.,
ui=Fi(x;); C(-) is the copula function and 6, stands for the
copula parameter at time t.

Assuming there is no structural damage at t+1, then the
type of copula should be generally constant. Thus, the null
hypothesis of no change in the dependence structure of X
can be given as follows

HO th = 0t+1 (29)
H 6 #6,

If the null hypothesis Hy is rejected, it indicates a

dependence structural change in the multivariate series

which implies an event of structural damage. The structural
damage may not occur at a particular moment, and therefore

the copula parameter values can be compared between any
two time points. That is, the hypothesis in Eqg. (29) can be
changedto Hy:6, =6,, and Hq:6, + 6.

The null hypothesis should be rejected when a small
value of the test statistic of copula-based likelihood ratio is
noticed. The copula-based likelihood ratio can be expressed

by
T R COED)
u,t L[l(th)L(Z(th) Hc(utl‘atl)Hc(utz‘gtz) (30)

where Lg (1), L, () and L. 4., () are the likelihood
functions for the multivariate data during time periods ty, t,
and t;+t,, respectively. On the condition that a structural
damage is occurred between t; and t,, the hypothesis Hq will
be rejected. This can be tested by the following statistic
(Xiong et al. 2015)

Zyy, =—2InA (31)

If Zyy 12 is large, it implies there is a structural damage.
The former work has derived the asymptotic distribution
of ZY2 for the hypothesis test. This is given by

P(Z”Z S z): 2 exp(-2%12)

k/2
24'%1(k/2) 32)
{In(1—h)(1—|)_Lm(l—h)(l—l)+i+0[iﬂ
hi 22 hi 22 \7*

where k is the number of copula parameters, I'(.) is the
gamma function, h=I=[In(n)]**/n and n is the number of
data. Thus, if the p value calculated in Eq. (32) is less than a
criteria value such as the significance level, an inference
can be made that the structure is damaged. This provides an
opportunity that this concept can be implemented into the
structural damage identification.

4. Framework of copula based long term structural
health monitoring

Based on the theoretical concepts introduced in Sections
2 and 3, the framework of copula indicator based long term
structural health monitoring is developed herein. The whole
process can be divided into three stages which can be
described as follows.

Step 1: Data collection and structural modal analysis

The initial step in the structural health monitoring is to
extract the key structural information from the observed
dynamic data. In this first step of the proposed framework,
the measured data in the monitored structure including the
accelerations, displacement and temperatures from the
associated sensors are necessarily gathered. This group of
data will serve as a reference for judging structural
condition changes in a future observation. The accuracy of
the data collected at the site is quite essential for the
monitoring. Following the structural modal analysis
procedures given in Section 2.1, the modal parameters
including frequency and damping ratio are identified. Based
on the results, the damage indicator Dls are calculated for
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the key modal parameters. Usually, the structural damages
are directly related to the structural modal frequencies.
Therefore, DI for the structural frequency is employed in
this case.

Step 2: Apply Kalman filter and ARX model

The second step is to remove the environmental and
operational influences in the time series data. However, it
should be recognized that the influences of environmental
and operational conditions in the modal parameters are
quite different. For example, the temperature might have
significant influence on structural frequencies, but may not
have large effect on damping ratio. In this proposed
framework, such influences will be treated for different
modal parameters separately.

In this study, the key elements regarding the impacts of
environmental and operational conditions on bridge
structures are believed to be the temperature and the vehicle
weight. The establishing of ARX model considers both
effects on the bridge structural modal parameters. As such,
the number of variable in the regression of ARX model are
two. It should also be noted the Kalman filter need to be
validated in every step of data updating. Values of the
model parameters have to be recalculated when new
observed data is analyzed.

Step 3: Calculate the copula based damage indicator and
evaluate the structural health condition

The last step is the calculation of the copula based
damage indicator. During the monitoring period, the
dynamic data is collected from the bridge structure. The
modal parameters are calculated following the same
procedures in Step 1. Based on the constructed ARX model
in Step 2, the environmental and operational effects are
removed from the modal parameters. From the filtered time
series data, a pair of modal parameters can be utilized to
compute the copula based damage indicator. In this sense,
the most key modal elements should be selected. The value
of copula damage indicator will be updated when new data
is withdrawn from the measurement.

In the present study, the first mode frequency and
damping ratio is chosen for calculating the copula damage
indicator. This is mainly because many former works have
indicated that these two modal parameters are the most
important factors governing the structural safety condition.
Once the result of copula based damage indicator is
calculated, it can be compared with a marginal value to
judge whether the structural condition is changed or not. In
this sense, the value obtained in the first step serves as the
reference and the new updated data would represent the
current structural condition. In other words, the reference
data should be taken from the time when the structure is at
its intact condition. A detailed flowchart of the whole
calculation procedures is highlighted in Fig. 1. However the
applicability and suitability of these developed procedures
for bridge structural health monitoring have not been
examined. From the different indicators of structural
damage, the type of assessment best describes the structural
condition has to be made and this is elucidated in the
following section.

I Determine the optimal AR model order |

.

Estimate the structural modal parameters
from the AR coefficients

B

Apply Kalman filter to
remove the noises

.

I Calculate the state matrix, x, I

Apply the ARX model to remove the
environmental and operational influences

4,I Update the data set with new data |
I Calculate the copula based Z statistics |
No — ¢
I Compare 1t with the marginal value I
Terminate

monitoring?

I Decision making based on the results I

Fig. 1 Framework of copula based structural health
monitoring procedures

5. Case study: long-term monitoring for an in-service
steel plate-girder bridge

A steel plate-girder bridge with Gerber system which is
located in Himeji, a city of Japan, is analyzed in this study.
It has a width of 8 meters and length of 142 meters with
seven spans. The bridge was constructed in 1960 and was
operated since then. A picture of this bridge can be seen
from Fig. 2. The basic information of this bridge is also
provided in Table 1.

The bridge experienced fatigue damage due to high
traffic volumes of heavy trucks. Since 2008 after full
reinforcement against fatigue failure, the bridge has been
monitored by the dynamic sensors. The sensors are put at
four locations in the middle and the end of the bridge. Two
are put at the up lane and remaining two are put at the down
lane. A plan view of these sensors is plotted in Fig. 3. The
marked red squares UA-1, UA-2, DA-1 and DA-2 stand for
accelerometers that are used to measure acceleration
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Fig. 3 Location of sensors on the bridge
Table 1 The basic information of the bridge
Construction year 1960
Bridge length (m) 142
Hanging girder 16.0
Span length (m) Anchorage girder 6.2+28.4+6.2

Width (m) 8.0

responses of steel girders on up and down lanes respectively.

The sampling rate of the accelerometers is 200 Hz. Another
two thermometers (T-5 and T-6) are also placed in the
middle of the bridge to accompany the accelerometers. The
temperature is measured and recorded once per hour. The
monitoring system was working from 2008 to 2016 but
however suffered several system errors and stopped
functioning for some years.

This study intends to detect the long-term structural
damage associated with the bridge from the vibration
characteristics. As discussed in Section 2, the use of AR
model in the structural health monitoring is based on a
comparison between the observed structural condition and
the intact structural condition. For this reason, the data
collected at the earliest time is utilized as the reference for
intact structural conditions. This covers the data recorded
from 6™ August 2008 to 21% June 2009. It was reported that
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Fig. 4 Observed (a) frequency,(b) damping ratio and (c) DI from sensor DA-1 from July 2008 to July 2009

the bridge is in a perfect condition with no damage and
deterioration during this period. Unfortunately, a car
accident occurred in 2010. The bridge suffered impact
during this accident and believed having some minor
influences although no structural damage was reported by
an emergency visual inspection. Moreover the periodic
bridge inspection in 2013 found peeled painted surface of
bridge members which was suspected as a sign of fatigue
crack. Therefore, the observations after the year 2010 will
be analyzed and compared to the data corresponding to
intact condition of structure. It is noteworthy that
operational influences to the long-term bridge monitoring
are not considered in this study as this study mainly focuses
on feasibility of the copula-based damage detection.

In this study, the key modal parameters including
frequency and damping ratio are utilized to detect any sign
of bridge damage. The data from sensor DA-1 is utilized in
this analysis. Since this is a short span bridge, the first mode
is believed to be dominant and therefore is chosen for the
investigation. Based on the AR model based structural
identification algorithm, which was introduced in Section 2
(Sung et al. 2017), the first mode frequency and damping
ratio are identified. It should be noted the lower modal
parameters are quite sensitive to boundary conditions. As
the inspected point is located at a short span in the bridge,
the boundary conditions of this inspected part are believed
to be fixed. This is because the size and scale of this part is
quite small compared to the whole bridge. However, it
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should be realized the influences could be quite high if the
boundary conditions are not fixed. For more references, see
Li et al. (2010) and Li et al. (2018). A general plot of the
estimated values of frequency and damping ratio is shown
in Fig. 4. The calculated damage index as introduced in Eq.
(7) for the damping ratio is also included in the figure. The
optimal order of AR model in this case is determined to be
23. It can be seen the calculated damping ratio is quite high
(>5%) which is larger than most of the concrete and steel
bridges. The main reason is because of the structural
deterioration which has caused a reduction in the critical
damping.

Undoubtedly, the calculated modal parameters include
some clear environmental influences. For the analyzed
bridge in this study, the most significant environmental
factor would be the temperature. For instance, the frequency
values become very low when the temperature rises in the
middle of the year. A more clearer view can be seen in Figs.
5 and 6 which include the trend terms. The trend of
observed frequency values shows an obvious seasonal
variation while a minimum value is spotted in summer and

a maximum value is spotted in winter. Therefore, the
temperature factor has to be considered and a step of
removing this effect is required. Following the developed
procedures in Section 2.2, the Kalman filter and ARX
model are applied in this case. A typical first order ARX
model is adopted for the frequency. This is given as follows

f=kT+¢C, (33)

where f is the frequency, T is the measured temperature, k is
the coefficient and C is the frequency value that is
independent of temperature. Therefore, the temperature
effect is treated as a regression term in the ARX model. By
subtracting the temperature term, kT, from the frequency
data, the value of frequency is transformed to a
temperature-independent one. An observation of this
subtraction can be seen in Fig. 7 which compares the
frequency value before and after the regression. The same
procedures are applied to all the other modal parameters
before a further analysis.
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After the ARX model is established, the data preco
nditioning is applied to both the observations before 20
10 and after 2010. The results of the calculated structu
ral frequency, damping ratio and DI are plotted in Fig.
8. As can be seen, the seasonal variations in these modal
parameters are still obvious. This might be induced by some
other environmental factors like transportation volume.
However, it should be noted that the values of either
frequency or damping ratio do not show large deviations
after the year 2010. It is hardly to tell there is a structural
change by only looking at the frequency and damping ratio
values. Even by observing the damage index, the changes
are still not obvious. In other words, this implies the struct
ural performance assessment based on the pure calculat
ed modal parameters is not easy.

Therefore, for the further detection of sign of structural
damage, the indicators based on multiple observations are
utilized. Herein, the traditional applied MD, Bayes factor
and the newly proposed copula based indicators are used for
the structural health assessment. The identified structural
frequency and damping ratio are employed to serve as two
data sources in this case. In other words, the dependences
between the frequency and damping ratio is used in the
damage identification. A general feel of the dependences
changes between these two modal parameters can be seen in

Fig. 9 which includes the scatter plots frequency and
damping ratio before and after 2010. It can be seen that the
correlation between frequency and damping ratio decreases
after 2010. This implies that there is a change in the
dependence between the modal parameters.
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0.1t . *  Data from 2014 to 2015 |

<
=)
|

Damping ratio

4 4.2 4.4 4.6 4.8 5
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Fig. 9 Comparison of scatterplot of damping ratio and
frequency for two periods
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Following the procedures introduced in Sections 2 and 3,
the indicator values for the whole period are calculated and
plotted in Figs 10-12. The MDs for individual frequency
and damping ratio are also estimated. In order to observe
the differences between the intact condition and the
condition after the year 2010, the 95-percentile value of the
data observed in intact condition is highlighted. For the
copula based damage indicator, the commonly applied
Gaussian copula is used to calculate the Z statistics. The
critical Z statistic value corresponding to p-value of 0.05 is
also estimated and highlighted in the figure.

As shown in the figures, MD shows very obvious
differences between the intact condition and the condition
after the year 2010. The Bayes factor is somehow less
sensitive compared to MD. However, Bayes factor is more
sensitive to the national holidays as denoted by the peaks.
For example, the calculated Bayes factor for frequency has
very large values around the New Year’s holidays for bridge
structure in both the intact condition and the damaged
condition. This is more reasonable compared to MD results
which do not show very obvious peak values. Compared
with these two indicators, copula based Z statistics shows
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outstanding features. As can be seen from Fig. 12, the
values of Z statistics between intact condition and after year
2014 are quite different from each other. Moreover, Z
statistics is also very sensitive to the traffic effects due to

the national holidays as illustrated by the peak values in Fig.

12.

As shown in the figures, MD shows very obvious
differences between the intact condition and the condition
after the year 2010. The Bayes factor is somehow less
sensitive compared to MD. However, Bayes factor is more
sensitive to the national holidays as denoted by the peaks.
For example, the calculated Bayes factor for frequency has
very large values around the New Year’s holidays for
bridge structure in both the intact condition and the
damaged condition. This is more reasonable compared to
MD results which do not show very obvious peak values.
Compared with these two indicators, copula based Z
statistics shows outstanding features. As can be seen from
Fig. 12, the values of Z statistics between intact condition
and after year 2014 are quite different from each other.
Moreover, Z statistics is also very sensitive to the traffic
effects due to the national holidays as illustrated by the peak
values in Fig. 12.

This phenomenon can also be observed in Table 2 which
compares the percentage of data that is beyond the marginal
values (dash lines in Figs 10-12) for different indicators.
From the results, it can be seen that MD of bivariate modal
parameters are more sensitive compared to MD for
individual modal parameter. The results from Bayes factor

shows that damping ratio is more sensitive to the structural
damages. Nevertheless, the copula based Z statistics is the
most sensitive indicator which produces an anomalous data
rate of 71%. The main reason that Z statistic can outperform
the other approaches is because of the copula characteristics.
Not like the traditional approaches, which can only detect
changes in individual parameters (Bayes factor) or joint
relationships (MD), the copula model can characterize both
the individual behavior and the complex dependencies. On
one hand, the marginal functions can handle the individual
variable’s behaviors. On the other hand, the copula function
can feature the dependence characteristics. The copula
based Z statistic indicator is a complete reflection of all the
statistical properties of the multivariate data. Therefore, the
copula based damage identification approach could provide
a full utilization of the multivariate data.

These results provide us an opportunity to utilize the
copula concept for the structural damage detection.
Implementing such statistic in the long term structural
health monitoring is not straightforward and is still in the
development stage. The key features of the copula model
can help to formulate a more sensitive damage indicator
from the observed multivariate data, whilst the traditional
approaches cannot. The interpretation of the copula based
indicator result is analog to the interpretation of other
damage sensitive indicators. An additional feature of the
proposed copula approach is a direct reflection of the
dependences contained in the variables.
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Table 2 Comparison of different indicators in assessing the data after 2010

Indicator name MD for MD for MD for Bayes factor for Bayes factor for Copula z
frequency damping frequency & frequency damping ratio statistic
ratio damping ratio
Detected  anomalous 38% 55% 62% 9% 42% 71%
data rate

Conversely, acceptable Z statistic values can be directly
determined based on specified structural damage scenarios.
The future work will be focusing on the development of a
real time damage detection approach based on the copula
approach.

5. Conclusions

In this study, feasibility of using copula theory in
identification for health monitoring of an old deteriorated
bridge structure is investigated through a real case study. A
copula based feature sensitive indicator is proposed to
detect the structural changes from sensor data. The indicator
is developed based on the statistical properties between
different modal parameters. Based on this concept, the
framework of copula based long term structural health
monitoring is developed. This covers three steps including
data collection, data pre-processing and dam-age
assessment. The proposed framework is then applied to a
real bridge located in Japan for detecting structural changes
over eight years of time. The case study demonstrated that
the changes in dominant frequency and damping ratio of the
bridge were well identified using the measured data. It
shows that the copula based damage indicator is the most
robust one among all the indicators for detecting the
anomalous data. Moreover, the copula based damage indi-
cator is found to be able to detect a sign of dependence
changes among the modal parameters. The identification of
damages of individual modal parameters is here replaced by
an identifi-cation of the dependences changes among the
modal parameters. Feasibility of the analysis regarding the
successful damage detection rate is given in all cases.
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Table A.1 Examples of Archimedean copulas
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Fig. A.1 Comparison of different bivariate copulas for the same correlation coefficient equals to 0.7

Appendix A Examples of copulas

There are many copula families and classes available in
the literature. Each one could characterize specific
dependences of data. Most of these copulas are built for a
bivariate case which may be extended to a multivariate
model quite easily by the mathematical transformations. In
most of the applications, the Archimedean copula are
frequently used in practice (Genest and Mackay 1986).

Archimedean copulas

The family of Archimedean copulas includes a wide
range of parametric copula classes. They are widely applied
in data modeling because of their feature and ease of
construction. Generally, an n-dimensional Archimedean
copula is initially constructed from algebraic method
utilizing the generating function ¢(.):

CArchimedean (Ul,...,Un;H) = 40[71] ((/)(ul;a)+ ot go(un;e); 0) (Al)

where ¢: [0, 1]x©—[0,) is a strictly decreasing convex
function with ¢(1)=0. 6 is the copula function parameter
with its domain ©. '™ is the pseudo-inverse of ¢ which
is defined by

9 '(t;0) if 0<t<p(0;0)

H(t,0)=
7= i g0y <tz

(A2)

Therefore, the construction of a multivariate copula
model is relying on the generating functions used in Eq.

(A.2). There are many well-known Archimedean copula
families which can be found in the literature (Genest and
Rivest 1993). The generating functions of the most popular
single parameter Archimedean copulas including Gumbel,
Frank and Clayton are given in Table A.1.

An illustration of these Archimedean copulas is provided
by means of bivariate scatter plots as depicted in Fig. A.1. It
can be seen from the plot each Archimedean copula
characterizes a special tail dependency for the bivariate data.
For example, the Gumbel copula is an excellent candidate
model for data having stronger dependencies at large values
compared to low values, whereas the Clayton copula is good at
characterizing data exhibiting strong low value dependencies.
On the other hand, the Frank copula is considered quite
appropriate for data having relatively weak dependencies at
both tails. For the structural health monitoring problems, in
some modal parameters, stronger dependencies are observed at
the extremes. For instance, frequency values of different modes
usually show high correlations with each other when structural
damages occurs, and thus one can expect the data to show
stronger dependencies between the frequencies when there are
some changes in the structural conditions. Hence, to be suitable,
a copula model for this case is robust enough to capture these
characteristics observed in the data.





