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OLNHO\ WR DSSHDU LQ WKLQ�ZDOOHG FURVV�VHFWLRQV� LV LQYHVWLJDWHG� 3ODWH WKHRU\ LV XVHG WR DOORZ IRU FURVV�
VHFWLRQDO GLVWRUWLRQ� 6KHDU HIIHFWV DQG EHQGLQJ�WZLVWLQJ FRXSOLQJ DUH DFFRXQWHG IRU LQ WKH DQDO\VLV EHFDXVH
RI WKHLU VLJQLILFDQW UROH� $ VLPSOLILHG DSSURDFK IRU GHWHUPLQLQJ WKH PD[LPXP ORDG RI HTXDO OHJ DQJOH
VHFWLRQV XQGHU FRPSUHVVLRQ LV SUHVHQWHG� 7KH DQDO\WLFDO UHVXOWV REWDLQHG LQ WKLV VWXG\ DUH FRPSDUHG WR WKH
PDQXIDFWXUHU©V GHVLJQ JXLGHOLQHV IRU FRPSUHVVLRQ PHPEHUV DV ZHOO DV ZLWK WKH GHVLJQ VSHFLILFDWLRQV IRU
VWHHO VWUXFWXUDO PHPEHUV� ([SHULPHQWDO UHVXOWV DUH REWDLQHG IRU YDULRXV OHQJWK VSHFLPHQV RI SXOWUXGHG
DQJOH VHFWLRQV� 7KH UHVXOWV SUHVHQWHG LQ WKLV SDSHU FRUUHVSRQG WR DFWXDO SXOWUXGHG HTXDO OHJ DQJOH VHFWLRQV
EHLQJ XVHG LQ FLYLO HQJLQHHULQJ VWUXFWXUHV�

.H\ ZRUGV� SXOWUXGHG� FRPSRVLWHV� DQJOH VHFWLRQV� ODWHUDO� WRUVLRQDO� EXFNOLQJ�

�� ,QWURGXFWLRQ

9DULRXV SXOWUXVLRQ PDQXIDFWXUHUV SURGXFH RQ DQ LQGXVWULDO EDVLV VWUXFWXUDO PHPEHUV ZLWK D YDULHW\

RI FURVV�VHFWLRQDO VKDSHV DQG GLPHQVLRQV �H�J�� ,�VHFWLRQV� FKDQQHOV� ER[�W\SH VHFWLRQV� WXEHV� HWF���

7KHVH SURGXFWV DUH PDGH IURP SRO\PHUV �XVXDOO\ FDOOHG UHVLQ LQ WKH XQFXUHG VWDWH DQG PDWUL[ LQ WKH

FXUHG VWDWH� ZLWK ILEHU UHLQIRUFHPHQW� 3RO\HVWHU� YLQ\OHVWHU RU HSR[\ DUH XVHG DV D PDWUL[ WR KROG

WRJHWKHU (�JODVV� 6�JODVV� DUDPLG RU FDUERQ ILEHUV XVHG DV UHLQIRUFHPHQW� )LEHUV DQG SRO\PHU DUH

MRLQHG WKURXJK WKH SXOWUXVLRQ SURFHVV WR IRUP WKH GHVLUHG FURVV�VHFWLRQ� 7KH SUHVHQW VWXG\ LV

FRQFHUQHG ZLWK WKH GHVLJQ DQG VWUHQJWK RI SXOWUXGHG HTXDO OHJ DQJOH VHFWLRQV XQGHU GLUHFW

FRPSUHVVLRQ�

$Q DQJOH VHFWLRQ FROXPQ XQGHU FRPSUHVVLRQ FDQ EXFNOH ZLWK YDULRXV PRGHV GHSHQGLQJ RQ WKH

JHRPHWU\ RI WKH FURVV�VHFWLRQ� WKH PDWHULDO SURSHUWLHV� DQG WKH ERXQGDU\ FRQGLWLRQV �(WHURYLF HW DO�

������ 7KH FROXPQ FDQ EXFNOH HLWKHU ORFDOO\ RU JOREDOO\� RU ZLWK D FRPELQDWLRQ RI ORFDO DQG JOREDO

PRGHV� ,Q ORFDO EXFNOLQJ� FKDQJHV LQ WKH JHRPHWU\ RI WKH FURVV�VHFWLRQ RFFXU� EXW QRW DFFRPSDQLHG

E\ ODWHUDO GLVSODFHPHQW RU WZLVW� (DFK OHJ RI WKH DQJOH VHFWLRQ PD\ EXFNOH DV D SODWH� ZKHUH

LQVWDELOLW\ RI ERWK OHJV LV FRXSOHG� ,Q WKH FDVH RI JOREDO EXFNOLQJ� WKH FURVV�VHFWLRQ PD\ GLVSODFH

ODWHUDOO\ DQG WZLVW ZLWKRXW ORFDO FKDQJHV LQ WKH JHRPHWU\ RU LW PD\ EXFNOH DERXW WKH ZHDN D[LV LQ DQ

(XOHU�W\SH PRGH� 3RVVLEOH LQWHUDFWLRQ EHWZHHQ ORFDO DQG JOREDO PRGHV LV DOVR LQYHVWLJDWHG� 2QO\
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��� '� 3RO\]RLV DQG ,� *� 5DIWR\LDQQLV

HTXDO OHJ DQJOH VHFWLRQV DUH VWXGLHG KHUHLQ�

$ QXPEHU RI VWXGLHV KDYH EHHQ FRQGXFWHG VHSDUDWHO\ RQ WKH EXFNOLQJ RI WKLQ�ZDOOHG VHFWLRQV VXFK

DV ,�VHFWLRQV DQG DQJOH VHFWLRQV PDGH IURP VWHHO DV ZHOO DV FRPSRVLWH ,�VHFWLRQ EHDPV DQG FROXPQV

�5DIWR\LDQQLV ������ EXW RQO\ D IHZ RQ DQJOH VHFWLRQV� ,Q IDFW� WKH YDVW PDMRULW\ RI VWXGLHV DUH

FRQFHUQHG ZLWK VWHHO PHPEHUV �KRPRJHQHRXV DQG LVRWURSLF PDWHULDO�� 3XOWUXGHG FURVV�VHFWLRQV DUH

WKLQ�ZDOOHG DQG HDFK OHJ RI WKH FURVV�VHFWLRQ LV WUHDWHG LQ WKLV VWXG\ DV D ODPLQDWHG SODWH� (DFK

ODPLQD FDQ EH VSHFLDOO\ RUWKRWURSLF RU JHQHUDOO\ RUWKRWURSLF� 7KH VWLIIQHVV FRXSOLQJ WHUPV DUH

LPSRUWDQW� HVSHFLDOO\ ZKHQ EHQGLQJ�WZLVWLQJ FRXSOLQJ WHUPV DUH SUHVHQW EHFDXVH WKH\ SURGXFH KLJKHU

LQVWDELOLW\� $ VLPSOLILHG DSSURDFK LV SUHVHQWHG KHUHLQ IRU WKH GHWHUPLQDWLRQ RI WKH FULWLFDO ORDG DQG

VLPSOH JXLGHOLQHV DUH SURSRVHG� 7KH UHVXOWV SUHVHQWHG LQ WKLV VWXG\ FRUUHVSRQG WR DFWXDO SXOWUXGHG

HTXDO OHJ DQJOH VHFWLRQV �VHH 7DEOH ���

�� 7KHRUHWLFDO DQDO\VLV

3XOWUXGHG FURVV�VHFWLRQV DUH XVXDOO\ WKLQ�ZDOOHG GXH WR PDQXIDFWXULQJ FRQVWUDLQWV� $QJOH VHFWLRQV

DUH SURGXFHG ZLWK YDULRXV GLPHQVLRQV DQG WKLFNQHVVHV� $ W\SLFDO HTXDO OHJ DQJOH FURVV�VHFWLRQ LV

VKRZQ LQ )LJ� ��D�� (DFK OHJ RI WKH DQJOH VHFWLRQ FDQ EH FRQVLGHUHG DV D ODPLQDWH SODWH FRPSRVHG RI

GLIIHUHQW OD\HUV� )RU WKH )LEHU 5HLQIRUFHG 3ODVWLF �)53� DQJOH VHFWLRQV VWXGLHG KHUHLQ� WKH ODPLQDWH

)LJ� � �D� *HRPHWU\ RI D W\SLFDO HTXDO OHJ DQJOH� �E� /D\�XS RI WKH Ø LQ ODPLQDWH

7DEOH � 6HFWLRQDO SURSHUWLHV RI HTXDO OHJ DQJOH VHFWLRQV
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&RPSUHVVLRQ VWUHQJWK RI SXOWUXGHG HTXDO OHJ DQJOH VHFWLRQV ���

FRQVLVWV RI WZR OD\HUV ZLWK ILEHU YROXPH IUDFWLRQ ��� FDOOHG URYLQJ DQG RQH OD\HU ZLWK ILEHU YROXPH

IUDFWLRQ ��� FDOOHG VWUDQG�PDW� 7KH VWDFNLQJ VHTXHQFH DV ZHOO DV WKH OD\HU WKLFNQHVV IRU D � × � × ���
LQ ��� × �� × ���� FP� DQJOH VHFWLRQ LV VKRZQ LQ )LJ� ��E�� 8VLQJ FODVVLFDO ODPLQDWLRQ WKHRU\� WKH

VWLIIQHVV FRPSRQHQWV RI DQ DQLVRWURSLF SODWH FDQ EH GHWHUPLQHG� 7KH FRQVWLWXWLYH HTXDWLRQ IRU WKH

ODPLQDWH LV �*LEVRQ �����

���

ZKHUH ^1`� ^0`� ^ε` DQG ^κ` DUH VWUHVV UHVXOWDQWV� PRPHQW UHVXOWDQWV� VWUDLQV DQG FXUYDWXUHV�

UHVSHFWLYHO\� 7KH VWLIIQHVV FRHIILFLHQWV $LM� %LM DQG 'LM �L� M  �� �� �� FRUUHVSRQG WR PHPEUDQH�

PHPEUDQH�EHQGLQJ FRXSOLQJ DQG EHQGLQJ DFWLRQV� UHVSHFWLYHO\� DQG DUH GHILQHG DV IROORZV

��D�

��E�

��F�

ZKHUH W LV WKH ODPLQDWH WKLFNQHVV DQG DUH WKH WUDQVIRUPHG OD\HU VWLIIQHVV FRPSRQHQWV�

7DNLQJ DOVR LQWR DFFRXQW WKH RXW�RI�SODQH VKHDU RI WKH ODPLQDWH� WKH UHODWLRQVKLS EHWZHHQ VKHDU

IRUFHV DQG VKHDU VWUDLQV FDQ EH ZULWWHQ DV IROORZV�

���

ZKHUH 6\ DQG 6[ DUH WKH RXW�RI�SODQH VKHDU UHVXOWDQWV� DQG γM DUH WKH VKHDU VWUDLQV� 7KH VWLIIQHVV

FRPSRQHQWV $LM �L� M  �� �� DUH GHWHUPLQHG XVLQJ (T� ��D� ZLWK WKH FRUUHVSRQGLQJ VWLIIQHVV

FRPSRQHQWV � 1RWH WKDW (TV� ��� DQG ��� DUH QRW FRXSOHG� L�H�� PHPEUDQH DQG�RU EHQGLQJ

GHIRUPDWLRQV GR QRW SURGXFH RXW�RI�SODQH VKHDU�

1{ }
0{ } 

 
 

 
$[ ] %[ ]
%[ ] '[ ]

ε{ }
κ{ } 

 
 

$LM 4L M
W ��–

W ��∫ G]

%LM 4L M
W ��–

W ��∫ G]

'LM 4LM
W��–

W ��∫ ]
�
G]

4LM

6\

6[ 
 
 

 
$�� $��

$�� $��

γ\]

γ][ 
 
 

4LM

)LJ� � &RPSRVLWH SODWH HOHPHQW� �D� 1RGHV� �E� 'HJUHHV RI IUHHGRP



��� '� 3RO\]RLV DQG ,� *� 5DIWR\LDQQLV

�� )LQLWH HOHPHQW DQDO\VLV

$ ILQLWH HOHPHQW SURJUDP IRU EXFNOLQJ DQDO\VLV RI FRPSRVLWH SODWHV DQG SODWH DVVHPEOLHV �%DUEHUR

HW DO� ���� DQG %DUEHUR HW DO� ����� LV XVHG KHUHLQ WR GHWHUPLQH WKH FULWLFDO EXFNOLQJ ORDG DV ZHOO DV

WKH EXFNOLQJ PRGH RI )53 DQJOH VHFWLRQV� 7KH SURJUDP HPSOR\V D QLQH�QRGH /DJUDQJHDQ

DQLVRWURSLF SODWH HOHPHQW� VHH )LJ� ��D�� EDVHG XSRQ D ILUVW�RUGHU VKHDU GHIRUPDWLRQ WKHRU\� 7KH

GLVSODFHPHQW ILOHG LQ WKLV FDVH LV

���

ZKHUH� WKH VXEVFULSW � �� UHIHUV WR PLG�SODQH YDOXHV� DQG θ[� θ\ DUH WKH DYHUDJH URWDWLRQV RI D OLQH

LQLWLDOO\ SHUSHQGLFXODU WR WKH PLGGOH VXUIDFH RI WKH SODWH DV LQGLFDWHG LQ )LJ� ��E�� 7KH GLVSODFHPHQW

GLVWULEXWLRQV ZLWKLQ WKH HOHPHQW FDQ EH H[SUHVVHG XVLQJ WKH QRGDO GLVSODFHPHQWV ZLWK WKH DLG RI WKH

VKDSH IXQFWLRQV 1L� DV IROORZV�

���

$ VWUDLQ�GLVSODFHPHQW UHODWLRQ FDQ EH ZULWWHQ IRU WKLV FDVH� ZKHUH WKH VWUDLQV ^ε` LQFOXGH WKH OLQHDU VWUDLQV
^ε�` SOXV WKH YRQ�.DUPDQ QRQOLQHDU VWUDLQV ^ε�`

���

ZKHUH � ��[ LQ (T� ��� GHQRWHV SDUWLDO GLIIHUHQWLDWLRQ ZLWK UHVSHFW WR YDULDEOH [�

7KH FRPSRQHQWV RI WKH VWUDLQ YHFWRU ^ε` DUH

���

7KH LQ�SODQH URWDWLRQ θ]� DOVR NQRZQ DV GULOOLQJ GHJUHH�RI�IUHHGRP� LV LQFOXGHG WR DFFRXQW IRU

HOHPHQW FRQQHFWLYLW\ LQ WKH WKUHH�GLPHQVLRQDO VSDFH DQG DOVR WR DYRLG QXPHULFDO LQVWDELOLW\ RI WKH

VROXWLRQ LQ WKH FDVH RI SODWH DVVHPEOLHV�

)RU WKH FRPSRVLWH SODWH HOHPHQW IRUPXODWHG KHUHLQ� WKH FRQVWLWXWLYH ODZ LV GHILQHG FRPELQLQJ

(TV� ��� DQG ��� DV IROORZV
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&RPSUHVVLRQ VWUHQJWK RI SXOWUXGHG HTXDO OHJ DQJOH VHFWLRQV ���

���

ZKHUH� WKH VWLIIQHVV SURSHUWLHV $LM� %LM DQG 'LM DUH GHILQHG LQ (TV� ���� DQG & LV D YHU\ VPDOO QXPEHU

FRPSDUHG WR WKH VWLIIQHVV YDOXHV DQG FRUUHVSRQGV WR WKH LQ�SODQH URWDWLRQ θ]�

7KH WRWDO SRWHQWLDO HQHUJ\ 8 RI WKH SODWH DVVHPEO\ VXEMHFWHG WR PHPEUDQH DQG WUDQVYHUVH ORDGLQJ

FDQ QRZ EH ZULWWHQ DV

���

ZKHUH ^δ` LV WKH QRGDO GLVSODFHPHQW YHFWRU� DQG ^ I ` LV WKH ORDG YHFWRU VFDOHG E\ D VLQJOH IDFWRU λ�
7KH VWUHVV YHFWRU ^σ` LV LQ WKLV FDVH

����

%XFNOLQJ RFFXUV ZKHQ WKH VHFRQG GHULYDWLYH RI WKH WRWDO SRWHQWLDO HQHUJ\ ZLWK UHVSHFW WR WKH QRGDO

GLVSODFHPHQWV LV ]HUR� WKDW LV

����

ZKHUH� >.@ LV WKH VWLIIQHVV PDWUL[ DQG >.σ@ LV WKH ORDG�JHRPHWU\ PDWUL[ RI WKH VWUXFWXUH�

7KH DQJOH FROXPQ LV GLVFUHWL]HG LQWR ��� HOHPHQWV� D PHVK WKDW SURYLGHV DQ DOPRVW H[DFW VROXWLRQ�

7KH VWLIIQHVV FRHIILFLHQWV IRU WKH ODPLQDWH ZLWK WKLFNQHVV W ���� LQ ����� FP� XVHG LQ WKLV VWXG\ DUH

OLVWHG LQ 7DEOH �� 1RWH WKDW IRU WKH DQJOH VHFWLRQ ODPLQDWH� QR VKHDU RU PHPEUDQH�EHQGLQJ FRXSOLQJ
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��� '� 3RO\]RLV DQG ,� *� 5DIWR\LDQQLV

WDNHV SODFH EHFDXVH WKH ODPLQDWH LV V\PPHWULF ZLWK UHVSHFW WR WKH PLGGOH VXUIDFH� 7KH DQJOH FROXPQ

LV VLPSO\ VXSSRUWHG DW ERWK HQGV� $ XQLW ORDG YHFWRU ^I ` LV DSSOLHG WR WKH RQH HQG RI WKH FROXPQ

DQG WKH ORDG IDFWRU λ LV FRPSXWHG WKURXJK EXFNOLQJ DQDO\VLV� 7KH FULWLFDO EXFNOLQJ ORDGV IRU YDULRXV

OHQJWKV RI FRPPHUFLDOO\ DYDLODEOH HTXDO OHJ DQJOH VHFWLRQV DUH OLVWHG LQ 7DEOH ��

�� &ROXPQ DSSURDFK

&RQVLGHU D FRPSRVLWH DQJOH FROXPQ RI OHQJWK / DQG FURVV�VHFWLRQDO DUHD $ WKDW LV VXEMHFWHG WR D

FRPSUHVVLYH ORDG 3� 7KH JHRPHWULF FKDUDFWHULVWLFV RI WKH FURVV�VHFWLRQ DUH VKRZQ LQ )LJ� �D� 7KH

JRYHUQLQJ HTXDWLRQV IRU FRPELQHG ODWHUDO�WRUVLRQDO LQVWDELOLW\ DUH �%UXVK DQG $OPURWK �����

����

����

����

ZKHUH� φ LV WKH DQJOH RI URWDWLRQ� ( LV WKH HQJLQHHULQJ PRGXOXV� FRUUHVSRQGLQJ WR WKH ORQJLWXGLQDO

GLUHFWLRQ [� * LV WKH LQ�SODQH VKHDU PRGXOXV� - LV WKH WRUVLRQ FRQVWDQW� DQG ,\\ � ,]] DUH WKH PRPHQWV

RI LQHUWLD DERXW \ DQG ] D[HV� UHVSHFWLYHO\� 7KH ( PRGXOXV DQG * PRGXOXV FDQ EH GHWHUPLQHG E\

LQYHUWLQJ WKH >$ % % '@ PDWUL[ RI (T� ��� DQG VHWWLQJ (  ��D��W� DQG *  ��D�� W� 7KH FRRUGLQDWHV \�
DQG ]� GHILQH WKH SRVLWLRQ RI WKH VKHDU FHQWHU �VHH )LJ� �D� DQG ,� ,\\�,]]�$�\�

��]�
��� 7KH ZDUSLQJ

FRQVWDQW &Z IRU DQ HTXDO DQJOH WKLQ�ZDOOHG VHFWLRQ FDQ EH GHWHUPLQHG IURP

����

)RU WKH FDVH RI VLPSO\ VXSSRUWHG ERXQGDU\ FRQGLWLRQV� LW LV FRQYHQLHQW WR DVVXPH D GLVSODFHPHQW

ILHOG RI WKH IROORZLQJ IRUP
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&RPSUHVVLRQ VWUHQJWK RI SXOWUXGHG HTXDO OHJ DQJOH VHFWLRQV ���

����

6XEVWLWXWLRQ RI (TV� ���� LQWR (TV� ��������� UHVXOW LQ D OLQHDU V\VWHP RI HTXDWLRQV ZLWK UHVSHFW WR

WKH FRHIILFLHQWV $�� $� DQG $�� &RPELQHG LQVWDELOLW\ FRUUHVSRQGV WR D QRQ�WULYLDO VROXWLRQ RI WKH

V\VWHP� WKXV

����

ZKHUH WKH ORDGV 3φ� 3\ DQG 3] FRUUHVSRQG WR SXUH WRUVLRQDO RU IOH[XUDO LQVWDELOLW\�

����

)RU WKH FURVV�VHFWLRQ XQGHU VWXG\ ZLWK RQH D[LV RI V\PPHWU\� ]� �� (T� ���� VLPSOLILHV WR WKH IRUP

����

(T� ���� LV WKH EXFNOLQJ HTXDWLRQ IRU FRPELQHG ODWHUDO�WRUVLRQDO LQVWDELOLW\ RI HTXDO OHJ DQJOH FROXPQV�

,I 3] LV WKH VPDOOHVW RI WKH WKUHH URRWV RI (T� ����� WKH FROXPQ ZLOO EXFNOH LQ SXUH IOH[XUH DERXW WKH

ZHDN D[LV� ZKLOH LQ DQ\ RWKHU FDVH WKH FROXPQ ZLOO EXFNOH LQ D FRPELQHG ODWHUDO�WRUVLRQDO PRGH�

8VLQJ (  ��� × ��� SVL ������*3D� DQG *  ���� × ��� SVL �����*3D� DORQJ ZLWK WKH JHRPHWULF

FKDUDFWHULVWLFV RI WKH DQJOH VHFWLRQV JLYHQ LQ 7DEOH �� WKH FULWLFDO EXFNOLQJ ORDGV DUH FRPSXWHG IRU

YDULRXV OHQJWKV DQG WKH FRUUHVSRQGLQJ EXFNOLQJ PRGH LV LGHQWLILHG� 7KH UHVXOWV DUH OLVWHG LQ 7DEOH ��

�� 'HVLJQ JXLGHOLQHV

$FFRUGLQJ WR WKH GHVLJQ HTXDWLRQV SURYLGHG E\ WKH PDQXIDFWXUHU �00)* ������ DQJOH VHFWLRQ

FROXPQV FDQ EH WUHDWHG DV VKRUW RU ORQJ GHSHQGLQJ RQ WKH VOHQGHUQHVV ./�U� ZKHUH / LV WKH OHQJWK� U

LV WKH UDGLXV RI J\UDWLRQ DQG . LV WKH HIIHFWLYH OHQJWK IDFWRU ZKLFK GHSHQGV RQ WKH ERXQGDU\

FRQGLWLRQV� )RU VLPSO\ VXSSRUWHG HQGV� .  ��

)RU VKRUW FROXPQV� LW LV VXJJHVWHG WKDW WKH PD[LPXP ORDG EH WDNHQ DV
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7DEOH � &ULWLFDO ORDGV IRU WKH DQJOH FROXPQV E\ VLPSOLILHG DQDO\VLV
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7KH FROXPQ IDLOV LQ SXUH IOH[XUDO PRGH
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����

ZKHUHDV� IRU ORQJ FROXPQV WKH PD[LPXP ORDG LV FRPSXWHG IURP

����

7KH PD[LPXP ORDG GHSHQGV RQ WKH JHRPHWULF FKDUDFWHULVWLFV DV ZHOO DV WKH ORQJLWXGLQDO PRGXOXV

( GHWHUPLQHG E\ WHQVLOH FRXSRQ WHVWLQJ� 7KH PDQXIDFWXUHU �00)*� VXJJHVWV WR XVH (  ��� × ���

SVL ������*3D� DQG *  ���� × ��� SVL �����*3D� IRU WKH GHVLJQ RI )53 VHFWLRQV� ,W PXVW EH VWDWHG

WKDW (TV� ���� DQG ���� KDYH EHHQ GHYHORSHG HVSHFLDOO\ IRU SXOWUXGHG DQJOH FROXPQV XVLQJ

H[SHULPHQWDO GDWD DQG FXUYH ILWWLQJ WHFKQLTXHV� 7KH PD[LPXP ORDGV GHWHUPLQHG IURP (TV� ���� DQG

���� IRU YDULRXV OHQJWKV RI WKH DQJOH VHFWLRQV XQGHU VWXG\ DUH OLVWHG LQ 7DEOH ��

�� $,6& VSHFLILFDWLRQV

$OWKRXJK WKH $,6& 6SHFLILFDWLRQV ������ DSSOLHV WR VWHHO PHPEHUV WKDW DUH FKDUDFWHUL]HG E\

SODVWLF GHIRUPDWLRQV SDVW WKH \LHOG SRLQW� LW PD\ EH XVHIXO WR FRPSDUH WKH FRUUHVSRQGLQJ SUHGLFWHG

ORDGV WR WKH H[SHULPHQWDO RQHV� ,W VKRXOG EH QRWHG WKDW )53 GR QRW KDYH LQHODVWLF EHKDYLRU� ,Q WKLV

FDVH� WKRXJK� ZH FDQ HPSOR\ DV σ\ WKH FULWLFDO VWUHVV LQ WKH XQLD[LDO FRPSUHVVLRQ� 7KH PD[LPXP

ORQJLWXGLQDO VWUHVV VXJJHVWHG E\ WKH PDQXIDFWXUHU LV σ\  ������ SVL ����03D� IRU WKH DQJOH VHFWLRQV

XQGHU VWXG\� )RU VLQJOH DQJOH PHPEHUV VXEMHFWHG WR FRPSUHVVLRQ� WKH PD[LPXP ORDG LV
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&RPSUHVVLRQ VWUHQJWK RI SXOWUXGHG HTXDO OHJ DQJOH VHFWLRQV ���

����

7KH UHGXFWLRQ IDFWRU 4 LV LQWURGXFHG WR DFFRXQW IRU ORFDO EXFNOLQJ� DQG LV FRPSXWHG DV IROORZV�

���D�

���E�

���F�

7KH PD[LPXP FRPSUHVVLYH ORDGV GHWHUPLQHG E\ (T� ���� IRU YDULRXV OHQJWKV RI WKH � × � × Ø

DQJOH VHFWLRQ DUH OLVWHG LQ 7DEOH ��

�� 6LPSOLILHG DSSURDFK

7KH FROXPQ DSSURDFK GHVFULEHG SUHYLRXVO\ LV XVHG WR FRPSXWH WKH PD[LPXP ORDGV DQG WKH

FRUUHVSRQGLQJ D[LDO VWUHVVHV σFU YHUVXV WKH VOHQGHUQHVV UDWLR ./�U] IRU YDULRXV YDOXHV RI WKH UDWLR E�W�

7KH UHVXOWV DUH VKRZQ LQ )LJ� �� ,W LV REVHUYHG WKDW IRU � WKH FROXPQ EXFNOHV LQ D SXUH

IOH[XUDO PRGH DERXW WKH ZHDN ]�D[LV� ZKLOH IRU /�/FU D FRPELQHG ODWHUDO�WRUVLRQDO PRGH WDNHV SODFH�

7KH FKDUDFWHULVWLF OHQJWK /FU FRUUHVSRQGV WR WKH WUDQVLWLRQ IURP FRPELQHG PRGH WR SXUH IOH[XUDO

PRGH� 7KH FULWLFDO VOHQGHUQHVV ./FU �U] LV UHODWHG WR WKH UDWLR E�W DV IROORZV

����

ZKHUH WKH FRHIILFLHQWV LQ (T� ���� DUH GHWHUPLQHG XVLQJ FXUYH ILWWLQJ WHFKQLTXHV� VHH )LJ� �� ,W LV DOVR

REVHUYHG WKDW WKH FULWLFDO ORDGV FRUUHVSRQGLQJ WR WKH FRPELQHG EXFNOLQJ PRGH DUH DSSUR[LPDWHO\
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HTXDO WR WKH FULWLFDO ORDGV FRUUHVSRQGLQJ WR SXUH WRUVLRQDO PRGH� 7KXV� LW LV SURSRVHG WR FRPSXWH WKH

PD[LPXP ORDG E\ ILUVW GHWHUPLQLQJ WKH FULWLFDO VOHQGHUQHVV XVLQJ (T� ���� IRU WKH FRUUHVSRQGLQJ

UDWLR E�W� DQG VXEVHTXHQWO\ WKH FULWLFDO OHQJWK /FU DQG FRPSDUH LW ZLWK WKH FROXPQ OHQJWK /� 7KH

PD[LPXP ORDG LV WKHQ GHWHUPLQHG DV

���D�

���E�

)RU FROXPQV ZLWK ORZ YDOXHV RI E�W� (TV� ���� DUH D YHU\ JRRG DSSUR[LPDWLRQ WR WKH DFWXDO FULWLFDO

ORDG� )RU VKRUW FROXPQV� ZKHUH WKH VKHDU HIIHFW LV SUHGRPLQDQW� WKH VHFRQG WHUP LQ (T� ���E� ZLWK

WKH VKHDU PRGXOXV LV LPSRUWDQW� )RU KLJK YDOXHV RI E�W� WKH ORFDO HIIHFW LV YHU\ ZHDN DQG (TV� ����

FDQ EH VLPSOLILHG WR

�

����

,W PXVW EH VWDWHG WKDW WKH FKDUDFWHULVWLF LQHODVWLF EHKDYLRU IRU VWHHO VHFWLRQV GXH WR WKH SUHVHQFH RI

SODVWLF VWUDLQV GRHV QRW DSSHDU LQ FRPSRVLWH VHFWLRQV� 7KH \LHOG VWUHVV LQ FRPSRVLWH PDWHULDOV

FRLQFLGHV ZLWK WKH XOWLPDWH VWUHVV� WKXV WKH EHKDYLRU RI VKRUW PHPEHUV LV DOVR HODVWLF�
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)LJ� � &ULWLFDO VWUHVV σFU YV VOHQGHUQHVV UDWLR ./ �U
IRU YDULRXV YDOXHV RI E�W

)LJ� � &ULWLFDO VOHQGHUQHVV ./FU �U YHUVXV UDWLR E�W



&RPSUHVVLRQ VWUHQJWK RI SXOWUXGHG HTXDO OHJ DQJOH VHFWLRQV ���

�� ([SHULPHQWDO DQDO\VLV

,Q WKLV VWXG\� )53 HTXDO�OHJ DQJOH VHFWLRQV KDYH EHHQ WHVWHG LQ FRPSUHVVLRQ� 7KH VSHFLPHQV

PHDVXUHG � × � × Ø LQFKHV ��� × �� × ���� FP� LQ FURVV�VHFWLRQDO GLPHQVLRQV WKDW UHSUHVHQW WKH

ZHDNHVW VKDSH DPRQJ SXOWUXGHG HTXDO�OHJ DQJOH VHFWLRQV� 7KH PDLQ SDUDPHWHU YDULHG LQ WKH

H[SHULPHQWDO VWXG\ ZDV WKH OHQJWK RI WKH FROXPQ� )LYH GLIIHUHQW OHQJWKV RI ��� ��� ��� �� DQG ��

LQFKHV ������ ����� ����� ���� DQG ���� P� DUH ORDGHG WKURXJK WKH FHQWURLG RI WKH DQJOH VHFWLRQ� VHH

)LJ� ��D�� (DFK HQG RI WKH VSHFLPHQ LV SODFHG LQWR D VWHHO�SODWH IHDWXUH DV VKRZQ LQ )LJ� ��E��

/RDGLQJ WKURXJK WKH FHQWURLG LV DFFRPSOLVKHG WKURXJK WKH XVH RI D EHDULQJ EDOO DSSOLHG GLUHFWO\ RQWR

WKH VWHHO ORDGLQJ SODWH� 7KH SXUSRVH RI WKH VWHHO SODWHV ZDV WR XQLIRUPO\ GLVWULEXWH WKH ORDG DQG

PDLQWDLQ WKH DQJOH FRQILJXUDWLRQ DW WKH H[WUHPLWLHV RI WKH VHFWLRQ� 7KH URXQGHG ORDGLQJ SRLQW

DOORZHG WKH VHFWLRQ WR URWDWH IUHHO\� WKHUHE\ PRGHOLQJ D SLQ�HQGHG VWUXFWXUH�

'XULQJ WHVWLQJ� WKH UDWH RI ORDG DSSOLFDWLRQ ZDV DSSUR[LPDWHO\ �� OE�VHF ������ 1�VHF�� $Q

HOHFWURQLF GHYLFH IRU PHDVXULQJ WKH D[LDO GHIRUPDWLRQ RI WKH DQJOH VHFWLRQ ZDV XVHG� 7KH VSHFLPHQV

ZHUH ORDGHG WR WKH SRLQW RI IDLOXUH� GHILQHG KHUH DV WKH SRLQW ZKHUH ODUJH GHIRUPDWLRQV RFFXUUHG

DFFRPSDQLHG E\ D GHFUHDVH LQ WKH ORDG FDUU\LQJ FDSDFLW\ RI WKH DQJOH VHFWLRQV� $OO VSHFLPHQV WHVWHG

IDLOHG E\ ODWHUDO�WRUVLRQDO EXFNOLQJ� 1R VLJQV RI IDLOXUH DW WKH HQGV RI WKH VSHFLPHQV� VXFK DV

FUDFNLQJ RU FUXVKLQJ RI WKH UHVLQ DQG ILEHUV� DSSHDUHG GXULQJ WHVWV� )LJ� � VKRZV WKH ORDG�GHIOHFWLRQ

FXUYHV IRU HDFK VSHFLPHQ� ZKLOH WKH FRUUHVSRQGLQJ FULWLFDO ORDGV DUH OLVWHG LQ 7DEOH �� 7KH SRLQW

ZKHUH EXFNOLQJ ZDV LQLWLDWHG FRUUHVSRQGV WR WKH FULWLFDO EXFNOLQJ ORDG� %XFNOLQJ GRHV QRW OHDG WR

FROODSVH RI WKH FROXPQ� 7KH ODWHUDO�WRUVLRQDO PRGH REVHUYHG LQ WKH VSHFLPHQV WHVWHG FRUUHVSRQGV WR

D VWDEOH SRVW�EXFNOLQJ EHKDYLRU �PLOG EXFNOLQJ�� +RZHYHU� IXUWKHU ORDG LQFUHDVH SDVW WKH FULWLFDO VWDWH

LV DVVRFLDWHG ZLWK ODUJH GHIRUPDWLRQV� 7KXV� WKH FROXPQ UHWDLQV D SRVWEXFNOLQJ VWUHQJWK WKDW LV

DOPRVW ��� RI WKH FULWLFDO EXFNOLQJ ORDG� )LJ� � VKRZV WKH EXFNOHG VKDSH RI D �� LQ �����P� ORQJ

DQJOH VSHFLPHQ�

)LJ� � �D� ([SHULPHQWDO VHWXS� �E� %DVH SODWH DQG SURWHFWLYH JULG
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�� ,QWHUSUHWDWLRQ RI WKH UHVXOWV DQG GLVFXVVLRQ

7KH DQDO\WLFDO UHVXOWV REWDLQHG E\ WKH VLPSOLILHG DSSURDFK DQG WKH 00)* DQG $,6& GHVLJQ

JXLGHOLQHV DV ZHOO DV WKH QXPHULFDO DQG H[SHULPHQWDO UHVXOWV IRU WKH � × � × Ø DQJOH VHFWLRQ DUH

SUHVHQWHG LQ 7DEOH �� )LJ� � VKRZV WKH PD[LPXP ORDGV YHUVXV WKH VOHQGHUQHVV UDWLR ./ �U IRU ERWK

WKH SUHGLFWHG DQG WKH H[SHULPHQWDO UHVXOWV� ,W LV FOHDU WKDW WKH PD[LPXP ORDGV SUHGLFWHG DFFRUGLQJ WR

)LJ� � ([SHULPHQWDO FXUYHV� FRPSUHVVLRQ ORDG YV D[LDO GLVSODFHPHQW

)LJ� � %XFNOHG VKDSH RI D �� LQ ORQJ VSHFLPHQ XQGHU FRPSUHVVLRQ



&RPSUHVVLRQ VWUHQJWK RI SXOWUXGHG HTXDO OHJ DQJOH VHFWLRQV ���

WKH PDQXIDFWXUHU©V JXLGHOLQHV DUH QRW UHOLDEOH� FRPSDUHG WR RWKHU DQDO\WLFDO DQG H[SHULPHQWDO UHVXOWV�

7KH H[SHULPHQWDO UHVXOWV GR QRW FRUUHODWH ZHOO ZLWK WKH $,6& SUHGLFWLRQV� ,Q IDFW� $,6& JXLGHOLQHV

SUHGLFW ��� WR ��� KLJKHU ORDGV FRPSDUHG WR WKH H[SHULPHQWDO RQHV� $,6& PHWKRGRORJ\ IRU GHVLJQ

RI DQJOH FROXPQV LV QRW YDOLG IRU FRPSRVLWH PHPEHUV EHFDXVH WKH ORQJLWXGLQDO PRGXOXV IRU

FRPSRVLWH PDWHULDOV LV DW OHDVW WHQ WLPHV OHVV WKDQ WKH VWHHO PRGXOXV� $OVR� WKH HIIHFW RI UHVLGXDO

VWUHVVHV EXLOW LQWR WKH $,6& H[SUHVVLRQV LV QRW WKH VDPH DV LQ WKH FRPSRVLWH DQJOHV� 7KXV� WKH

VOHQGHUQHVV UHTXLUHG IRU SXUH IOH[XUDO EXFNOLQJ LV VPDOOHU WKDQ WKH RQH FRUUHVSRQGLQJ WR DQ LGHQWLFDO

FRPSRVLWH PHPEHU� 7KLV HIIHFW LV VKRZQ LQ )LJ� �� ZKHUH WKH FULWLFDO VWUHVV σFU LV SORWWHG YHUVXV WKH

7DEOH � /RDG�GHIOHFWLRQ GDWD IRU WKH WHVWHG � × � × Ø )53 DQJOH FROXPQV
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PHPEHU VOHQGHUQHVV ./ �U IRU YDULRXV FDVHV RI E�W� ,W LV REVHUYHG WKDW WUDQVLWLRQ IURP FRPELQHG

ODWHUDO�WRUVLRQDO WR SXUH IOH[XUDO PRGH RFFXUV IRU ./FU �U� ZKHUH WKH FULWLFDO VOHQGHUQHVV FDQ EH

UHODWHG WR E�W� )XUWKHUPRUH� WKH VKHDU PRGXOXV * IRU FRPSRVLWH PDWHULDOV WDNHV ORZ YDOXHV DQG WKH

FRPELQHG EXFNOLQJ ORDG LV VLJQLILFDQWO\ DIIHFWHG IRU VPDOO YDOXHV RI E�W�

7KH FULWLFDO PRGH SUHGLFWHG E\ WKH ILQLWH HOHPHQW PHWKRG IRU DOO PRGHOV ZDV ODWHUDO�WRUVLRQDO

EXFNOLQJ� WKDW LV LQ IXOO DJUHHPHQW ZLWK WKH H[SHULPHQWDOO\ REVHUYHG IDLOXUH PRGH� 7KH ILQLWH

HOHPHQW UHVXOWV DQG WKH VLPSOLILHG DSSURDFK YDOXHV DUH LQ JRRG FRUUHODWLRQ ZLWK HDFK RWKHU� )RU WKH

VHFWLRQV XQGHU VWXG\� ERWK PHWKRGV UHVXOWHG LQ FRQVHUYDWLYH YDOXHV� 7KXV� WKH VLPSOLILHG DSSURDFK

FDQ VDIHO\ EH DGRSWHG IRU WKH GHVLJQ RI SXOWUXGHG DQJOH FROXPQV�

��� &RQFOXVLRQV

$Q H[SHULPHQWDO VWXG\ LV XVHG KHUHLQ WR YDOLGDWH WKH SUHGLFWHG PD[LPXP ORDGV IRU HTXDO OHJ DQJOH

VHFWLRQ FRPSRVLWH PHPEHUV VXEMHFWHG WR D[LDO FRPSUHVVLRQ� 3UHGLFWLRQ RI WKH EXFNOLQJ ORDG DQG WKH

FRUUHVSRQGLQJ PRGH LV YHU\ LPSRUWDQW IRU WKH GHWHUPLQDWLRQ RI WKH D[LDO VWUHQJWK RI SXOWUXGHG

PHPEHUV EHFDXVH LQVWDELOLW\ IDLOXUH OHDGV WR FROODSVH RI WKH ZKROH PHPEHU� 7KH ILQLWH HOHPHQW

PHWKRG KDV EHHQ HPSOR\HG WR SUHGLFW WKH EXFNOLQJ ORDGV DV ZHOO DV WKH EXFNOLQJ PRGH IDLOXUH IRU

FRPPHUFLDOO\ DYDLODEOH SXOWUXGHG DQJOH VHFWLRQV� 7KH DQDO\WLFDO PHWKRGV SUHVHQWHG KHUH DUH EDVHG

RQ WKH GHVFULSWLRQ RI WKH FURVV�VHFWLRQ XVHG E\ WKH PDQXIDFWXUHU� 7KLQ�ZDOOHG DQJOH VHFWLRQV XVHG DV

FRPSUHVVLRQ PHPEHUV IDLO SULPDULO\ GXH WR ODWHUDO�WRUVLRQDO EXFNOLQJ� ZKLOH LI WKH OHJV DUH UHODWLYHO\

WKLFN� IOH[XUDO EXFNOLQJ LV WKH FULWLFDO PRGH� $ VLPSOLILHG DSSURDFK LV SURSRVHG IRU GHWHUPLQLQJ WKH

PD[LPXP FRPSUHVVLYH ORDG RI DQJOH VHFWLRQV� &RPSDULVRQ EHWZHHQ H[SHULPHQWDO DQG DQDO\WLFDO

UHVXOWV VKRZV WKDW WKH SURSRVHG VLPSOLILHG DSSURDFK FDQ EH HIILFLHQWO\ XVHG IRU WKH GHVLJQ RI

SXOWUXGHG DQJOH VHFWLRQV�

5HIHUHQFHV

$PHULFDQ ,QVWLWXWH RI 6WHHO &RQVWUXFWLRQ �$,6&� ������� 0DQXDO RI 6WHHO &RQVWUXFWLRQ �/5)'� �QG HG�� &KLFDJR�
,/�

%DUEHUR� (�-� DQG 5DIWR\LDQQLV� ,�*� ������� ¦(XOHU EXFNOLQJ RI SXOWUXGHG FRPSRVLWH FROXPQV§� &RPSRVLWH

)LJ� � 3UHGLFWHG DQG H[SHULPHQWDO PD[LPXP ORDGV YV VOHQGHUQHVV UDWLR ./ �U



&RPSUHVVLRQ VWUHQJWK RI SXOWUXGHG HTXDO OHJ DQJOH VHFWLRQV ���

6WUXFWXUHV� ��� ��������
%DUEHUR� (�-�� *RGR\� /�$� DQG 5DIWR\LDQQLV� ,�*� ������� ¦)LQLWH HOHPHQWV IRU WKUHH�PRGH LQWHUDFWLRQ LQ EXFNOLQJ
DQDO\VLV§� ,QW� -� 1XP� 0HWKRG LQ (QJ�� ��� ��������

%UXVK� '�2� DQG $OPURWK� %�2� ������� %XFNOLQJ RI %DUV� 3ODWHV DQG 6KHOOV� 0F*UDZ�+LOO� 1<�
(WHURYLF� $�/�� *RGR\� /�$� DQG 3UDWR� &�$� ������� ¦,QLWLDO SRVWFULWLFDO EHKDYLRU RI WKLQ�ZDOOHG DQJOH VHFWLRQ
FROXPQV§� $6&(� -� (QJQJ� 0HFK�� �������� ��������

*LEVRQ� 5�)� ������� 3ULQFLSOHV RI &RPSRVLWH 0DWHULDO 0HFKDQLFV� 0F*UDZ�+LOO� 1<�
0RUULVRQ 0ROGHG )LEHU *ODVV &R� ������� ([WUHQ 'HVLJQ 0DQXDO� %ULVWRO� 9$� 86$�
5DIWR\LDQQLV� ,�*� ������� ¦%XFNOLQJ PRGH LQWHUDFWLRQ LQ )53 FROXPQV§� 3K�'� 'LVVHUWDWLRQ� :HVW 9LUJLQLD
8QLYHUVLW\� :9�

1RWDWLRQ

$ FURVV�VHFWLRQDO DUHD
$LM PHPEUDQH VWLIIQHVV FRHIILFLHQWV
%LM PHPEUDQH�IOH[XUDO FRXSOLQJ VWLIIQHVV FRHIILFLHQWV
&Z ZDUSLQJ FRQVWDQW
^δ` QRGDO GLVSODFHPHQW YHFWRU
'LM IOH[XUDO VWLIIQHVV FRHIILFLHQWV
εL VWUDLQV
( ORQJLWXGLQDO PRGXOXV RI HODVWLFLW\
^ I ` QRGDO IRUFH YHFWRU
φ DQJOH RI WZLVW
* VKHDU PRGXOXV
, PRPHQW RI LQHUWLD
- WRUVLRQ FRQVWDQW
4LM WUDQVIRUPHG OD\HU VWLIIQHVV
κL FXUYDWXUHV
>.@ VWLIIQHVV PDWUL[
>.σ@ ORDG�JHRPHWU\ PDWUL[
λ ORDG IDFWRU
/ FROXPQ OHQJWK
^0` PRPHQW UHVXOWDQW YHFWRU
^1` VWUHVV UHVXOWDQW YHFWRU
3 DSSOLHG ORDG
σL VWUHVVHV
6L RXW�RI�SODQH VKHDU UHVXOWDQWV
W WKLFNQHVV
8 WRWDO SRWHQWLDO HQHUJ\
Y ODWHUDO GHIOHFWLRQ DORQJ \�GLUHFWLRQ
Z ODWHUDO GHIOHFWLRQ DORQJ ]�GLUHFWLRQ




