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transducers in series electrically
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Abstract. This paper aims to present the analytical solutions of 2-2 cement based piezoelectric transducers
in series electrically based on the theory of piezo-elastic dynamics. The solutions of two different kinds of
2-2 cement based piezoelectric transducers under external harmonic load are obtained by using the
displacement method. The effects of electrical connection of piezoelectric layers, loading frequency,
thickness and distance of piezoelectric layers on the characteristics of the transducers are discussed.
Comparisons with other related experimental investigations are also given, and good agreement is found.
The proposed 2-2 cement based piezoelectric transducers have a great potential application in monitoring
structural health in civil engineering and capturing mechanical energy or monitoring train-running safety in
railway system and traffic safety in road system.
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1. Introduction

Nowadays, health monitoring of structures have been getting more and more attention (Aizawa
et al. 1998, Huston et al. 1994). Li et al. (2004) presented an overview of current research and
development in the field of structural health monitoring with civil engineering applications. Song
et al. (2006) presented the concept of intelligent reinforced concrete structures (IRCS) and
extended it to structural health monitoring in civil engineering. Additionally, they developed
embedded piezoceramic transducers (Song et al. 2007) and a piezoceramic-based wireless sensor
network (Li et al. 2010) used in concrete structural health monitoring. Jang et al. (2010) and Jang
et al. (2012) used the wireless smart sensors to monitor the health of a cable-stayed bridge and a
historic steel bridge, respectively. As one fundamental element of a health monitoring system and
an active vibration control system, sensors and actuators should be durable, inexpensive,
compatible with the host structure and preferentially active. Many achievements have been
obtained on the performances of various traditional piezoelectric smart devices. Shi and his
co-workers studied the mechanical and electrical behavior of several piezoelectric actuators,
including multi-layer piezoelectric beams, piezoelectric curved actuators and functionally graded
piezoelectric beams (Li and Shi 2009, Xiang and Shi 2008, 2009, Yao and Shi 2011, Zhang and
Shi 2006). Huang et al. (2007, 2008) deduced piezo-elasticity solutions for functionally graded
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piezoelectric beams under the plane stress condition. Lim et al. (2001) and Bian et al. (2006)
presented a state space formulation to study the parallel piezoelectric bimorph and the functionally
graded beam actuators and sensors, respectively. Yang and Xiang (2007) investigated the static
bending, free vibration and dynamic response of monomorph, bimorph and multimorph actuators
made of functionally graded piezoelectric materials. Besides, Yang et al. (2004) also analyzed the
non-linear bending behavior of functionally graded plates with piezoelectric actuators. In order to
improve the output displacements of the functionally graded piezoelectric bimorph type actuators,
Carbonari et al. (2006, 2007) presented topology optimization formulation to find the optimum
gradation and polarization sign variation in piezoceramic domains.

Smart materials and structures have been gradually infiltrating into the field of civil
engineering. In order to overcome the problem that piezoelectric materials have poor compatibility
with concrete, researchers have given their attentions to the fabrication and use of cement-based
piezoelectric composites in civil engineering, such as 0-3, 1-3, 2-2, sandwich cement based
piezoelectric composites (Chaipanich 2007, Li et al. 2006, Li et al. 2007, Xu et al. 2009, 2011). In
these piezoelectric composites, 2-2 cement based piezoelectric composites have both desirable
sensor effects and actuator effects (Dong and Li 2005, Li et al. 2001, Zhang et al. 2002). However,
most of works focused on the fabrication and detection for cement-based piezoelectric composites.
Theoretical investigations on the behavior of these piezoelectric composites, especially on the
dynamic behavior are very limited. Shi and his co-workers have been focused on presenting the
exact theoretical analysis of these piezoelectric composites (Han and Shi 2011, Han et al. 2011,
Han and Shi 2012, Shi and Wang 2013, Zhang and Shi 2011). Based on our previous works, the
properties of 2-2 cement-based piezoelectric transducers in series electrically are further analyzed
based on the theory of piezo-elastic dynamics. In Section 2, the basic equations for 2-2 cement
based piezoelectric transducers are summarized. In Section 3, two different kinds of 2-2 cement
based piezoelectric transducers under external load are considered and the analytical solutions are
obtained by using the displacement method. In Section 4, comparisons with other related
experimental investigations are conducted and good agreement is found. In addition, the effects of
electrical connection of piezoelectric layers, loading frequency, thickness and distance of
piezoelectric layers on the characteristics of the transducers are also discussed.

2. Basic equations

Two kinds of 2-2 cement-based piezoelectric transducers as shown in Figs. 1 and 2 are
considered. Both transducers consist of N +1 cement layers and N piezoelectric layers, and they
are arranged alternatively. The thicknesses of the cement layer i and the piezoelectric layer i

are determined by (h,, ,—h, ,) and (h,—h, ), respectively. The thickness of every layer

may be different. All of the piezoelectric layers are polarized along its thickness direction. Besides,

the piezoelectric coefficient will be defined as plus or minus depending on the polarization

direction in the positive z-axis or negative z-axis (Xiang and Shi 2008). The governing equations

for the piezoelectric layer | and the cement layer i have been listed in previous article (Shi and

Wang 2013). In the present paper, the following harmonic external loads are considered
{V (t)=V,e', qt)=q,e’" (for case 1)

joot (1)
q(t)=0q,e (for case 2)
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where (, and V, are the external load amplitude, j=~-1, w=2xf is the circular
frequency, t is the time.

For harmonic steady vibration, the solutions with the following forms can be assumed

(Upis 01> 8> D) =[Upi (2), 0,6 (2), 4(2), D, (2) 16" (for piezoelectric layer i) 2

3)

(Ugi» i) =[Ug (2), 0, (2)]**  (for cement layer i)

qt) A

 VYYYYVY VY

N+l

1

Fig. 1 Schematic of 2-2 cement based piezoelectric transducer under a voltage and a uniformly distributed
load (case 1)

Fig. 2 Schematic of 2-2 cement based piezoelectric transducer under a uniformly distributed load (case 2)
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where o, and U are the stress and displacement components of the piezoelectric material

along the z direction, respectively; D, and ¢ represent the electric displacement and electric
potential in the same direction, respectively.

Furthermore, the detailed expressions of Uy, (Z),0,5(2),¢(2),D,(Z),U;(2) and o,(2)
can be derived (Shi and Wang 2013)
Upi (2) = Ay, sinkp,; 2 + By, coskp,z

. e
021 (2) = Ppi (Ap; cos ki Z — By sink2) + —=2-C,;
33i (4)
€5 .

$(z) =L (A,; sinkyz+ By, cosk,z+C;z2+Cy)

33i

D, (z) =—€;;C;;

{Um (2) = A, sink;z + B cosk;z )
0, (2) = Pei (A coskez — By sink;2)
K2 ppia)2 e323i k. K> IDCia)2 K
where Kp; = C 2 P = (Cyspi +—)Kpi, Ke; = C » Pei = CusciKei - The symbols
i T e33i/K33i K33 33Ci
A, .B;,,C,;.C,, A, andB are constants to be determined by the boundary conditions and
: 143 . C — 1 _ d33i & _ .0 d323i S d
connecting conditions; Cj;p =——, €53 = and K33, = Ky5 — , OF Oy, Oy and
33Pi 33Pi 33Pi

Ky, are the elastic coefficient, piezoelectric coefficient and permittivity coefficient; pp, is the

density of the piezoelectric material; C,,; and p; are the elastic coefficient and density of the

cement material.

3. Analytical solutions for 2-2 cement based piezoelectric transducers
3.1 Piezoelectric transducer subjected to a voltage and a uniformly distributed load

Fig. 1 shows the case of 2-2 cement based piezoelectric transducer subjected to a voltage and a
uniformly distributed load. It is assumed that the polarization directions of piezoelectric layers lie
along the negative z-axis. In order to find the analytical solution in this case, the boundary
conditions and connecting conditions are considered. The mechanical and electrical boundary
conditions and continuous conditions can be written as follows, respectively

uC1|z:0 =0
(6)

O e (N+1) —— =—q(t)
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¢] |z=hI = 0

7)
bl =VO

uPi z=hy; N uCi |Z:h2i—l

u

Pilzon, = Yedn 2h,,

Ozpi |Z:h2i—l = 9 |Z:h2i—l

®)

O 4pi |Z:h2i = O yc(isn

¢i |Z:h2| = ¢(i+1)
D

z=h,;

z=hy;,,

zi z=h,; = Dz(i+1) 2=h,,.,

Combining Egs. (5); and (6),, the constant B, in the first cement layer is
B, =0 (€))

Combining Egs. (4); and (7)y, the constant C, in the first piezoelectric layer is

C,, = (A, sinkph +B;, cosk,h +C,,h) (10)
Substituting Egs. (2)-(5) into Eq. (8), the following equations are obtained
A, sink,h,, | + By, coskph,, | = A, sink.h,, , + B cosk.h,
A sinkhy, + By coskph,, = A, sinkchy, + B,y coskchy;
Pe (A coskph,, , — By, sink,h,;, )+ %C“ = Pe (A cosk.hy, | —Bgsink:h,, ) (11a)

33

: e; :
P (Ap cosKphy, — By sinkph, )+ =2C) = pe (Agi.y coskchy — B, sinkchy,)

33

A, sink,h,, + B, cosk,h,, +Ch,, +C,
= AP(HI) sinkgh,,,, + BP(HI) coskph,;,, + Cl(i+1)h2i+l + CO(i+1) (11b)
Cl(i+1) = Cli

By solving Egs. (11(a)) and (11(b)), all the unknown constants A;, B, A, By ,C, and
C, can be obtained, which are listed in (A.1), (A.2), (A.3) and (A.4) in Appendix A,
respectively. Furthermore, all the unknown constants can be obtained after determining A., and

C,,. Substituting Eqgs. (A.1) and (5), into Eq. (6),, Eqs. (A.2)-(A.4) and (4); into Eq. (7),, A,
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and C,, can be respectively determined to be

d
Acl :dﬂ (12)
06
C :_d06q0+d01d05 pC (13)
11
ddog Pe
where

d _5&14—1 COSk I’]2N+l N+l Sll'Ik I’]2N+l

dy, = }LNH cosk:h,y _/1N+1 sink:h, ., (14)

d,, = Oy sink,h,, + 35 cosk,h,,, + Sy
d,, = A3 sinkoh,, + A% cosk,h,, + A+ hyy,

Vo530, Pe — ooy |e33|
Pe |ess| (15)
d06 = d01do4 - d02d03

dos =

Now, all the mechanical and electrical solutions of case 1 have been obtained. For this case, the
electrical admittance Y can be expressed as

TGN

16
Z V(i) V, (16

where Z is the electrical impedance. The current |(t) can be expressed as follow
I (t) = j—dZN S = joS|e,| @, C, " = 1,6 (17)

where |, =—jaS |l’:‘33|(:(,\‘C11 .

3.2 Piezoelectric transducer subjected to a uniformly distributed load

Fig. 2 shows the case of 2-2 cement based piezoelectric transducer subjected to a uniformly
distributed load. For this case, the Egs. (6)-(11) and (A.1)-(A.14) in case 1 are still valid,
respectively. If the electrodes are closed by an electric circuit with a load resistor, the electrical
boundary conditions in case 2 can be given as

V() =RI() (18)
The current 1(t) can be expressed as follow

(1) = Ldg—;Nds _ joS|e,|ayCy el = 1,6/ (19)
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where |, = ja)S|e33|05NC“.
Thus
V, =RI, (20)
Substituting Egs. (A.1) and (5), into Eq. (6),, Eqs. (A.2)-(A.4), (4); and (20) into Eq. (7),, C,,

and A, can be respectively determined to be

Cn = do7q0 (21
&1 :_q0(1+d02d07 pC) (22)
dy, P
where
d
. o (23)

 pe(dy, + joRSd, k%)

Now, all the mechanical and electrical solutions for case 2 have been obtained.

Furthermore, the above analytical solutions can be used to approximately calculate a pure
piezoelectric stack once the thicknesses of every cement layer tend to be zero. Additionally, the
electromechanical coupling factor of a smart system is defined by Mason (1950) as

5 _ fa2 _ fr2

kg f—az (24)

where f and f, are the resonance and anti-resonance frequencies, respectively. The average
power in the generator model is defined as

2
|V0| rms
P=—r"

R (25)

where V, can be obtained from Eq. (20). The symbol Ims is the root mean square.

4. Comparison and discussion

In the previous sections, the analytical solutions of the mechanical components and electric
components of 2-2 cement based piezoelectric transducers have been obtained. In this section, the
dynamic properties of the transducer are studied and compared with other investigations. The size
of the transducer is taken as 25x17x40mm’. The number N and the total thickness of the
transducer is 15 and 40 mm, respectively. The thickness of both the first cement layer and the
N +1 cement layer is 10.8 mm. The thicknesses of other cement and piezoelectric layers are
taken as h, =h, , —h, , =1.Imm and h; =hy —h,, =0.2mm, respectively. The piezoelectric

layers and the cement layers are made of PZT-SH ceramic and hardened Portland cement paste,
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respectively.

First, the present theoretical results are compared with Flint’s experimental findings and the
previous parallel model for case 1. In Flint’s investigation (Flint et al. 1995), the thickness and
number of layers of the stack is 0.5 mm and 182, respectively. In the present analysis, the
piezoelectric wafer thickness and number of layers are respectively taken as 0.5 mm and 182 as
well. The thickness and number of elastic cement layers is chosen as 0.5 #m and 183,
respectively. Its elastic modulus and density are 13.9 Gpa and 2000 kg/m’, respectively. Figs. 3
and 4 give the magnitude and phase of the coupled impedance changing with the loading
frequency, respectively. According to the electrical convention, the coupled impedance of series
model should be N? times that of the parallel model when the frequency departs far from the
resonance and anti-resonance frequencies. Figs. 3 and 4 show that the present theoretical results
agree very well with the experimental findings and the previous work for both the magnitude and
phase of the coupled impedance. For a transducer, resonance and anti-resonance are two important
parameters. Using the present method, the resonance and anti-resonance frequencies of 2-2 cement
based piezoelectric transducer in series electrically as shown in Fig. 3 can also be predicted very
well. Keeping the total thickness as constant, the effect of the distance h. between two adjacent
piezoelectric layers on the resonance and anti-resonance frequencies of a 2-2 cement based
piezoelectric transducer is plotted in Fig. 5. It indicates that both the resonance and anti-resonance
frequencies of the series model are greater than those of the parallel model. For the parallel model,
there exists only one maximum value in both resonance and anti-resonance curves, respectively.
However, for the series model, only one maximum value appears in anti-resonance curve; in
addition, the resonance frequency increases with the increase of the distance hc. Fig. 6 gives the
influence of the distance hp between two adjacent cement layers on the resonance frequency. It is
found that both the resonance and anti-resonance frequencies of the series model are greater than
those of the parallel model. Two kinds of models have the same characteristics that there exists
only one minimum value in both resonance and anti-resonance curves, respectively. Further, Figs.
7 and 8 show the effects of the thickness and distance of piezoelectric layers on the first
electromechanical coupling factor. It is found that the electrical connection has a little effect on the
first electromechanical coupling factor and a matching first electromechanical coupling factor can
be designed by changing the distance hc. In addition, the first electromechanical coupling factor
increases with the increase of the distance hp.

Flint's experiment
—— Shi and Wang (2013) (parallaf)
- - - Present (series:= 1/NF)

12] ten

0 2000 4000 6000 8000 10000
f(Hz)

Fig. 3 Magnitude of coupled impedance versus the loading frequency



Electromechanical analysis of 2-2 cement-based piezoelectric transducers in series electrically 275

100
80 +
Flint's experiment
60 ——— Shi and Wang (2013)
(paraliel)
40t ;
- = - Present (serias)
20
g o
2 20l
-40 |
-60
.80 |
-100 f L s
0 2000 4000 6000 8000 10000

f(Hz)

Fig. 4 Phase of coupled impedance versus the loading frequency
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Fig. 5 Influence of the distance between two adjacent piezoelectric layers hc on the resonance and
anti-resonance frequencies
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Fig. 6 Influence of the distance between two adjacent cement layers h, on the resonance frequency
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Fig. 7 The first electromechanical coupling factor changing with the distance between two adjacent
piezoelectric layers hc
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Fig. 8 The first electromechanical coupling factor changing with the distance between two adjacent cement
layers hp

Second, the present theoretical results are compared with Feenstra’s experimental findings and
the previous parallel model for case 2. Feenstra et al. conducted an experimental study on the
energy harvest through a mechanically amplified piezoelectric stack (Feenstra et al. 2008). The
stack consists of 130 layers and the total thickness and the cross section of the stack is 16 mm and
25 mm’, respectively. In the present analysis, the thickness of every cement layer and the number
of cement layers are adopted as 0.5um and 131, respectively. Figs. 9 and 10 show the voltage
amplitude and average power changing with the load resistor. It is easily seen that the present
theoretical results agree very well with the experimental data and the previous work for both the
voltage amplitude and the average power when the loading frequency is 5 Hz. Fig. 9 also shows
that the voltage amplitude tends to be the voltage amplitude of the open circuit with the increase of
load resistor, and the open circuit voltage amplitude of the series model is N times that of the
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parallel model. For a given load frequency, Fig. 10 shows that there is a matching load resistor to
get a maximum average power, and the average power of the series model is same as that of the
parallel model. Furthermore, the frequency of most civil engineering structures is between 0.1 Hz

and 50 Hz (Li et al. 2001). Taking 0, =1MPa, the effects of the loading frequency on the
matching load resistor and the maximum average power are shown in Figs. 11 and 12, respectively.
It is found that the maximum average power and the matching load resistor of the series model are
1 time, N° times those of the parallel model, respectively. Additionally, with the increase of the

loading frequency, the matching load resistor decreases, however, the maximum average power
increases.

6 . Parallel
Series(=1/N)
| @ Feenstra's experiment

Voltage Amplitude (V)

TPTTY EREPETIN EEPETETTTR BEPRPETTI B MPRPTrrT |

PREERTTTY BT
10" 10° w0 10t w0t 100 10
R (k)

Fig. 9 The voltage amplitude changing with the load resistor R
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Fig. 10 The average power changing with the load resistor R



278 Jianjun Wang and Zhifei Shi

107
= = - Parallel
100k Series (x1/N°)
i
o
[
. R
= 10k
a E N
N
Y
10°F e
103 Il 1 1 1
1] 10 20 30 40 50

Sf(Hz)

Fig. 11 The matching load resistor changing with the loading frequency
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Fig. 12 The maximum average power changing with the loading frequency

Through the numerical analysis, the electromechanical properties of 2-2 cement-based
piezoelectric transducers with different electrical conditions have been presented clearly. Based on
the previous results, it is hoped that 2-2 cement-based piezoelectric transducers could be applied in
many engineering fields. One is to monitor structural health in civil engineering. In this case, two
kinds of transducers should be embedded in concrete structures as actuators and sensors,
respectively. Actuators are used to generate waves through deformation and sensors are used to
receive these waves and to output voltage signals. In order to obtain more deformation, the
transducers in parallel electrically could be selected; in order to obtain more voltage signals, the
transducers in series electrically could be selected. Another is to capture mechanical energy and
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monitor train-running safety in railway system and traffic safety in road system. In the application
of railway system, the transducers will be designed to prefabricate in concrete sleeper. On the one
hand, they can convert mechanical energy into electrical energy for electricity needs along railway.
On the other hand, they can be utilized in monitoring train-running safety through the relationship
between output voltage signal and the real status of the train, such as speed, weight of axles,
distances between two trains and so on. In addition, the similar application can also be used in
road system through designing the transducers to embed in pavement. In above energy harvesting
applications, the transducers in series electrically can generate greater voltage, but the other case
can generate greater current. In practice, the different electrical conditions can be designed to meet
various application purposes.

5. Conclusions

Based on the theory of piezo-elastic dynamics, the analytical solutions of 2-2 cement based
piezoelectric transducers in series electrically are presented. The results can be drawn as follows.

e For the considered 2-2 cement based piezoelectric actuator, (a) both the resonance and
anti-resonance frequencies of the series model are greater than those of the parallel model. (b) with
the increase of the distance hc between two adjacent piezoelectric layers, there exists only one
maximum value in both resonance and anti-resonance curves for the parallel model, respectively;
however, only one maximum value appears in anti-resonance curve for the series model; in
addition, the resonance frequency is increased for the series model. (c) with the increase of the
distance hy between two adjacent cement layers, two kinds of models have the same characteristics
that there exists only one minimum value in both resonance and anti-resonance curves,
respectively. (d) the electrical connection has a little effect on the first electromechanical coupling
factor.

e For the considered 2-2 cement based piezoelectric generator and for the frequency range in
the field of civil engineering, (a) the maximum average power and the matching load resistor of
the series model are 1 time and N? times those of the parallel model, respectively. (b) with the
increase of the loading frequency, the matching load resistor decreases, but the maximum average
power increases.

e The proposed 2-2 cement based piezoelectric transducers can be embedded in concrete
structures to monitor structural health in civil engineering, prefabricated in concrete sleeper and
pavement to convert mechanical energy into electrical energy for electricity needs along railway
and road and monitor train-running safety in railway system and traffic safety in road system.
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Appendix A.
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