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Abstract.  This paper presents techniques to harvest higher voltage from piezoelectric cantilever energy 
harvester by structural alteration. Three different energy harvesting structures are considered namely, 
stepped cantilever beam, stepped cantilever beam with rectangular and trapezoidal cavity. The analytical 
model of three energy harvesting structures are developed using Euler-Bernoulli beam theory. The thickness, 
position of the rectangular cavity and the taper angle of the trapezoidal cavity is found to shift the neutral 
axis away from the surface of the piezoelectric element which in turn increases the generated voltage. The 
performance of the energy harvesters is evaluated experimentally and is compared with regular piezoelectric 
cantilever energy harvester. The analytical and experimental investigations reveal that, the proposed energy 
harvesting structures generate higher output voltage as compared to the regular piezoelectric cantilever 
energy harvesting structure. This work suggests that through simple structural modifications higher energy 
can be harvested from the widely reported piezoelectric cantilever energy harvester. 
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1. Introduction 
 

Harvesting energy from the mechanical vibrations in the environment using piezoelectric 

transducer based approach has been the focus of many recent investigations. The applications of 

energy harvester include wireless sensor, portable electronic devices, implanted biomedical 

devices, battery charging or replacement operation, microelectromechanical systems, health 

monitoring, MAV applications, cameras etc (Levron et al. 2011, Ferrari et al. 2009, Barker et al. 

2011, Magoteaux et al. 2008, Abdelkefi et al. 2013). Most of the energy harvesters reported in 

literature consists of a cantilever beam structure with one or more piezoelectric transducers 

(Sodano and Inman 2004, Priya 2007). In very recent years, efforts are made by researchers to 

improve the harvested power from the piezoelectric energy harvester by the way of structural 

tailoring, structural modification, attaching additional mass and so on. 

Carlos et al. (2009) derived an electromechanically coupled finite element (FE) plate model for 
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piezoelectric energy harvesting system using base excitations for predicting the electrical power 

output. The performance of a circular piezoelectric diaphragm energy harvester at resonance 

frequency is demonstrated by Chen et al. (2012). It is shown that the energy from the harvester 

increases as its resonance frequency decreases. Kim et al. (2013) proposed three kinds of hollow 

plate ceramic harvesters such as square-plate ceramic- type, hexagon-plate ceramic-type and 

circle-plate ceramic type harvesters and concluded that hexagon-type harvester generates higher 

voltages using experimental and simulation studies. Li et al. (2010) proposed a cantilever 

piezoelectric power harvester with a curved L-shape proof mass that lowers the fundamental 

frequency and improves the power density in comparison with conventional cantilever 

piezoelectric power harvesters. A cantilever piezoelectric energy harvester with an H-shape proof 

mass comprising of two detached metal blocks with an optimized mass ratio to generate a bending 

moment at tip which improves the strain distribution along the beam is reported by Guan et al. 

(2013). Abdelkefi et al. (2012) have investigated a beam with tip mass structure to harvest energy 

from multi frequency components with a base excitation and shown the way to extract more 

energy from three frequency components by adjusting the asymmetry of the tip masses. 

Mehraeen et al. (2010) have proved that tapered cantilever beams are more effective in 

generating uniform strain profile over rectangular and trapezoidal beams and resulting in increased 

harvested power. The harvested energy from the piezoelectric energy harvester is maximized by 

varying the thickness of the beam along its length which produces more uniform strain distribution 

along piezoelectric element length (Paquin and St-Amant 2010). Benasciutti et al. (2010) proposed 

vibration energy harvesting system using piezoelectric resonant bimorph beams to convert the 

environmental vibration into electrical energy. They proposed two trapezoidal configurations, 

having respectively the wider side clamped or free and shown that considerable gains in power 

levels are achieved as compared to the rectangular shape beam with equal width. The effects of 

shape variations of a cantilever beam on its performance as an energy harvester has been 

investigated by Ben Ayed et al. (2013) and concluded that the fundamental natural frequency and 

mode shape are strongly affected when varying the shape of the multilayered cantilever beam. 

These energy harvesters with piezoelectric element can generate energy at low-frequency 

excitations with enhanced power density. The influence of variation in the cross-section, in the 

natural frequency, mode shapes and amplitude of vibration has been discussed (Ece et al. 2007). In 

this work piezoelectric energy harvesting systems using stepped cantilever beam with rectangular 

and trapezoidal cavity are designed and developed to improve the harvester performance.  

This paper is organized as follows. Section 2 presents description of energy harvesting 

structures. Modelling of the stepped cantilever beam with rectangular, trapezoidal cavity is 

presented in Section 3. Section 4 presents the experimental evaluation, results and discussions are 

presented in Section 5. Conclusions are drawn in Section 6. 

 

 
2. Description of energy harvesting structures 

 
An energy harvesting structure using stepped cantilever beam with piezoelectric element is 

considered in this paper. The stepped beam develops higher bending moment than the normal 

beam and generates higher voltage from the piezoelectric element. Fig. 1(a) shows the stepped 

beam piezoelectric harvester without cavity. To improve the harvested power, a rectangular cavity 

is introduced in the stepped beam exactly below the piezoelectric element location as shown in Fig. 

1(b). The thickness and position of the rectangular cavity in the stepped beam influences the 
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neutral axis and the generated voltage. Further to increase the efficiency of energy conversion in 

the harvester, a trapezoidal cavity is proposed instead of rectangular cavity. The taper angle of the 

trapezoidal cavity in the stepped beam develops more uniform strain distribution than the beam 

without cavity and with rectangular cavity and generates higher voltage from the piezoelectric 

element. To analyze the effect of shape, dimension and position of cavity on the harvested power, 

six structures having same outer dimension and piezoelectric dimension are considered which are 

shown in Figs. 1(a)-1(f). 

The structures are designed using Aluminium stepped cantilever beam of length L with 

piezoelectric element of length l which is placed on the top surface of the beam at a distance L1 

from the fixed end. A rectangular cavity of length l is introduced in the stepped beam with 

different cavity thickness and position from the top surface of the beam to form the structures as 

shown in Figs. 1(b)-1(d). Similarly a trapezoidal cavity of length l is introduced in the stepped 

beam as shown in Figs. 1(e)-1(f) with different the taper angle (α ). 

 

  
(a) (b) 

  

(c) (d) 

  

(e) (f) 

Fig. 1 Schematic of the stepped cantilever piezoelectric energy harvester. (a) without cavity. (b), (c) and 

(d) are with rectangular cavity having different cavity thickness and position, (e) with trapezoidal 

cavity of taper angle
075.0 , (f) with trapezoidal cavity of taper angle

05.1  
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3. Modelling of the energy harvesting structures 
 

The model of energy harvesting structures shown in Fig. 1 is derived based on the Euler- 

Bernoulli beam theory with input applied at the free end of the beam using electromagnetic 

excitation. The model of the energy harvesting structure is developed by dividing the beam into 

three sections as shown in Fig. 2. In all the structures shown in Fig. 1, Section I and Section III 

consists of regular beam element. In the structure shown in Fig. 2(a), Section II consists of a 

rectangular cavity with a piezoelectric element bonded on its top and in Fig. 2(c) Section II 

consists of a trapezoidal cavity with a piezoelectric element bonded on its top. 

 

 

 
(a) 

 
(b) 

 
(c) 

Continued- 
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(d) 

Fig. 2 (a) Schematic of the stepped cantilever piezoelectric energy harvester with rectangular cavity, (b) 

Section II, (c) Schematic of stepped cantilever piezoelectric energy harvester with trapezoidal 

cavity and (d) Section II. 
 

The bending vibration equation for constant cross-section beam based on Euler–Bernoulli beam 

theory (Liao and Sodano 2012, Abdelkefi and Barsallo 2014) for the Section I and Section III is 

expressed as 
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width of Section III. where bρ , Eb and t are density, young’s modulus and thickness of the beam. 

The Section II of the beam with rectangular cavity shown in Figs. 1(b)-1(d) consists of four 

layers namely bottom layer (below the rectangular cavity), rectangular cavity, top layer (above the 

rectangular cavity) and piezoelectric element. The detailed schematic diagram of Section II with 

rectangular cavity is shown in Fig. 2(b). 

The Section II of the stepped beam with trapezoidal cavity shown in Figs. 1(e)-1(f) consists of 

four layers namely, bottom layer (below the trapezoidal cavity), trapezoidal cavity, top layer 

(above the trapezoidal cavity) and piezoelectric element. The detailed schematic diagram of 

Section II is shown in Fig. 2(d). In Section II the length and width of all the layers are equal. 

The vibration governing equation for the Section II is expressed as 
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where Y2(x) is the amplitude of modal function and
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For the Section II of the beam having trapezoidal cavity mass per unit length, )(2 xmm  , bending 

stiffness )()( 2 xEIEI   . The thickness of the trapezoidal cavity is expressed as 
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The location of the neutral axis of the Section II, ZG(x) is derived to be 
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where b is the width of Section II, Ep and tp are young’s modulus and thickness of the piezoelectric 

element. The stiffness EI(x) and mass per unit length m(x) of Section II is given by 
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The free vibration solutions for the Section I, Section II and Section III are expressed as 
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where 
121 C  C   are the constants of integration determined by suitable boundary and continuity 

conditions (Wang and Wu 2012, Salehi-Khojin et al. 2008).  The forced vibration solution for the 

complete beam due to the dynamic force )()sin(),( ' LxtFtxf    applied at its free end is 

expressed as (Wang and Wu 2012, Park et al. 2012) 
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angular frequency of input force respectively. The voltage generated from the piezoelectric 

element at fundamental natural frequency is )(tVg (Wang and Wu 2012, Dosch et al. 1992) 
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where 31e is the piezoelectric constant, vC is the capacitance of the piezoelectric element. The 

perpendicular distance ( cy ) from the beam neutral axis to the middle of the piezoelectric element 

is derived for Section II as, G
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where t1, t2 and t3 are the thickness of bottom layer, rectangular cavity and top layer of Section II. 

The perpendicular distance ( cy ) from the beam neutral axis to the middle of the piezoelectric 

element for the Section II having trapezoidal cavity is found to be 
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The magnitude of the dynamic force F at the free end of the beam (Challa et al. 2011), is given 

by 
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where, N is number of coil turns, I is magnitude of current to the coil, A is the cross sectional area 

of core, Br is the flux density of the permanent magnet, Le is the length of the electromagnet, Lr is 

the length of the permanent magnet, R is the radius of the permanent magnet and d is the initial 

gap between the magnets as shown in Fig. 2(a) and 2(c). The optimum load resistance (RL) of the 

energy harvester for excitation at the open-circuit fundamental natural frequency is given by 

(Erturk 2009) 
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maximum value of power generated from the energy harvester (Pg) is given by (Dai et al. 2014a,b) 
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where, Vg is the maximum value of the generated voltage (Vg(t)) given by the Eq. (15). 

 

 

4. Experimental evaluation 
 

The energy harvesting structures shown in Fig. 1 are experimentally evaluated for its 

performance and compared with the results obtained from the model described in Section 3. The 

experimental setup for evaluating the proposed energy harvesting systems is shown in Fig. 3. The 

dimension and properties of the beams and piezoelectric element are given in Tables 1 and 2. The 

electromagnet has number of coil turns N = 2000, length Le = 16 mm and cross sectional area        

A = 78 mm
2
 is placed at the free end of the beam which is used to excite the beam. The flux 

density of the cylindrical permanent magnet Br = 1.1 T, length Lr = 3 mm, radius R = 5 mm and the 

initial gap between the magnets d = 2.8 mm. The trapezoidal, rectangular cavities in the beams are 

made by wire cut EDM (Electric discharge machining) tool.  

 

 

 
(a) 

 
(b) 

Continued- 
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(c) 

Fig. 3 Piezoelectric energy harvester with cavity beam. (a) Schematic of the experimental set up.              

(b) Photograph of the stepped beam with rectangular cavity and (c) Photograph of the stepped 

beam with trapezoidal cavity 

 

 

 
Table 1 Dimension and properties of Aluminium beam 

Symbol Description Value Units 

L  Length 276 mm 

     1b  Width 72 mm 

b  Width 25 mm 

3b  Width 40 mm 

bt  Thickness 6 mm 

bE  Young’s modulus 71 GPa
 

b  Density 2700 -3m Kg
 

 

 

 
Table 2 Dimension and properties of Piezoelectric element (PZT 5H) 

Symbol Description Value Units 

l  Length 76 mm 

pb  Width 25 mm 

pt  Thickness 0.5 mm 

pE  Young’s modulus 47.62 GPa
 

p  Density 7500 -3m Kg
 

31e  Piezoelectric constant -16.6 -2m C  

31d  Piezoelectric charge coefficient -274 -1N pC  

vC  Capacitance 104.3 nF  
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5. Results and discussions 
 

In the energy harvesting structures shown in Fig. 1, the piezoelectric element is bonded on the 

top surface of the section II of the beam. The Section II is at a distance of 40 mm from the fixed 

end and width is 25 mm. The generated voltage for the stepped beam having a rectangular cavity 

with the thickness of 2 mm, positioned at a distance of 0.5 mm from the top surface of the beam as 

shown in Fig. 1(b) is computed. The shift in the neutral axis of the beam is found to be 0.612 mm 

and mm 69.3cy . The shift in neutral axis of the beam for the cavity having a thickness of 3 mm 

positioned at 0.5 mm from the top surface of the beam shown in Fig. 1(c) is found to be 0.744 mm 

and mm 83.3cy . The distance cy , generated voltage and harvested power are found to increase 

with thickness of the cavity when placed at a fixed position from the top surface of the beam. The 

fundamental natural frequency is found to decrease with cavity thickness as shown in Fig. 4.  

The voltage generated is computed by changing cavity position (1 mm) from the top surface of 

the beam for a thickness of 2 mm as shown in Fig. 1(d), the shift in the neutral axis of the beam is 

found to be 0.382 mm and mm 46.3cy . The distance cy , voltage generated and harvested power 

decreases when the position of the cavity moved away from the top surface of the beam with fixed 

cavity thickness. The fundamental natural frequency is found to increase with cavity position and 

the respective graphs are shown in Figs. 5(a)-5(c). 

The generated voltage for the beam having a trapezoidal cavity with taper angle 075.0   
(t21= 1 mm, t22=2 mm), positioned at a distance of 2.5 mm from the bottom surface of the beam 

shown in Fig. 1(e) is computed from the model presented in Section 3. The shift in neutral axis of 

the beam is found to be 0.23 mm and yc=3.33 mm. The shift in neutral axis of the beam having 

trapezoidal cavity with taper angle 05.1 (t21= 1 mm, t22=3 mm), positioned at a distance of 2.5 

mm from the bottom surface of the beam, shown in Fig. 1(f), is found to be 0.46 mm and yc= 3.54 

mm. The distance yc, generated voltage and harvested power are found to be increasing with 

increase in angle of taper  of the trapezoidal cavity in the beam. The fundamental natural 

frequency of the harvester is found to be decreasing with increase in angle of taper , the results 

are shown in Fig. 6. 

The voltage-force characteristics for the stepped beam without cavity (shown in Fig. 1(a)), with 

rectangular cavity (shown in Figs. 1(b)-1(d)) are shown in Figs. 7 and 8. The results are also 

compared with the normal beam of equal width without cavity. For the vibration force of 0.1 to 0.4 

N applied at the free end of the beam, the generated voltage is computed from Eq. (15) and 

measured from experimentation is found to be in close agreement in all cases. The increase in 

voltage is 1.61 and 2.95 times higher for the stepped beam having a cavity thickness of 2 mm and 

3 mm positioned at a distance of 0.5 mm from the top surface of the beam as compared to the 

stepped beam without cavity. Moreover, as compared to the normal beam without cavity the 

increase in voltage is 1.7 and 3.1 times higher for the stepped beam having a cavity thickness of 2 

mm and 3 mm positioned at a distance of 0.5 mm from the top surface of the beam. 

The generated voltage from the stepped beam without cavity (shown in Fig. 1(a)), with 

trapezoidal cavity (shown in Figs. 1(e)-1(f)) for the input vibration force of 0.1 to 0.4 N applied at 

the free end of the beam computed from the model presented in Section 3 and measured from 

experimentation is shown in Fig. 9. Also the results are compared with the voltage generated from 

the normal beam of equal width. The generated voltage from the stepped beam with trapezoidal 

cavity having taper angle of 075.0 and 05.1  is 1.38 and 2.5 times higher as compared to 

the voltage generated from the stepped beam without cavity. Furthermore, as compared to the 
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normal beam without cavity the generated voltage is 2.03 and 3.7 times higher for the stepped 

beam with trapezoidal cavity having taper angle of 075.0 and 05.1 . 

  

 

 
(a) 

 
(b) 

 
(c) 

Fig. 4 Analytical results for variation in thickness of the cavity positioned at 0.5 mm, (a) Output Voltage, 

(b) Harvested Power and (c) Fundamental natural frequency 
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(a) 

 
(b) 

 
(c) 

Fig. 5 Analytical results for variation in position of the cavity of 2 mm thickness. (a) Output Voltage.        

(b) Harvested Power and (c) Fundamental natural frequency 

 

635



 

 

 

 

 

 

A. Rami Reddy, M. Umapathy, D. Ezhilarasi and G. Uma 

 

 

 

(a) 

 
(b) 

 
(c) 

Fig. 6 Analytical results for variation in taper angle (α) of the trapezoidal cavity positioned at a distance of 

2.5 mm from the bottom surface. (a) Output Voltage, (b) Harvested Power and (c) Fundamental 

natural frequency 
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(a) 

 
(b) 

Fig. 7 Voltage- Force characteristics for the cavity positioned at 0.5 mm (a) For the cavity thickness of 2 

mm and (b) For the cavity thickness of 3 mm 

 

 

 

Fig. 8 Voltage- Force characteristics for 2 mm thick cavity positioned at 1mm 
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(a) 

 
(b) 

Fig. 9 Voltage-Force characteristics for the stepped with trapezoidal cavity positioned at a distance of       

2.5 mm from the bottom surface. (a) Taper angle 075.0 and (b) Taper angle 05.1  

 

 

6. Conclusions 
 

This work aims at improving the energy harvested from the piezoelectric energy harvesting 

system by structural modification, with inclusion of rectangular and trapezoidal cavities. A stepped 

beam with rectangular cavity and trapezoidal cavity is proposed and it is demonstrated that, the 

generated voltage is higher in both the cases compared to stepped beam without cavity and normal 

beam without cavity. Analytical and experimental evaluations shows that the thickness, position of 

the rectangular cavity and the taper angle of the trapezoidal cavity has influenced on the neutral 

axis shift and hence the generated output voltage and power. From the analytical and 

experimentation results it can be concluded that simple modification(s) in the structure of the 

cantilever beam can improve the output voltage and harvested power of the piezoelectric energy 

harvester. 
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