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Abstract. The scaled boundary finite element method is extended to evaluate the dynamic stress intensity factors and T-stress
with a numerical procedure based on the improved continued-fraction. The improved continued-fraction approach for the
dynamic stiffness matrix is introduced to represent the inertial effect at high frequencies, which leads to numerically better
conditioned matrices. After separating the singular stress term from other high order terms, the internal displacements can be
obtained by numerical integration and no mesh refinement is needed around the crack tip. The condition numbers of coefficient
matrix of the improved method are much smaller than that of the original method, which shows that the improved algorithm can
obtain well-conditioned coefficient matrices, and the efficiency of the solution process and its stability can be significantly
improved. Several numerical examples are presented to demonstrate the increased robustness and efficiency of the proposed

method in both homogeneous and bimaterial crack problems.
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1. Introduction

In the linear elastic fracture mechanics (LEFM),
dynamic stress intensity factors (DSIFs) are the most
important parameters for predicting the initiation and
propagation of cracks in structures subjected to dynamic
loadings. Both analytical methods and numerical methods,
such as the finite difference method (FDM), the finite
element method (FEM), the boundary element method
(BEM) and two more recent numerical approaches: the
extended FE method (XFEM) and meshfree methods, have
been widely applied to calculate the DSIFs. In most of these
existing methods, computing the stress field around the
crack tip and extracting the singular stress from the stress
field are two key tasks of the dynamic fracture problems.

In general, the analytical methods are only available for
problems with simple geometries and loading conditions
and the solutions are usually very complicated. Therefore,
numerical methods play significant roles in understanding
different behaviors of materials and structures that
experience dynamic loads. The FDM (Chen 1975) is the
first numerical method applied to calculate the DSIFs.
However, it has been rarely used to solve the dynamic
fracture problems due to the difficulty in modeling complex
geometries. The FEM, as one of the most popular numerical
methods in engineering problems, soon became the primary
choice for calculating DSIFs, because it can handle
complex geometries and material properties conveniently.
Various methods have been proposed to evaluate DSIFs,
i.e., the path independent integral method (Rice 1967), the
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virtual crack extension method (Réthoré et al. 2004), the
quarter-point element (Barsoum 1977, Murti and Valliappan
1986) and hybrid crack element (Xiao et al. 2004).
However, FEM and all above the mentioned methods rely
on a conforming mesh and the mesh around a crack tip
should be refined to accurately represent the stress
singularities, which are inefficient to deal with crack
problems.

In an effort to overcome the limitations of FEM, XFEM
and meshfree methods were introduced. In XFEM, the
discontinuities around the crack tip are represented by
proposing enrichment functions to cover or be closer to the
exact solution (Belytschko et al. 2003). Since the mesh is
not required to match the geometry after combining it with
the level set functions, XFEM has been treated as a versatile
tool to solve the discontinuous problems. For example,
Legrain et al. (2011) applied XFEM to determine the
fracture properties of different composite structures and
Jiang et al. (2014) studied the DSIFs for structures
containing multiple discontinuities by four types of
enrichment functions. Jiang (Jiang ef al. 2014) also studied
the effect of the containing multiple discontinuities (voids,
inclusions, and cracks) in structures by XFEM. In meshfree
methods, the conforming mesh is not required as the
discontinuities evolve which makes it more straightforward
in crack problems (Rabczuk and Belytschko 2006, Rabczuk
et al. 2008, Rabczuk et al. 2009, Jamal-Omidi et al. 2014).
Domain integrals (Yau et al. 1980) are usually used to
calculate SIFs with meshfree methods. Like XFEM, the
enrichment functions can also be introduced to improve the
accuracy of DSIFs (Rao and Rahman 2004). Although the
two methods are robust, they still suffer from certain
difficulties, such as the requirement of fine meshes and fine
nodal distributions separate, and continuous research is
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(a) SBFEM subdomains

carried out to improve the capability of the methods.

The BEM is a competitive alternative to FEM in
computing DSIFs because only the boundaries are
necessary to discretized and the representation of cracks is
much simpler than the FEM. However, its applicability is
limited by the requirement of fundamental solutions.
Enormous research effort has been proposed to improve the
existing BEM approach, i.e., the dual boundary element
method (Portela et al. 1993), the dual reciprocity method
(Fedelinski 2010) and the enriched BEM methods (Simpson
and Trevelyan 2011).

The scaled boundary finite element method (SBFEM),
as a semi-analytical method developed by Song and Wolf

(1997, 2002) in the 1990s, is highly efficient in solving
problems involving singularities, because the stress
singularity can be represented analytically without

enrichment functions or analytical asymptotic expansions
and only the boundary is discretized as the BEM. It has
been well demonstrated by studies calculating static SIFs
for isotropic materials (Chidgzey and Deeks 2005, Li and
Tong 2015), anisotropic materials (Song and Wolf 2002),
functionally graded materials (Chiong et al. 2014) and
piezoelectric composites (Li et al. 2015). Crack propagation
is modeled for static problems with several simple
remeshing methods, such as polygon elements (Dai et al.
2014, Ooi et al. 2016, Chen and Dai 2017), quadtree
meshes (Ooi et al. 2015, Ooi et al. 2017, Saputra et al.
2017) and a non-matching method (Yang et al. 2015).
According to these attributes, the SBFEM has also been
exploited in coupling with BEM (Chidgzey et al. 2008) or
XFEM (Natarajan and Song 2013, Natarajan et al. 2014) for
calculating parameters in static fracture problems.

For dynamic fracture mechanics analyses, a super-
element, represented by the static stiffness matrix and mass
matrix, is proposed by Song (2004b). The dynamic crack
propagation has been modeled based on this kind of
elements (Ooi and Yang 2011, Ooi ef al. 2013). In order to
represent the highest frequency component, the size of the
super-element should be small enough, which may lead to
considerable effort in mesh generation and computational
cost in each step. Instead of this super-element, a frequency
domain method to calculate DSIFs for homogenous
materials (Yang et al. 2007) and bimaterial interface

One 3-node element

(b) The cracked subdomain

Fig. 1 Concept of scaled boundary finite element method

problems (Yang and Deeks 2008) are presented by Yang,
but it is not easily amendable to a time domain crack
propagation. Recently, the dynamic analysis of isotropic
and anisotropic materials has been performed efficiently
with a novel solution procedure, known as the continued-
fraction algorithm, in both frequency and time domain
(Song et al. 2010b, Song and Vrcelj 2008), in which the
high frequency responses of structures are represented by
the high-order terms (Song 2009). However, the method
may break down when a system requires a large number of
DOFs and approximations of high-order expansions (Chen
et al. 2014). In such cases, the improved continued-fraction
of bounded domain (Chen et al. 2014) is more suitable for
dynamic fracture problems.

In this paper, a numerical procedure based on the
improved continued-fraction is developed to extract the
dynamic stress intensity factors and T-stress using the
scaled boundary finite element method. The dynamic
properties of the structures are represented by the high-
order expansions of stiffness and mass matrices. A
differential equation containing the coefficients of improved
continued-fraction is presented to remove the stress
singularity analytically. The dynamic fracture parameters
are extracted directly in the time domain according to the
definition of the generalized stress intensity factors (Song et
al. 2010a).

This paper is organized as follows. In Section 2, the
scaled boundary finite element method and the solution
procedure based on the improved continued-fraction are
summarized. In Section 3, a numerical procedure to
calculate the internal displacement and stress is proposed.
In Section 4, the dynamic stress intensity factors and T-
stress are extracted with the definition of the generalized
stress intensity factors. In Section 5, several examples are
presented to demonstrate the efficiency of the proposed
method. In Section 6, the major conclusions are
summarized.

2. The scaled boundary finite element method

The derivation of the scaled boundary finite element
method for elastodynamics is presented by Song and Wolf
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(1997, 2000). The solution procedure for dynamic problems
with the improved continued fraction is detailed by Chen et
al. (2014).

The basic concept of the SBFEM is illustrated in Fig.
1(a) and (b). As shown in Fig. 1(a), a typical domain with
irregular shape can be divided into four subdomains, in
which subdomain 1 contains a crack (named the cracked
subdomain). A so-called scaling center is chosen in each
subdomain from which all of its boundaries are visible.
Only the boundaries of the subdomains are necessary to
discretize with different kinds of line elements, i.e. the
three-node line element (shown in Fig. 1(a)). The details of
the cracked subdomain are shown in Fig. 1(b). For the
cracked subdomain, the scaling center is selected at the
crack tip and the two straight lines passing through the
scaling center are not discretized. Without losing generality,
the coordinates of the nodes on the boundaries are uniquely
defined by a local coordinate system (&,s) whose origin is at
the scaling center. One circumferentially similar curve with
¢&=0.5 is also shown in Fig. 1(b).

The key governing equilibrium equations of SBFEM for
elastodynamics are expressed as follows (Song and Wolf
1997, Wolf and Song 2000)

[E°1E* {u(&)} , +([E°T-[E'T+[E'T )& {u (&)},

T u()) + (0 M Tu()) =0

{a(&)}=[E° W {u()}, +[ET {u($)} @

where @ is the excitation frequency. The coefficient
matrices [E’], [E'], [E*] and [M°] are obtained by
assembling the element coefficient matrices as in the finite
element method. {u($)} and {gq(&)} are the nodal
displacements and internal nodal force functions,
respectively.

The dynamic stiffness matrix of a bounded domain
[S(w,&)] is defined as

{a(&)}=Is(@.&){u(£)} 3)

Eliminating {u(£)} and {g(&)} from Egs. (1), (2) and (3)
and changing the independent variable to

x=—(w&)’ )

The so-called SBFE equation for the dynamic stiffness
is rewritten as

(IS ()1-[EET([S(x)]-[E'T")-[E’]
+2X[S (X)], —X[M°]=0

The solution of the dynamic stiffness [S(x)] can be
expressed as the sum of a constant term [K], a linear term
x[M] and a higher order residual term —x*[RV(x)]

[S(X)]=[K]+x[M]-x*[R™ (x)] (6)

where the first two terms [K] and [M] are the static stiffness
and mass matrices respectively and represent the low

frequency expansion of the structure. [R1(x)], including the
high-order terms of the continued fraction solution,
represents the high frequency response of the structure.
Substituting Eq. (6) into Eq. (5) yields

(IKI-[E'1+ XIM1-x°[RY (x)1)[E°T* (K]~ [E'T"
+x[M]-x2[R% (x)]) + 2x([|v| 1-2RY(X)] @
—xZ[R(l)(x)]’x)—[Ez]—x[M 97=0

In the next step, arranging Eq. (7) in ascending orders of
powers of x and setting each term equal to zero individually.
The constant term is an algebraic Riccati equation for
calculating the static stiffness matrix.

(IKI-[E'IET (IKI-[E'T)-[E*]=0

The solution procedure of Eq. (8) is described in detail
by Song (2004b), where the real Schur decomposition of a
Hamiltonian matrix is performed as follows

{ [E°TEYT -[E°T* Mv vn}
[EAF[EETET ~[EME’T [V Vi

_ {Vn Vi, }[Sn 812:|
Va V0 Sy

The real Schur form matrix [S] is a quasi-upper
triangular matrix consisting of 1x1blocks or 2 x 2 blocks
on the diagonal [V] is a transformation matrix. [S]and [V]
are arranged in such a way that the real parts of the
eigenvalues of [S1i] are non-positive and [V1;] contains the
displacement modes corresponding to the eigenvalues.

Then the semi-positive definite static stiffness matrix
[K] can be obtained as

[K] = I.V21]W11]71 (10)

To express the stress intensity factors and T-stress
conveniently, [Si11] is block diagonalized into

[S,,1=diag([S,,1,{11.[5"1,0) (1)
and [V11] is partitioned conformably as

V1= LIy 1y LIy ] (12)

where the zero eigenvalues and [w®] describe the
translational rigid body motions. The real parts of the
eigenvalues in [S¥] are between -1 and 0, which represent

the singular stress terms with [l//(s)]. The T-stress and

rotational rigid body motion are represented by —[/] and
[¢D]. The remaining diagonal blocks and displacement
modes are grouped and denoted as [S.] and [wu]
respectively. The real parts of the eigenvalues in [S,:] are all
smaller than -1, which do not contribute to the singular
stress.

The linear term of Eq. (7) is a Lyapunov equation for the
mass matrix [M]
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[KI-[EDETMIAMIET [KI-ET)
+2[M]-[M°]=0

Its solution is obtained in Song and Wolf (1997) as

[M ] = I..V11]_T [m] [\/11]_l (14)

where the matrix [m] is the solution of the Lyapunov
equation

([11-[8,1" )Im]+[m]([1]-[Sy])
= [Vn]T[M 0][\/11]l

The remaining part of Eq. (7) is an equation for the
unknown residual {RM(x)}, which is decomposed as

[RY ()1=IX"1s (X1 )

(15)

In Eq. (16), [X?] is an additional yet undetermined
scaling factor which can lead to well-posed coefficient

matrixes (Chen et al. 2014). The term [S(i)(x)] is an
unknown function of X. Analogous to the dynamic stiffness

matrix [S(x)], it can be expanded into a constant term [S(()i)] ,

a linear term X[Sl(i)] and a higher order residual term
_XZ[R(Hl) (X)]
[s" (x)1=[8"1+ M8 1-X*[R™(x)] 7

The equation for [S(l)(x)] is represented as the case

i =1 ofthe following equation
[s” (o0ne®10s" (118" (x)Is"T"
Lo 10" (x)1-xq8" ()10 1" = x{b{"1[S" ()] (18)
+2x[S" (x)], + x*[a”]1=0
with the coefficient matrices defined as

[@Y]=[X T E°T'[X ] (19a)
[0 1=[X T [ET (IKI-[E'T)IX T -2[1] (190)
bO1=[X T [E T IMIIX YT (19)

1= XUTHIMIETHMIIX T 94y

Substituting Eq. (17) into Eq. (18) leads to equations for
[S(()')] , [Sl(')] and [S" (x)]. The equation for [Sg')]

and [Sl(i)] are two Lyapunov equations and represented as

SO+ OIS =[] o

(-5 155" 1te 1)1+ 15" (~{06"T"
+c18{"1)+ 2{] @1
= {1081+ [ 10" T

It can be seen from Egs. (20) and (21) that the
coefficients [Séi)]and [Sl(i)]will be different from those
calculated using the technique proposed in Song (2009) due
to the modified definition of the coefficients[a"], [béi)],

[bl(i)] and [C(i)] including the scaling factor [ X (i)] .
The equation for [S(M)(X)] is expressed as the
(i+1)th case of Eq. (18)

[S(i+1) (X)] [C(i+1)][8(i+l) (X)] _ [S(i+1) (X)][b(()nl)]T
_[bénl)][s(nl) (X)] _ X[S(i+1) (X)][bl(i+l)]T (22)
_X[bl(i+1)][s(i+l) (X)] i ZX[S(i+1) (X)]’x + XZ[a(i+1)] -0
with the coefficient matrices defined as

[a(i+1)]:[X(i+1)]T[C(i)][X(i+1)] (23a)

[béiJrl)] - [X (i+l)]T (2[' ] _ [b(()l)]T
: _ _ 23b
1S 0T T) =

[bl(i+1)]:[x(i+l)]T (_[bl(i)]T +[C(i)][sl(i)])[x(i+1)]_T (23¢)

1= "7 ([ ] - (01181 - [} 116" T"

A IS T)IX T 0

The same strategy for solving Eq. (18) is applied to Eq.
(22) again. If the coefficients [X(')] are known, the

matrices [a”'], [bél)], [bl(l)] and [c"]can be calculated

using Eq. (19). The coefficients [a“)] , [bc(,i)] , [bl(i)] and
[c?] for i> 2 follow subsequently from updating using Eq.
(23). The recursive procedure is terminated when =M. (the
order of the continued fraction). This corresponds to the
assumption the residual of order M.r+1 equaling to zero.
The final step of the improved continued fraction
solution is to determine the coefficients [X?]. According to
the method in Chen et al. (2014), the LDLT decomposition
is applied to the coefficient [¢”] in Egs. (18) and (22)
=X e X O
cOy 1 OO LT 24
[c 1=[L"I[DV]IIL"]

The coefficient [X?] is chosen as the lower triangular
matrix [L]
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[XY1=[L"] (25)

where [L®] can be normalized such that the absolute value
of the diagonal entries is one.

Using the improved continued fraction solution, the
force-displacement relationship (Eq. (2)) then can be
expressed as an equation of motion in the frequency domain
and time domain.

(K I=(@2) )Mz (£)}={F (&)} 6w

[KHZ (&)} + & MZ(£)}={F (&)

with the coefficient matrices expressed as

[K,1=diag([K1IS{"1ISE1, - 8" V18" 1) 27a)

(26b)

[Mb]:
Ml X1 0 0 0]
XU 8] [x® 0 0
o XU [sf] - 0 0 | 27
. : : _[X(Mcffl)] 0
0 0 0 _[X(Mcffl)]T [Sl(Mcf’l)] _[X(Mcf)]
o000 XM
{u(o);
u(l)(é:)} {q(og‘)}
u®
{z(6)j= | ;(5)} @)= 0 e
{U(Mcf-l) (f)} 0
{U(MCf)(g)} 0

The matrices [K»] and [M}] are symmetric and sparse. If
using the technique proposed in Song (2009), all-diagonal
blocks in Eq. (27b) will be a unit matrix [/], whereas the
block-diagonal terms may strongly differ in magnitude. The
example given in Song (2009) reveals that, in particular, the

coefficients [Séi)] increase in magnitude along with the

order of continued fraction increasing. Ultimately, the
strong differences in magnitude between the terms of the
identity matrix on the off block diagonal and the
coefficients [Sé')] may teduce the computational

efficiency and even lead to ill-conditioning of high order
mass and stiffness matrices. The numerical examples
presented in Section 5 will show that the scaling factors
[X?] will lead to numerically better conditioned matrices
[Sé')] and it will be more significant in the solution

procedures for calculating fracture parameters.

3. Calculating the internal

stresses

displacements and

After solving the equation of motion of the global
system, the nodal displacements and auxiliary variables at
the boundary of each subdomain are obtained directly at
discrete frequencies or time stations. Then all the
displacements at the boundary can be determined based on
the element connectivity as in the FEM. As to the internal
displacements and stresses, the solution procedure for the
static problems cannot be applied to the dynamic problems
directly, because the high frequency components of the
inertial force should be considered. In the following section,
the procedure for extracting the internal displacements in
the time domain with the improved continued fraction is
proposed.

3.1 Asymptotic solution of internal displacements and
stresses

The asymptotic solution for the displacement field is
expressed in Song and Vrcelj (2008) as

{U (5)} = [\/11]5_[811] {C} + 0(52) (28)

where {c} are the integration constants which depend on the
boundary conditions. O(£") is a high order term that tends to
zero with the same rate of ¢" and it contains the effect of the
inertial force at high frequency. Substituting the matrix [Si1]
in Eq. (11) and [V11] in Eq. (12) into Eq. (28) leads to

{u()} =[¢//(r)]{c(’)}+[://(S)]§’[S(S)] {C(S)}
HyM1E{cD ) + [y 16 B {c,y ) (29)
+0(&%)

And its derivative {u(¢)}.: is expressed as
{“(5)},5 = I[P s {C(S)}
Hy e} -y lIs, e & e, ) GO)
+0(¢)

where the integration constants
conformably as

{c}= {{c“)};{c(s)};{c“)};{Cnl}} 31)

On the right-hand side of Eq. (29), the first three terms
represent the translational rigid body motion, singular stress
term and T-stress term, respectively. For the fourth term, the
real parts of the eigenvalues in —{S,1} are all larger than
one, which will not lead to the singularity. It can be seen
from Eq. (30) that the first term of {u(&)} ¢ will lead to
singularities when &£—0, because the real parts of the
eigenvalues in [SY] are between -1 and 0.

The calculation of stresses from the displacements field
is similar to that in the FEM. At a specified local coordinate
s of a line element, the stress fields are expressed as

{c} are partitioned
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{o(&9)} =lw (s 7o)

32
+[z//f:)(s)]{cm}+o(1) G2

with

9 (s DB O IS 1+ B*OIW™)  (33a)

[ " (s)EIDI(B'©1 IS 1+ B0 ™) (33b)

where [ (s)]and [ (s)]are the singular stress and

T-stress terms, respectively. [D] is the elasticity matrix and
[B'(s)] and [B%(s)] are relevant matrices. Analogous to
0O(&"), o(¢&") stands for a function that tends to zero more
rapidly than &' when {—0. Because the fourth term in Eq.
(29) has no relationship with the singular stress, its
contribution to stresses is in the order o(1) and not
explicitly given in Eq. (32). As to the translational rigid
body motions (the first term in Eq. (29)), it do not induce
stresses. The asymptotic solution of the stress around the
singular point shows that the singular stresses and T-stress
are the same as the static counterparts. After obtaining the
integration constants {c}, the definitions of the stress
intensity factors and T-stress for the static problems can be
directly applied to the dynamic problems.

3.2 Numerical solution for internal displacement and
stress in the time domain

For the dynamic case, the integration constants {c}
cannot be obtained directly using the nodal displacements
on the boundary from Eq. (28), because the high order term
o(¢?) should be considered unless the size of the
subdomains is small enough Song (2004b). Therefore, the
displacements and stresses around the crack tip ({—0) are
necessary for calculating the integration constants,
especially when the size of the subdomains is larger. In this
paper, a numerical procedure based on the improved
continued fraction solution is employed to solve this
problem in the time domain.

Substituting Eq. (2) into Eq. (26b), the equation of
motion in the time domain can be rewritten as a system of
first-order  differential-algebraic  equations for the
displacement functions {u(¢)}

KI-ET 0 0 0 0 .
0 [$970- 0 0 {u
0 0P 0 o || u@()

(E{u(9)],

0 0 05" 0

u(McH) ( 5)}
(w1
0 0 0 0 [SD ] {U(Mcf] (f)} (34)
r [M] _[X(il] 0 0 0 {U(g‘)}
OXOT 9] 4x@®] o0 o || @)
AR o O T S | KU
+& R .
oo o 1
000 XM sy x| (e
0000 XM ] e g)

It is an initial value problem with the initial value
defined at £=1 by the nodal displacements {u(§=1)}

and auxiliary variables {u(i) (521)}, (i =12,...,M, )

Combining Eq. (10) and the first submatrix of the
decomposition in Eq. (9) yield

[E°T (IKT-[E'T" ) =V, IS, V] (35)

Then the derivative §{u(§)}§ for the improved

continued fraction solution can be derived from the first
row block of Eq. (34) with Eq. (35) as

{u(&)}, =V llS Vi1 {u ()}
+E[ET IM{u(¢)} (36)
~EETIXYu® ()}

To compute accurately the internal displacements with
the initial value equation, the singularity in {u(&)}¢
corresponding to the stress singularity (Eq. (30)) should be
removed analytically by introducing the following variable

{V(‘g)} = g[SV][Vn]_l {U(f)} (37)

where the matrix [S,] partitioned conformably wit [Sii] in
Eq. (11) is defined as

[s,]=diag(0.-{11.[s""1.0) (38)

where the diagonal block [S®] corresponds to the singular
stress term and the identity matrix [/] are used for
evaluating the T-stress. Substituting Eq. (28) with Eq. (11)
into Eq. (37) lead to the asymptotic solution for {w(¢)}

V(@)= (g e +0(&?))
=diag (&, [1L111[1){c} +O(&)
{v(&)} ¢ is thus without the stress singularity.

Eliminating {u(¢)} with Eq. (37), Eq. (36) can be
rewritten as

EV(&)}, =(HSul+IS.D){v(&)}
+EEVTET IMIVIE BV (E)) o)
ANV TETIX Y (&)
Then Eq. (34) is reformed by replacing the equations in

the first row block with Eq. (40) and adding the
variable {v(¢)} to the equations in the second row block as

(39)

[AI{D(&)} +[B(&N{D(&)} =[CIe{D(&)}, (a1

where {D(&)} is a column vector formed by concatenating
{v(&)} and auxiliary variables

WO (g=0), (i=12...My)
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{D(&)]
VO @ @™ (o))
The coefficient matrices are defined as

[A]=diag(-{S,,1+[S,1.[5"1.[S” .+~ [{"]) (43a)

(42)

[B(¢)=
SN TE T IMIN, JE -V T ET XY 0 e 0

X0V 51 xPr 0
43b
& 0 oy e o |4
0 0 0 {5
[1] 0
Cl= 43
[C] {o 0 (43¢)

The initial condition for Eq. (40) is obtained at &=1 from
Eq. (37)

{V(é 21)} = I..V11]7l {u(érZ 21)} (44)
and the solution of Eq. (34) for auxiliary variables on the
boundary {u(i)(§:1)}, (i =1,2,...,Mcf).

Analogous to the matrices [Mp], the block-diagonal

terms of coefficient matrices [B (f )] may strongly differ in

magnitude when the order of continued fraction is
increased, which will lead to ill-conditioning and
inefficiency during the calculation.

Using the initial condition, the initial value problem of
Eq. (41) can be solved numerically at discrete values of

radial coordinate fj(j =1,2,...,n) ranging from &=1 on
the boundary to ¢

stability, a very small value, i.e., 10, instead of being equal
to zero exactly, is chosen for &,. The matrix power functions

ff[SV] in coefficient matrix [B(f )] are calculated as

, at the scaling center. For numerical

matrix exponential exp(—[S,]IN&) using the “scaling

and squaring” algorithm (Song 2004a), which is capable of
representing power-logarithmic singularities. A Newmark-
like scheme with a numerical factor p&, which is proposed
in Song and Vrcelj (2008), is applied to a typical interval

A§:§j+l_§j

{D(fju)} ={D(4, )}+(1_7§)A‘5{D(‘fj )}5

(45)
+7AE{D(&5))

The size of the interval A¢ is chosen based on the
shortest wavelength that a mesh can represent. A sensitivity
analyses is performed by choosing A¢ to divide the shortest
wavelength into 10-20 internals. The result is not
appreciably affected by the different interval parameters. In

Fig. 2 A cracked subdomain modelled by the SBFEM

the numerical examples of this paper, A is chosen by
dividing the shortest wavelength into 13 internals.
Substituting Eq. (45) into Eq. (41), the equation for

{D(gm)} is expressed as

[—[A]+%[C]]{D(§,-H)}—[B(§j+l)]{|5(§j+1)}

2%&1({0(5;)%0-%”5 olé.),

After applying the Newmark scheme in a time interval
A=t 1t

{B(&),., ={D(&)}, +@-r)at{B(s))},

+7At{D(§i )}k+l

(46)

(47a)

[o(e ), ~{o(e ), +aufole)), (3~ )e(ole),
o {B(g )

(47b)
k+1

All discrete internal displacement values of the radial
coordinate &(j=2,3,...,n) at a specified time can be obtained
by looping the following equation

§j+1 1
{‘[A“%A ; [C]—W[B(§j+l)]]{t>(¢j+l)}m

:%[C]({D(gﬂ )}k+1+(1—7§)A§({D(§M)}é)Mj
B N({o(6), +ar{D(s,.)

+(%_ﬂjAt2{D(§i+1)}kJ

and the internal stresses follow from Eq. (32).
For later use, defining the coefficient matrix [Gj+1] as

(48)

[ gaps Sino- L
[GM]—{ o veL e v [B(ém)]J (49)
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ittt

2h=40mm
>

2b=20mm

I

(a) The geometry

(b) The fine mesh

(c) cracked subdomain

Fig. 3 A rectangular plate with a central crack

Now, the integration constants {c} can be obtained
directly from the solution at the scaling center {D(£=0)} by
using Eq. (39)

v(g=0)}={o{cM }:{c e} (50)

The stress intensity factors and T-stress for the dynamic
problems is then calculated according to their definitions
with the integration constants in Eq. (50).

4. Evaluation the dynamic stress intensity factors
and T-stress

Fig. 2 shows a cracked subdomain modeled by the
SBFEM, in which the origins of the Cartesian and polar
coordinate systems are located at the crack tip. Without
losing generality, the x-axis is along the line of the crack.
For the crack in a homogeneous plate and interfacial crack
in an isotropic bimaterial plate, the definitions of stress
intensity factors are well accepted and appear repeatedly in
the literature. They can be defined using the uniform form

Sl d o

7, (F,0) 27f | s(F)  c(F) "

with
c(f)=cos(eIn(F/L)); s(F)=sin(eIn(F/L)) (52)

where L is a characteristic length and & is the oscillatory
index which depends on the material properties. When the
oscillatory index is equal to zero, Eq. (51) is used for
calculating the SIFs of cracks in homogeneous plates.

After introducing the polar coordinates F and 6, the
local coordinate £ is expressed as

E=tIr(0)=(L/r(0))x(F/L) (53)

Where r(0) is the distance from the scaling center to the
boundary along the radial line at angle 8 (such as the Ly in
Fig. 2) The matrix power function of ¢ in Egs. (32) and (33)

is rewritten into the polar coordinate as
s) — S(S) | N _re(s)1]
I _ (L () T (pr) BT (59

The singular stress term (Eq. (33)) is transformed from
the local coordinates to the polar coordinates using the
standard procedure with Eq. (54)

fo (r.0)} =t (ON((F 1LY ) e}

v (0) =y (s))(L/r(0)) "™

According to the uniform form of stress intensity factors
in Eq. (51), the generalized stress intensity factors are
expressed in Song et al. (2010a) as

{K(0)}=2zLIy) (0)1{c"} (56)

The stress intensity factors can be easily evaluated by
using Eq. (56) at any given angle, which is useful and
convenient in determining the direction of crack
propagation. This definition is valid to cracks in
homogeneous plates and interfacial cracks in isotropic
bimaterials with the same form. A point in front of the crack
tip on the boundary (i.e., the point A in Fig. 2) is normally
used to evaluate the SIFs with Eq. (56), in which the 6 is
equal to zero.

The T-stress term in Eq. (33b) is independent of the
radial coordinate & . At the point A, it is written as

(o7 (£0-0)) -1 (sO-ONfc™} 7

The T-stress is simply the xx component based on its
definition

(55)

T=0ol (58)

Note that the order and type of the singularity are not
directly used with the generalized stress intensity factors
and no asymptotic solution of the stress field is required
during the calculation.
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Fig. 5 Dynamic T-stress

5. Numerical examples

Three numerical examples are presented in the
following to demonstrate the efficiency and robustness of
the technique developed in this paper. In the first example,
the dynamic stress intensity factors and T-stress of a central
crack in a rectangular plate are analyzed. The improved
robustness of the proposed continued fraction solution
including a scaling factor compared to the original approach
is demonstrated. In the following examples, a rectangular
plate with an inclined central crack, and a bi-material plate
with a crack at the material interface are addressed
respectively. It is shown that the DSIFs and T-stress
extracted by the proposed method agree well with the
publish results and the solution procedure is more efficient.
In all calculations, the parameters y=2/3, y=1/2 and f =1/4
are chosen in the numerical integration. The computational
efficiency is evaluated by comparing the CPU time record
on a laptop computer with Intel Core i5-4200M CPU @
2.50 GHz and 4 GB RAM.

5.1 Rectangular plate with a central crack

A rectangular plate with a central crack is subjected to
uniform tractions on its top and bottom edges with a step
Heaviside function p(f)=PH(¢), where P is the magnitude of
the uniform tractions. The geometry and boundary
conditions are shown in Fig. 3(a). The crack length is
2a=4.8 mm. The elastic material properties are: shear
modulus G=76.923 Gpa, Poisson’s ratio v=0.3 and mass
density p=5x10"° kg/mm3. Plane strain condition is

3.0 T T T T T T
25t Ty, 1
o / X

2 & 201 /s J .
g = WA
a < ks B’/ \\
o M 15F f’ Y T
2 \
- P
53 4
ESLor i ) 1
= N
& & o | —-—- Song and Paulino \.\J‘:\}‘-\ |
2 " /4 -+ Improved method &= \
i ’ J; =-=- Original method h
0.0 frrrzea?/ : : \ ;
~——— Without high order term Vi 5
vt
ey

.05 L L L L L I

0 2 4 6 8 10 12 14
Time (us)

Fig. 7 Dynamic stress intensity factor of coarse mesh

considered.

Two meshes are employed in the scaled boundary finite
element analysis. To enable the use of the same mesh in
comparing with the original results and modeling the bi-
material plate in Section 5.3, half of the plate is discretized
with three subdomains as the fine mesh. The cracked
subdomain has its scaling center at the crack tip and the
others at their geometrical centers. The seven-node line
elements with Gauss-Lobatto-Legendre shape functions are
used to discretize the boundary. The two nodes at the ends
of each line element are shown in Fig. 3(b). Fig. 3(c) shows
the detail of the boundary mesh of the cracked subdomain
with the nodes indicated by the markers ‘*’. All DSIFs

reported below are normalized by a factor P\/E where
a is the half crack length.

In general, a sufficiently boundary nodes and a
sufficiently high order of continued fraction expansion are
required to accurately represent higher order modes.
According to the parametric study in Song (2009), six
nodes and 3-4 terms of continued fraction for one
wavelength lead to highly accurate results. For the fine
mesh, the length of the line element is equal to 5 mm, and
then the shortest wavelength that the mesh can model is
about 5 mm. The largest distance between the scaling center
and a point on the boundary is about 9 mm, which is about
1.8 wavelengths. Based on the largest distance, the order of
the continued fraction is chosen as M.=5. Considering the
dilatational wave velocity ¢,=7.338 mm/us, the period of
the shortest wave is about 0.68 us. A time step At=0.05 us is
selected, which corresponds to about 13 steps in one period
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Table 1 Condition numbers with respect to the coefficient matrices [Séi)] and [G]]

Original method Improved method
1j i M = M = M = i
[si" [G;]:M,; =6 [G;]:M,, =8 [G;]:M=10 [S{] [G]
1 1.04E06 1.76E09 2.64E12 1.97E14 190.27 3.46E05
2 1.83E05 1.85E09 2.31E12 1.68E14 82.73 3.03E05
3 6.69E05 1.97E09 1.97E12 1.46E14 84.73 2.61E05
4 3.71E06 2.13E09 1.65E12 1.95E14 39.46 2.19E05
5 2.86E07 2.34E09 1.32E12 9.72E13 44.46 1.79E05
6 4.69E09 2.62E09 1.01E12 8.79E13 27.67 1.39E05
7 6.44E09 2.98E09 7.02E11 4.61E13 36.91 1.01E05
8 6.03E10 3.43E09 4.16E11 3.10E13 34.90 6.57E04
9 7.42E10 3.95E09 1.76E11 2.85E13 3548 3.46E04
10 2.73E11 4.45E09 7.72E10 1.05E14 31.70 1.08E04
p(t) F: = |
e o | s
is) H H1
2 4
£
S|l .2 iz &= i
© 2
n & 45 8 1
N -4
2b=30mm & & H
g 7 3
WL I N
(a) The geometry (b) The global mesh (c) cracked subdomain

Fig. 8 A rectangular plate with an inclined central crack

of the shortest wave. In computing the

displacement, the numerical integration over ¢ is performed
with A&=0.05 so that the shortest wavelength is divided into

around 13 internals.

Fig. 4 shows the dynamic stress intensity factor obtained
by using the improved continued fraction method with the
fine mesh as a dotted line. Very good agreement with the
original method (Song and Vrcelj 2008) result and the finite
element result (Song and Paulino 2006) is achieved. The
small amplitude oscillations at very high frequency (the
period is about 0.3 us, which is shorter than the shortest
wavelength the mesh can represent) in the FE solution do
not appear in both the present and original results. The
computer time for the present technique is 44.9 s and it is
mostly spent on computing the internal displacements and
extracting the dynamic stress intensity factors (41.8 s). The
time spent computing the original method solution is about
86.6 s, out of which, 82.2 s is spent on calculating the
fracture parameters. Obviously, the improved continued
fraction approach is competitive in terms of efficiency in a
dynamic analysis, especially for the fracture problems. In
order to consider the effect of the high order term on the
dynamic problems, the DSIFs calculated with the
integration constants {c}, which are obtained by using Eq.

internal (28) with the boundary displacements directly, is also
shown in Fig. 4 by the solid line. It can be seen that the
difference with the FE results is larger and thus calculating
the integration constants with the internal displacements can
lead to more accurately stress intensity factors results. The
dynamic T-stress results for the present and the original
approaches are shown in Fig. 5, together with the boundary
element results in Sladek ef al. (1999). The amount of
difference in these dynamic T-stress results is similar to that
in the dynamic stress intensity factor.

To verify the accuracy and robustness of the present
method for the dynamic problems, an analysis is performed
using both the original approach and the proposed method
with the coarse mesh in Fig. 6. As shown in Fig. 6, the
length of the line element is equal to 10 mm and the largest
distance between the scaling center and a point on the
boundary is about twice as long as the element length.
Based on the shortest wavelength that the coarse mesh can
represent, the size of integration interval AE=0.09 is chosen
and the necessary order of continued fraction expansion Mc¢
is 6-10. A parameter study has been performed using these
different orders. It was found that both approaches yield
identical solutions for the dynamic stress intensity factors, if
the order of continued fraction expansion was chosen as
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inclined central crack

M.=6,7. For other higher orders, however, the singular
matrices were generated during the calculation procedure
using the original approach, which even broke down the
programs.

To further illustrate this, the condition numbers with

respect to the coefficient matrices [Séi)] and [G/] have

been computed for a number of orders and listed in Table 1.
Due to the condition numbers computed using proposed
method are almost the same with each other regardless of
the order of continued fraction expansion, only one series of
the proposed method results for M.=10 is shown in Table 1.
According to the reference (Chen et al. 2014), a matrix is
ill-conditioned if its condition number is too large, that is, if
it approaches the machine’s floating point precision (i.e.,
10'2 for double precision). Table 1 shows that the condition

numbers of [Séi)] for the proposed approach, which lead

to better conditioned and more stable coefficient matrices,
are generally much smaller than the [G;] values obtained
using the original approach. For this given problem, the
original approach leads to ill-conditioned coefficient
matrices and thus the original method breaks down for
dynamic fracture analysis, when the continued fraction
approximation of order is higher than 7.

When using the coarse mesh and M.=6, the dynamic
stress intensity factors obtained by the improved and
original method are shown in Fig. 7. Again, good agreement
with the reference results in Song and Paulino (2006) is

observed. The CPU time for the improved approach is 63.2
s, which is about half of it for the original approach (117.0
s). This indicates that well-conditioned matrices yielded by
the proposed method can lead to a more efficient and robust
solution procedure for calculating the dynamic stress
intensity factors. It should be noted that the DSIFs
calculated without considering the high order term (shown
in Fig. 7 as the solid line) have a much bigger difference
compared with other three results. It is mainly because the
effect of the inertia force becomes more important in a
larger size of the cracked subdomain. Therefore, extracting
the internal displacements to calculate the integration
constants {c} are more necessary for obtaining the accurate
dynamic results when the size of elements is larger.

5.2 Rectangular plate with an inclined central crack

A rectangular plate with an inclined central crack is
shown in Fig. 8(a). The width and height of the plate are
2b=30 mm and 24=60 mm, respectively. The length of the
crack is 2a=10y2 mm. The material properties are the
same as those in Section 5.1. Plane strain condition is
assumed in this example. The plate is loaded at time =0 by
a uniform traction with Heaviside function time dependence
p(O)=PH(?).

Fig. 8(b) shows the discretization of this rectangular
plate with 8 subdomains. The boundary of each edge is
modeled with one nine-node line element. The detail of the
cracked subdomain 1 with the nodes indicated by ‘*’ is
illustrated in Fig. 8(c). Note that the part of crack faces in
this subdomain, whose scaling center is at the crack tip, is
not discretized. In the dynamic analysis, a time step Ar=0.1
i s is selected. The order of the continued fraction is chosen
as M,;=4 for all of the subdomains. The numerical
integration A&=0.05 is selected for extracting the internal
displacements.

The dynamic stress intensity factors Ki and Ky obtained
by using the proposed approach and original approach are
shown in Fig. 9(a) and (b), respectively. The finite element
result (Song and Paulino (2006) (for Ki only) and the
boundary element result (Wen ef al. 1997) are digitized and
shown as reference solutions. Very good agreement is
observed. The CPU time is 19.8 s for the present technique
(where about 16.2 s is spent on calculating the internal
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Table 2 Condition numbers with respect to the coefficient
matrices [Sé')] and [G)]

N Original method Improved method
Voot 61 s 6]
1 5.40E05 2.45E06 38.32 509.67
2 8.03E04 2.47E06 23.89 464.97
3 3.40E05 2.49E06 18.60 381.63
4 1.36E11 2.52E06 17.73 342.87

displacements and the DSIFs) and 30.5 s for the original
method (where about 26.5 s is used to calculating the
fracture parameters). Compared with the first example in
Section 5.1, the time spent on the procedure is significant
reduced along with the reduction of the number of DOFs
and the order of continued fraction expansion for the
cracked subdomain. The dynamic T-stresses calculated by
the two approaches are agreed well with each other as
shown in Fig. 10. The result of Sladek et al. (1999) is
digitized and plotted as the solid line. Considerable
difference between the present result and the reference
solution exists. Additional analyses with increasing node
density are performed by using the improved method. No

appreciable difference with the present result in Fig. 10 is
obtained.

As is shown in Table 2, the condition numbers of [Séi)]

for the improved approach, which lead to better conditioned
and more stable coefficient matrices [G;], are generally
much smaller than the values obtained using the original
approach.

5.3 Rectangular bi-material plate with a central crack

The final example solved here is a rectangular
bimaterial plate with a central crack subjected to uniform
tractions on its upper and lower surfaces. The geometry of
the plate and the length of the crack are the same as those of
the rectangular plate in Section 5.1 and shown in Fig. 11(a).
The upper part of the plate is quartz (Material 1) and the
lower part is copper (Material 2). The elastic material
properties for these two materials are: shear modulus
G1=47.9 Gpa, Poisson’s ratio v;=0.058 and mass density
p1=5x10 kg/mm?; shear modulus G,=48.1 Gpa, Poisson’s
ratio 1,=0.2976 and mass density p,=8.96x10 kg/mm3. In
this paper, the response to the step loading p(1)=PH(f) is
considered. The coarse mesh (Fig. 3(b)) and the fine mesh
with 14 subdomains (Fig. 11(b)) is employed to model this
dynamic problem.


file:///C:/Users/technop8-1/Desktop/저널꽥꽥/SEM/66-5/원본/9.%20SEM70065C.doc%23_ENREF_28

Calculation of dynamic stress intensity factors and T-stress using an improved SBFEM 661

Normalized T-stress T/ P

3 Original method
- fine mesh
==e==- COarsec IIICNI)
4 L L L L L
0 5 10 15 20 25 30
Time (ps)
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Table 3 Condition numbers with respect to the coefficient
matrices [Sé')] and [G/]

B Original method Improved method

U (G [s'] (G

1 1.42E06 1.01E07 43.76 955.96
2 5.22E04 1.03E07 25.12 864.11
3 7.81E05 1.05E07 19.31 776.57
4 2.64E05 1.07E07 15.12 693.37
5 1.81E06 1.10E06 12.07 614.54

The time step is chosen as Ar=0.1 us, and the transient
response up to 30 us is considered. The order of continued
fraction is selected as M=5 for all the subdomains. The
present results obtained with the coarse mesh and fine
meshes are in good agreement with the original result with
fine mesh as shown in Fig. 12. Only slight difference of
high frequency is observed between results calculated with
the two meshes. According to Fig. 13, the dynamic T-stress
extracted from the cracked subdomain is similar to the
reference results as the DSIFs. Compared the two methods’
results with the fine mesh, the total times for calculating the
dynamic results with the fine mesh are 59.9 s and 109.0 s,
respectively. This example demonstrates that the present
technique is also more efficient on computing time histories
of dynamic stress intensity factors and T-stress at bimaterial
interface cracks than the original method.

As is shown again in Table 3, the condition numbers of

[Sc(,i)] and [Gj] for the improved are generally much

smaller than the values obtained using the original
approach, which shows that improved approach is more
stable.

6. Conclusions

In this paper, an improved numerical procedure of the
scaled boundary finite element method is proposed to
calculate the dynamic stress intensity factors and T-stress
for two-dimensional crack problems. It is based on an
improved continued-fraction expansion of the dynamic
stiffness matrix of the bounded domains. After removing

the stress singularity analytically, the corresponding
ordinary differential equations for internal displacements
are derived and solved by numerical integration. The
dynamic stress intensity factors and T-stress are evaluated
directly from displacement or stress fields according to their
definitions. No mesh refinement is needed close to the
singular point. The numerical results demonstrate that the
proposed method is more robust and efficient than the
original one in the time domain for the cracks in
homogeneous and bimaterial plates. The condition numbers
of coefficient matrix of the improved method are much
smaller than that of the original method, which shows that
the improved algorithm can obtain well-conditioned
coefficient matrices, and the efficiency of the solution
process and its stability can be significantly improved. It is
anticipated that when combined with the simple remeshing
procedure in the SBFEM as developed by Dai et al. (2014),
this present approach will yield a very competitive
technique for modeling dynamic crack propagation
problems with very simple meshes.
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