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Abstract. Sandwich structures are well known for their use in aircraft, naval and automobile industries due to their high
strength resistance with light weight and high energy absorption capability. Sandwich beams with soft core are very common
and simple structures that are employed in day to day general use appliances. Modeling and analysis of sandwich structures is
not straight forward due to the interactions between core and face sheets.

In this paper, formulation of Super Convergent finite elements for analysis of the sandwich beams with soft core based on
Euler Bernoulli beam theory are presented. Two elements, Euldd with 4 degrees of freedom assuming rigid core in transverse
direction and Eul10d with 10 degrees of freedom assuming the flexible core were developed are presented. The formulation
considers the top, bottom face sheets and core as separate entities and are coupled by beam kinematics. The performance of
these elements are validated by results available in the published literature. Number of studies are performed using the
formulated elements in static, free vibration and wave propagation analysis involving various boundary and loading conditions.
The paper highlights the advantages of the elements developed over the traditional elements for modeling of sandwich beams
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and, in particular wave propagation analysis.
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1. Introduction

Sandwich material constructions are employed in the
design of structures due to their light weight and high
energy absorption capability. Due to their ability for the
tailor-made design with combination of face sheets and core
sections to meet the given load conditions, these structures
find their use in many applications. The face sheets will
be taking the load and connected to other structural
members, while the soft-core material, will be used to
absorb energy during impact like situation. Cores generally
play very crucial role in achieving the desired properties of
sandwich structures, either through geometric arrangement
or material properties or both. Foams are in extensive use
nowadays as core material due to the ease in manufacturing
and their low cost. Hence, the analysis of sandwich
constructions has attracted the attention of many
researchers.

There are two different approaches to model sandwich
structures, one is called Equivalent Single Layer (ESL)
theory and the second is called layer wise theory. In the
former method, core and face sheets are synthesized as a
single entity and the average properties of the hybrid
structure are obtained using macro mechanics approach as
is done in the analysis of laminated composites. In the
second approach, each layer (in this case face sheets and
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core) are considered as separate entity and are synthesized
using approximate beam or plate kinematics at the
interfaces. In this paper, we adopted second approach,
where the face sheets and core are modeled separately and
they are synthesized using appropriate kinematics at the
interface, that is the load transfer from face sheets to core is
either by pure shear (in case of incompressible core) or
through shear and normal stresses (in the case of
compressible core).

1.1 Literature survey

Many analytical models assume that the core do not
carry bending stresses and the core deformation is only due
to shear. Such a theory is a possibility if the face sheets are
modelled using Euler-Bernoulli beam assumption. If the
axial and transverse displacements in the core are assumed
as linear function of thickness, such an assumption requires
that the normal stress in the core be constant and the face
sheets be modelled using First order Shear Deformation
Theory(FSDT). Many researchers Frostig (1992, 1994,
2003), Marur and Kant (1996), Yang et al. (2005), Zhen et
al. (2008), Yang et al. (2007) have used the axial and
transverse displacements variation in the core. In the model
proposed by Allen and Howard (1969) it is assumed that
there is only a bending deformation in the face sheet and
thus in plane deformations are null. On the other hand, the
model proposed by Frostig (2003) assumes that the plane
section of the core remains vertical and there are both the
in-plane as well as bending displacements in the face
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sheets. Frostig (2003) discusses two theories for modelling
sandwich structures, namely Ordinary Sandwich Panel
Theory(OSPT) and High order Sandwich Panel
Theory(HSAPT). The OSPT model is based on the
assumption that the plane of section of core and faces
remain plane after deformation however the slopes are
different, while HSAPT is a closed form higher order
computational model. OSPT model assumes a linear
variation of deflection through the thickness for the face
sheets and core while HSAPT model assumes higher order
variation, which represents the compressible effects of core.
Frostig and Baruch (1994) in their higher order approach
for the free vibration analysis of sandwich beams,
considered the skins as elementary beams with axial and
bending resistance and only shear behavior in the core with
zero normal transverse stress. Catherine et al. (2012)
presented an analysis of sandwich beams with a compliant
core and with in-plane rigidity Extended High-Order
Sandwich Panel Theory (EHSAPT), in which the
compressibility of the soft core in the transverse direction is
also considered. And the transverse displacement in the core
is of second order in the transverse coordinate and the in-
plane displacements are of third order in the transverse
coordinate.

Zhen (2008) made an effort to compare several
displacement-based theories such as Global Local Higher
order Theory (GLHT), Zig Zag Theory(ZZT), Higher order
Shear Deformation Theories(HSDT) and First order Shear
Deformation Theory(FSDT). In HSDT itself, there are
many theories which differs based on the number of
unknown variables. GLHT proposed by Li and Liu (1997),
a-priori satisfies displacements and transverse shear
stresses continuity conditions at interfaces. Displacement
fields are approximated using a set of functions which are
functions of material, sectional properties and thickness
with six number of unknown variables. In ZZT proposed by
Cho and Parameter (1993), the condition of transverse shear
stress continuity at interfaces for general lamination
configurations is satisfied by superimposing a cubic varying
displacement field on a zig-zag linear displacements. A
comparative study on the use of Zigzag functions in
equivalent single layer theories for laminated composite and
sandwich beams was presented by Marco (2013). To
approximate the three-dimensional elasticity problem to a
two-dimensional plate problem, Matsunaga (2001) has
proposed a higher order shear deformation theory HSDT-
98, where the displacement fields can be expressed as a
Taylor’s series in terms of thickness coordinate. The in-
plane displacement field of HSDT-98 consists of ninth order
polynomial in global thickness coordinate ‘z’ whereas the
transverse deflection is represented by an eighth order
polynomial of z with total number of unknowns being 19 in
this model. In HSDT-76, the axial deformation is
approximated as 7™ order polynomial in thickness
coordinate and the transverse displacement is approximated
as sixth degree polynomial with 15 unknowns in this model.
Kant and Swaminathan (2001) reported a HSDT, called
HSDT-33, where both axial and transverse displacements
were approximated by a quadratic variation in thickness
coordinates and total number of unknown variables are 8 in
this case. Each of these theories gave the results of varying
accuracy. Reddy (1984) proposed a higher order shear

deformation theory (called HSDT-Reddy) which can satisfy
the transverse shear stress free boundary conditions, only
includes 3 unknown variables. Damanpacka and Khalilia
(2012) proposed high-order free vibration analysis of
sandwich beams with a flexible core using dynamic
stiffness method.

Modeling of sandwich beams using the conventional FE
software is not simple as the direct sandwich beam elements
are not available. Efforts were made by Yang et al. (2007)
to model sandwich beams in ABAQUS using 2D beams for
face sheets and 3D elements for core. Ivaez et al. (2010)
developed a numerical model to analyze the dynamic
flexural behaviour of composite foam-core sandwich
beams, using ABAQUS for modeling foam core as
crushable and explicit code for modeling the face sheet
behavior. Gillich et al. (2014) made an effort to evaluate the
severity of localization of transversal cracks in sandwich
beams. Efforts on the experimental studies on sandwich
beams were also reported in literature. Experimental studies
on clamped sandwich beams subjected to impact loading by
Zhihua et al. (2011), free vibration of a three-layered
sandwich beam by Banerjee ef al. (2007), and prediction of
the dynamic response of composite sandwich beams under
shock loading by Tagarielli et al. (2010), were also
reported. Poortabib and Maghsoudi (2014) investigated
linear buckling analysis of a curved sandwich beam with a
flexible core by deriving the equations for face sheets via
the classical theory of curved beam, whereas for the flexible
core, the elasticity equations in polar coordinates are
implemented. Nonlinear magneto-electro-mechanical free
vibration behavior of rectangular double-bonded sandwich
micro beams based on the modified strain gradient theory
(MSGT) is investigated by Mohammadimehr and Shahe
(2016). Three-dimensional nonlinear finite element model
was developed by Yan ef al. (2015) for the ultimate strength
analysis of such Steel Concrete Steel sandwich composite
beams. Cunedioglu (2015) adopted multi layered approach
for modeling of an edge cracked symmetric sandwich beam
made of functionally graded materials, based on linear
elastic fracture mechanics theory, considered within the
Timoshenko first order shear deformation beam
theory(FSDT) by using finite element method.

In case of sandwich structures, the interface stresses
between the face sheets and core, shear stress, 7. and
normal transverse stress, o are the key parameters. As the
depth of the structure increases, shear strain and the
transverse normal strains will be considerable and thus
shear deformation along with stretching effect will become
crucial. Many theoretical models based on shear
deformation were proposed for the analysis of the sandwich
beams or plates made of functionally graded materials.
Among them, Four variable refined plate theory,
displacement based Higher order Shear Deformation
Theory (HSDT) which includes undetermined integral
terms, Hyperbolic shear deformation theory and Refined
Trignometric Shear Deformation Theory (RTSDT) were
found to be used by the researchers for many applications.
Meiche et al. (2011) presented a new hyperbolic shear
deformation theory for the buckling and free vibration
analysis of thick functionally graded sandwich plates taking
into account transverse shear deformation effects. The
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theory assumes the transverse shear stresses vary
parabolically across the thickness and the closed-form
solutions of functionally graded sandwich plates are
obtained using the Navier solution. Meziane et al. (2014)
selected the displacement field in their refined shear
deformation theory based on nonlinear variations in the in-
plane displacements through the thickness of the plate, by
dividing the transverse displacement into the bending and
shear parts. They presented the results of critical buckling
loads of several types of symmetric exponentially graded
material sandwich plates. Ahmed et al. (2016) proposed a
new HSDT for bending and free vibration analysis for
functionally graded plates, which deals with only three
unknowns as classical plate theory including sinusoidal
variation of transverse shear strains through the thickness of
the plate theory. In an efficient shear deformation theory
developed by Ahmed et al. (2016) for wave propagation of
a functionally graded material plate, the number of
unknowns and governing equations are reduced, by
dividing the transverse displacement into bending and shear
parts. Also, the physical neutral surface concept was
adopted and hence, there is no stretching, bending coupling
effect. Using the same theory of neutral surface-based
formulation and assuming FSDT, Bellifa et al. (2016)
carried out the bending and free vibration analysis of
functionally graded plates.

Few researchers attempted the analysis of functionally
graded beams with porosities, variation of materials
properties of face sheets and core to capture the practical
cases closely. Abdelaziz et al. (2011) adopted the four-
variable refined plate theory for the static response of
functionally graded sandwich plates, where they considered
the sandwich with functionally graded face sheet and
homogeneous core and the sandwich with homogeneous
face sheet and functionally graded core. Abdelaziz et al.
(2017) reported the application of same theory for the
bending, vibration and buckling of powerly graded material
(PGM) sandwich plate with various boundary conditions.
Fard (2014) proposed HSDT for free vibration of sandwich
curved beams with a functionally graded core. Atmane
Hassen Ait et al. (2015) presented a free vibrational
analysis of functionally graded beams with porosities, with
a simple displacement field based on HSDT, in which the
transverse displacements consist of bending and shear
components, but both will not contribute to each other.
Remarkable efforts by Ait et al. (2015) reported for wave
propagation in functionally graded plates with porosities
using various higher-order shear deformation plate theories.
The rule of mixture is modified to describe the material
properties with porosity phases and the analytic dispersion
relation of the functionally graded plate is obtained by
solving an eigenvalue problem. Lazreg et al. (2016)
presented a new displacement based high-order shear
deformation theory for static and free vibration analysis of
functionally graded beams and the material properties of the
functionally graded beam are assumed to vary according to
power law distribution of the volume fraction of the
constituents.

Some of the theories considered the effect of stretching
with reference the sandwich beams and plates, by taking the
normal transverse strain into the formulation. Hebali et al.

(2014) developed a new quasi-three-dimensional hyperbolic
shear deformation theory for the bending and free vibration
analysis of functionally graded plates by dividing the
transverse displacement into bending, shear, and thickness
stretching parts. Belabed et al. (2014) presented an efficient
and simple higher order shear and normal deformation
theory for functionally graded material (FGM) plates. This
theory accounts for both shear deformation and thickness
stretching effects by a hyperbolic variation of all
displacements across the thickness. Mahi et al. (2015) used
the same theory for bending and free vibration analysis of
isotropic, functionally graded, sandwich and laminated
composite plates. Mohamed et al. (2015) presented a simple
and refined trigonometric higher-order beam theory for
bending and vibration of functionally graded beams, in
which the inclusion of thickness stretching effect (e#0) and
this effect on the deflections, stresses were clearly
highlighted. Riadh et al. (2015) proposed a new refined
hyperbolic shear and normal deformation beam theory to
study the free vibration and buckling of functionally graded
sandwich beams under various boundary conditions. And
the effects of transverse shear strains as well as the
transverse normal strain are taken into account and the
effects of thickness stretching, boundary conditions, and
thickness to length ratios were discussed. Bennoun et al.
(2016) proposed a novel five-variable refined plate theory,
by considering the transverse displacement with
contributions of bending, shear, and thickness stretching
parts and also accounts for hyperbolic distribution of the
transverse shear strains. Free vibration analysis of
functionally graded sandwich plates, FGM face sheet and
homogeneous core and the sandwich with homogeneous
face sheet and FGM core were analyzed using this theory
and observed a good match with 3D elasticity solutions and
higher order theories. Fatima et al. (2016) presented a
zeroth-order shear deformation theory for free vibration
analysis of functionally graded (FG) nanoscale plates
resting on elastic foundation, considering the influences of
small scale and the parabolic variation of the transverse
shear strains across the thickness of the nanoscale plate. The
effect of transverse shear deformation is included in the
axial displacements by using the shear forces instead of
rotational displacements as in available high order plate
theories.

Application of these theories were not limited to
structures. Some of the works published by the researchers
were found in the area of thermal analysis. Tounsi ef al.
(2013) considered the transverse shear deformation effects
(by following RTSDT) for the thermo-elastic bending
analysis of functionally graded sandwich plates. They
studied the influences played by the transverse shear
deformation, thermal load, plate aspect ratio, and volume
fraction distribution on the deflections and stresses of
functionally graded metal-ceramic plates. Bachir et al.
(2013) reported the thermo-mechanical bending response of
functionally graded plates resting on Winkler-Pasternak
elastic foundations based on RTSDT. Hamidi et al. (2015)
presented a simple but accurate sinusoidal plate theory for
the thermo-mechanical bending analysis of functionally
graded sandwich plates, incorporating the thickness
stretching effect. Bachir et al. (2016) proposed a simple
shear deformation theory for thermal stability of
functionally graded sandwich plates and reported that the
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obtained numerical results achieved are on par with
conventional FSDT which has more unknowns. Bousahla et
al. (2016) developed a four-variable refined plate theory for
buckling analysis of functionally graded plates subjected to
uniform, linear and nonlinear temperature rises across the
thickness direction to investigate the variation of coefficient
of thermal expansion. Abdelbaki et al. (2017) recently
proposed a simplified HSDT for thermal buckling analysis
of cross-ply laminated plates in which the displacement
field introduces undetermined integral terms and contains
only four unknowns. El-Haina et al. (2017) presented a
simple analytical approach to investigate the thermal
buckling behavior of thick functionally graded sandwich by
employing both the sinusoidal shear deformation theory and
stress function. Menasria et al. (2017) used a new
displacement field that includes undetermined integral
terms for analyzing thermal buckling response of
functionally graded (FG) sandwich plates by considering a
trigonometric variation of transverse shear stress and
verifies the traction free boundary conditions without
employing the shear correction factors. Using the same
theory, Bellifa et al. (2017) proposed a methodology for
buckling analysis of functionally graded plates and they
determined the closed-form solutions of rectangular plates.
It can be found out that the numerous efforts were made for
the analysis of sandwich structures and the classical to
mixed formulations to novel methodologies were proposed.
All these efforts can be noted basically based on the shear
deformation and stretching effect as they play a crucial role.
In the present study, efforts were made to develop the
elements without and with this stretching effect basically to
quantify their effect while transferring the energy from core
to the face sheets which will reflect on the overall
performance. And the shear effects are captured using
FSDT in face sheets.

1.2 Concerns and possible solutions

All of these theories consider governing differential
equations of varying complexity, which requires numerical
techniques such as Finite Element Method (FEM) to solve.
Most of the theories consider the weak formulation and not
the strong form, while deriving the governing equations.
The degree of accuracy of results depends on the ability of
the chosen interpolation polynomials of the finite elements
to satisfy the governing equations as closely as possible.
Many finite elements suffer from problems such as shear
locking, poor convergence, etc. due to inappropriate
interpolation functions. In fact, if a proper interpolating
functions are chosen, even FEM based FSDT will give
accurate results. Hence, we will use this approach to
formulate a family of finite elements based on FSDT for
sandwich structures, in which the interpolating polynomial
of the formulated FEM satisfy the static part of the
governing equation. Hence, such an element will give exact
results for the static analysis under point loads, while the
dynamic analysis will still be approximate due to inaccurate
inertial distribution. However, since the static part of the
governing equation is exact, the convergence of results
provided by this element is expected to be superior
compared to conventional FEM. Hence, this formulation is
normally referred to as Super Convergent FE formulation.

Energy absorption studies requires deep understanding of
wave propagation, which is a multimodal phenomenon,
where all higher modes will get excited to a short duration
load. The frequency content of such load will be large. At
these large frequencies, the wavelength will be very small
and hence for accurate results, conventional finite elements
mesh size should be comparable with the wavelength and it
should be typically one eighth or one tenth of wavelengths.
Hence, mesh sizes for wave propagation problems is very
high requiring new methodologies to reduce problem size.
Spectral FEM (Gopalakrishnan ef al. 2008) is one such
method, while Super Convergent FEM which is a topic of
this paper, is the other. Since, the stiffness is exactly
captured in Super Convergent FE formulation, it is expected
that this formulation requires smaller mesh sizes and
superior convergence properties compared to conventional
FEM and hence will be of great use in solving wave
propagation problems.

Such  formulation for higher order rod by
Gopalakrishnan (2000), beam by Chakraborty ef al. (2002),
thin walled beam by Mitra et al. (2004), higher order
composite beams by Murthy et al. (2005, 2007), Ghosh and
Goplakrishnan (2007) have been reported in the literature.
Through this procedure, the continuity and completeness of
the displacement polynomial, which is essential to obtain
shear locking free performance, can be achieved. Shear
locking is the common phenomena in case of thin beams,
where the beam slopes are not computed using the
transverse displacements. Elimination of locking through
the reduced order integration by making the shear stiffness
matrix rank deficient is most widely used by Cook et al.
(2002). As the present formulation employs the exact
solutions as interpolation functions, the element is naturally
free from locking. This super convergence property makes
this element more powerful when compared to the other
formulations, which provides higher rate of convergence
and there by gives a great benefit to use less number of
elements for carrying out the analysis of sandwich beams,
especially for wave propagation studies. We (Sudhakar et
al. 2010) reported the development of sandwich beam based
on Timoshenko beam theory with partial compressible
effects of core with super convergence property earlier.

1.3 Novelty of the present work and applications

Following novel points can make the elements presented
in this paper superior over the other.

* use of the strong form of the governing differential
equations in the element formulation

* use the solution of the differential equations as
interpolation functions to make the stiffness matrix exact
for the static case and shear locking free in case of thin
beams

* element model assumes the degrees of freedom(dof) at
the face sheets to facilitate realistic load application and
boundary conditions

» effects of core are applied through kinematic relations
with dof and forces respectively, which will provide
freedom to capture the core phenomena many ways in
compatible with face sheets

* metallic and /or composite face sheets



Development of super convergent Euler finite elements for the analysis of sandwich beams with soft core 661

* Eul4d element considers the rigid core with uniform
transverse displacement and slope

* Eul10d element considers the flexible core with effects
of shear stress in longitudinal, transverse directions and also
stretching in thickness direction.

As these elements are developed on the basis of Euler
Bernouli beam theory with the specific features mentioned
above, the applications where these elements can be used,
can be many as listed below.

« Static, free vibration and wave propagation analysis of
thin beams.

* Beams with loads leading to bending phenomena
predominantly, say point loads, uniformly distributed loads.

* Analysis of beams with application of boundary
conditions at top and bottom face sheets same or different-
more rigid to more flexible.

» Use of Metallic or composite face sheets with wide
variety of foam cores

Energy and vibration absorption studies of sandwich
beams
This paper covers the general Super convergent element
formulation outlining the procedure in next section. Later
Element formulation for Eul4d, Eull0d with details of
stiffness matrix derivation and static condensation for
obtaining the solution. The developed elements are
extensively validated for static, free vibration and wave
propagation analysis problems as presented in following
subsequent sections.

2. Super convergent finite element formulation

Euler beam theory is the basic beam theory for pure
bending analysis, where the shear deformation is not
considered and hence widely acceptable for thin beams.
This element basically considers the contribution of core
through shear stress, 7. and normal transverse stress, o. at
interfaces with face sheets so that the compressibility
effects of core are captured. Incompressible as well as
flexible effects of the core are considered and are captured
by incorporating appropriate beam kinematics. The
respective degrees of freedom considered in these super
convergent finite element sandwich Euler Bernoulli beam
elements developed, are listed as below.

* 4 degrees of freedom Euler Bernoulli element (Eul4d)

. dw
U_ot ,W, i’ U_ob

* 10 degrees of freedom Euler Bernoulli element
(Eul10d) u_or, Wi, dw/dx, u_ob, Wo, dWu/dX Tz, Tz, 02z, 072z
Super Convergent formulation for higher order rods, beams
are available in Gopalkrishnan (2000) to Ghosh and
Goplakrishnan (2007). 7“ is the shear stress in core, s and
7. are the shear stresses at top and bottom interfaces
between the face sheet and core. For a constant shear stress
variation across depth of core, 7°: is used. While “. varies
across depth of core, 7. and 7°;, are used correspondingly to
denote the shear stress. Similarly, ¢°. is the transverse
normal stress in core. o’.; and ¢”.. denotes the transverse
normal stresses in core at the top and bottom interfaces.

Among the elements developed, Eul4d element is the
basic element that assumes rigid core, where the transverse

displacement is constant throughout depth of the core.
These elements can be employed for thin sandwich beams
under bending loads. EullOd is a higher order element
which is expected to simulate the real conditions with
flexible core represented through the shear stress and
transverse normal stresses at top and bottom interfaces.
General frame work for all these super convergent finite
elements formulated based on Euler beam theory is
presented in the next subsection.

2.1 Super convergent FE frame work for sandwich
beam elements

The details such as governing equations, interpolation
functions, etc. for each formulated element are given in the
following sections. The general procedure for formulating
super convergent sandwich beam element is outlined, which
mainly explains the derivation of stiffness and mass
matrices.  All formulations will consider both top and
bottom face sheets and core as separate entities. The face
sheets are connected to core through interfacial shear and
normal stress in the transverse direction depending upon the
type of element formulated.

A generalized sandwich beam with face sheets, core and
coordinate systems followed are as shown in Fig. 1(a).
Based on the idealization of model with assumed
kinematics in terms of degrees of freedom, the stress
distribution in the element, external force acting on the
element and the energy associated with the systems in
various forms are calculated

Governing differential equations can be derived using
Hamilton’s principle, which are given by

5ftt12(Tt — U, + W,)dt =0,
ty
t1
WhereT;, Tyrepresents the kinetic energy, U,, U, are the
potential energy and W, W, are the work done by the
shear and transverse normal stress due to core
corresponding to top and bottom face sheets respectively,

which are given by

1

L
U= 5| [ Gheehe +etv) dxaa,
0 Ja,

1 L
Uy = _j (O-J?x Ealc)x + Talgz y)?z) dx dA,
0 JAp

2
1L . .
Tt = Efo fAt pt(u’? + Wtz)dx dAfl
1 L
Ty = _J- J- pp (U + wi)dx dA, (M
2 0 Y4y

1 L
W, = EJ- b(tiue + of,w)dx
0

1 L
W, = EJ- b(tiu, + olwy)dx
0

where dA; =b dz; and dAy=bdz;, are the area of cross
section of top and bottom face sheets under consideration.
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Fig. 2 Two noded 10 dof Sandwich beam element

Assuming FSDT, longitudinal displacements u, u; are
related as

_ dwe _ dwyp
Ue = Uor — Ze > Up = Uop — Zp

2

It is essential to note that the inertial mass contribution
from core is not included as the degrees of freedom
corresponding to core are not included directly in any of the
formulations and hence, they are included through available
degrees of freedom at top and bottom face sheets through
lumping procedures. Based on the assumed idealization,
that is the core is either rigid or flexible, the terms in the
energy expression will be appropriately modified.

Once the governing equations are derived, the
displacement functions need to be derived using super
convergent formulation where the shape functions are
obtained by solving static part of these governing equations
exactly. Subsequently, using these shape functions, the
stiffness matrix and mass matrix of the element will be
derived.

2.2 Stiffness matrix

Stiffness matrix can be derived based on the strain
displacement relations and expressed as,

[K¢lnxn = J;)Lj(;bfi |BI" [C][B] dz dy dx 3)

Where |K€| denotes the element stiffness matrix, [B]
denotes the strain displacement matrix, [C] denotes the
material stress strain constitutive relation matrix. Element
stiffness matrix will be computed for N degrees of freedom
(dof), that the element can support. Free body diagram for
the sandwich beam can be written as shown in Fig. 1(b),
which is applicable for Eul10d.

Similar free body diagrams for Eul4d elements can be
derived based on the degrees of freedom and stress
resultants assumed respectively. The stresses are related to
the strains using the constitutive relation and is given by

Oxx Q11 0 0 €Exx
{Gzz] = [ 0 QZZ 0 | {EZZ] (4)
Txz 0 0 st Yxz
which can be written as
{o} = 1Q] {e} (5)

For the top and bottom face sheets, the stresses and
strains are calculated using these expressions, where @;;
are the elements of the anisotropic constitutive matrix,
where the effect of ply-angle is taken into consideration.
Q;; are evaluated using the expressions given by Vinson and
Jack (1999). In addition to the shear stress <, for top face
sheet and 72,for bottom face sheet, the core shear stress
7%, and normal stress of, will be acting at the interface of
the core and the face sheets.

Formulation begins with evaluation of interpolation
functions obtained using the static part of the solution of the
governing equation. Here, the formulation procedure is
illustrated with all possible dofs as listed below as the
vector containing ten independent degrees of freedom,
which can be written in a matrix form as

{u} = {uOt' Wy, aWt » Uob) Wh, aWb ’ T)t(z ’ T)?Z! GEZ!
0x Ox ©)
T
o? }
77

Various possible degrees of freedom, free body diagram
of forces and stresses are shown in Fig. 2.

We assume that there are n, number of constants in the
solution, which needs to be determined in order to define
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the functions completely and only 2 m of them are available
as boundary conditions corresponding to dof, m. Hence,
n, = n, — 2m constants are not independent and they
need to be expressed in terms of independent constants. By
substituting the assumed polynomials from Eq. (6) into the
governing equations, a set of equations will be obtained.
Let the vector { C; } be the vector of dependent constants
and vector {C_i} be the vector of independent constants.
Set of relations obtained can be put in matrix form, which
can be expressed as

[Al]nxxnx {Cd}nxXl = [Az]nxXZm {Cilamxa (7

where [A],[A;] are the matrices consists of the
stiffness coefficients associated with {C;} and {C;}
vectors. Care should be taken while selecting the dependent
constants in matrix {Cy } so that matrix [A;] will be non-
singular.

From Eq. (7), {C;}

{Cd}nxxnx = [Al]_lnxan [Az]nxXZm {Ci}2m><1 (8)

can be obtained as

which can be written as
{Cd}nxxnx = [Adi]n,CXZm {Ci}mel (9)

Next, the vector containing regular displacements can be
written in terms of both dependent and independent
constants by expressing the governing equations in matrix
form as

{u}mxl = [Ad]mxnx {Cd}nxx1+ [Ai]mXZm {Ci}mel (5)

Substituting {C;} obtained from Eq. (8) in Eq. (10), we
get the relationship as

{u}mxl = [Ad]mxnx [Adi]n,CXZm {Ci}zmx1
+ [Ai]mXZm {Ci}mel (11)

The above equation can be written as follows.

{u}mxl = [Ac]mXZm {Ci}mel (12)
Where

{Actnxam = [Ad]anx [Adi]nXXZm + [Ailmxam (13)

By substituting the boundary conditions at two nodes of
an element at x = 0 and x = L as shown in Fig. 2, we get
a matrix relation between the constants and the nodal
displacements, which can be written as

U} 2mx1 = [Aelzmxam {Cilamx1 (14)

Where {u®} = {uy,u,}’
and {u®} is the elemental degrees of freedom vector,
{ui}and {u,} are the vectors at nodes at x =0 and j at
x = L defined as

ow; awy, T
Uot1, Werr | 3 ) »Uob Wb | 3
{ul} — ) ) ax 1 ) ) ) ax 1 )

t b t b
Txz11 Txz1» Ozz1, Ozz1

(awt) adw,,
u Z’W 2\ & ,u Z’W 2\ 7 )
{uz} — ot t Ox 5 0b b Ox 5

t b t b
Txz2 » Txz20 Ozz2, 0222

From Eq. (14), we have
{Ci}mel = [AE]_IZmXZm {ue}mel (15)

It is to be noted that unlike conventional finite elements,
super convergent elements will give constants dependent on
material as sectional properties of an element.
Displacements at any point in the element are related to the
nodal displacements using the shape functions [N], which
can be obtained as follows

{Whnx1 = [Aclmxom [Ae]_lzmxzm {u}amx1 (16)
Hence, [NV], the shape functions can be written as
[N]mxam = [Aclmxam [Ae]_lzmxzm a7

For element with 10 degrees of freedom per node
(m=10), /N] can be derived as shown below.

Nixs Osxz  Nixy Nixs Osxz  Niug
[NI= |053  N3hs  Nfus O3xz N3k Nics (18)
043 Oaxs  Nixs Osxz  Oaxz  Nixa
where [NT] are the shape functions corresponding to the
shear stresses 7,72, and transverse normal stresses, o,
and o2,. The strain displacement relationship is given by

{e}=1[Bs] {u®} (19)

where [B_s] is the strain displacement matrix. The above
relation can be explicitly written as

{e}=[B;] {u®} (20)

where subscript 7 in above equation refers to ¢, b and ¢
corresponding to top face sheet, bottom face sheet and core
respectively. [B;],[B.] and [B,] are determined using the
strain displacement relations as shown below.

( 0w
ox
{e} = {Eatcx} = Jaut ow; L
rhe LEZ*ETJ
(21)
N, dN3
o Aox
= N+ 2 e {ut) = (B {u) ]
\ J
( ouy, \

Ox
{Eb} = {ng} = aub aWb

b

Vxz lazb + dx J

0x “ o0x
= 1y e M =18, {u)

0x

\ )

Assuming the displacements in longitudinal and
transverse directions, u, and w,, as linear variation of
corresponding displacements at core face sheet interfaces at
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both top and bottom, strain in core can be written as

Ju,
0x
€5, ow,
{EC} = 6_ZCZ =9 0z = [Bc] {ue} (23)
yE, Ju, 4 ow,
dz, O0x
Where
[B]
((c’iN1 h; 6N3) L <6N4 hy, 6N6)h \
| ox 2 Ox at Ox 2 Ox C2|
= IV, = ] }
| 1[N]+h N> | e, s |
\ n, Ll RGeS )
And N, is defined as [N; — N, +%N3 +%N6],

where N;,N,, N5, N,,Ng and Ny are the shape functions

aw, .
Uop, Wy, —— respectively. In

owg b
corresponds to Ugs, Wy, ot P
Eqn 18, N¢ represents Nj,N, and N; , while N?
represents N, Ns and Ng . Also hcy = [§+%] and

C
I
he, = [2 hc]
the mid core section. The total stiffness matrix of the

element is given by

(Kl = [K;] + [Kp]+[K.] 24

where z,. is the ordinate distance from

where [K*®] is the element stiffness matrix of beam which
is obtained by integrating the stiffness contributions from
top face [K;] , bottom face, [K},] and core, [K_].

Where
[Kt 2mx2m f f Qt [Bt ]dthx
L
[ ]2m><2m - bf fhb[Bb]T [Qp][ By |dzpdx  (25)
o J-1b

ff [B. 17 [Q.[ B. |dz.dx

In the above equation, [B] and [Q] matrices are
represented with subscripts t,b,c corresponding to the
top, bottom face sheets and core. h;, hy, he, Z:, 2, and 2z,
are the thickness of face sheets, core and corresponding
ordinates. Forces acting on the element at the nodes are
written as

K ]
2mx2m

T
t yt pmt nb yb b
Ng, Vi, M; NG, VP, MY,

26
N, V5, MS N, VB, M2 (26)

{F} =

It can be observed that the forces considered are 6 per
node only which are related to the face sheets only. The
forces corresponding to t,,, 0,, are acting internally at

the face sheet interfaces and hence the stiffness terms can
be condensed out to get the effective stiffness matrix in
terms of 6 dof per node, with an element stiffness matrix of
size 12X 12 .

2.3 Mass matrix
Consistent mass matrix for top and bottom face sheets

can be computed using the interpolation or shape functions
that are used to derive the stiffness, as given by the

following expression.
f f hs " [p]IN

Mlomsom = [ [ N [pp)INldzdx (28)
0 =

ldz,dx (27)

[Mt 2mx2m —

where [M{] and [Mj ] are the consistent mass matrices
corresponding to the top and bottom face sheets. Since the
degrees of freedom from core u.,w, are not considered
and the shape functions are not represented for core, the
mass of the core cannot be computed using consistent mass
matrix. However, the mass can be lumped at the respective
degree of freedom corresponding to the degrees of freedom
represented at top and bottom face sheets.

Lumped mass matrix is a diagonal matrix, which is
obtained by placing particle masses at nodes (Cook et al.
2002). Total element mass of the core, m, = p.A.L,
where A, 1is the cross-sectional area of core. Particle
lumping places a particle of mass % at each translational-

longitudinal and transverse degree of freedom. Rotational

. . 1m¢ L\? Mmc ;2
inertia can be calculated as 32 G :El’ . Mass

corresponding to the shear stress terms are taken as zeros.

In consistent mass model, the consistent mass matrices
from face sheets are computed using the interpolation
functions used for stiffness and the lumped mass matrix
from core is added as shown below.

[ME] = [M(] + [My]+ [M,] (29)

Here the elements of diagonal mass matrix for core
[M.] for a standard element with 6 dof per node is given
by

or_ PAL 1 1 1 1)
M’} = 4 {11 1z b bt 12} 30
In case of an element with stress degrees of freedom, the
corresponding elements in mass matrix considered are
zeros. In lumped mass model, the mass matrices from face
sheets are computed using the lumped model and the
lumped mass matrix from core is added as shown below.

(M1 = [M{] + [My] + [ M,] (31)

Mass matrix from core, M, will be same as shown

above in Eq. (30). The lumped mass matrices for face sheets

M! and M} are computed in similar manner and are
defined as shown below.

ptA L { 1 1 1 1 }T
- — 11— 32
M} = 1,1,12,1,1,12,1,1,12,1,1,12 (32)
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ppApL 1 1 1 147
Ml = {111’_1 1’1’_1 1’1;_’ 1;1;_} 33
M} 2 12°7712° 77120 12 )
In this paper, wherever consistent mass model is
referred to, then it means that the matrices are computed
using Eqn.29 and while the lumped mass model refers to
the mass computed using Eq. (31).

2.4 Global matrices and their solution

Once elemental stiffness, mass and force matrices are
derived, then these matrices need to be assembled based on
the discretisation carried out to model the given structure
for analysis. Assembly of these matrices is done according
to the nodes connected to define an element and global
equation number assigned to the degrees of freedom at
nodes n;  and n;, where n; and n; are the first and
second nodes of the element. The numbering is done taking
the boundary conditions defined at some nodes. Assembly
of these matrices will give global stiffness[K], global mass
[M] and global force vector {F } which are having the
dimensions of number of equations present in the system.

The dynamic equations of motion can be written as
follows.

[M]nqan{ﬁ}nqxl + [K]nqan {u}nqxl = {F}nqxl (34)

where nq is the number of equations or unknown in the
system to be solved. This is an equation which is defining
the undamped dynamic system when the force applied is
time dependant. The above equation can be solved using
Newton- S time stepping algorithm, the details of which is
given in standard text books Cook et al. (2002), Shames
and Clive (2003).

3. Four DOF rigid core euler bernoulli beam element
(Eul4d)

This is sandwich beam model with incompressible core
and symmetric face sheets having equal thickness, where
the transverse displacements are assumed same in both top
and bottom face sheets, meaning w, = w, = w. The

ow
nodal degrees of freedom are Uge, W, 5—

face sheets are having same thickness, the stiffness
coefficients A; = A, = A, A1t = A11p = 411, Biie =
By = 0 and Dyye = Dygp = Dyy.

In this idealization, as the transverse displacement in top
and bottom face sheets is assumed the same, which will be
the case applicable for thin cores. This results in zero
normal stress in transverse direction, i.e., d,, = 0. This

result comes from the core equilibrium equations, that is
0txz
ax

Assuming Euler Bernoulli beam theory for face sheets

in the present idealization, the following kinematics of
deformation is applicable.

, Ugp- As the

dw(x,t)

dx (35)
w; (x,2,t) = wy, (x,z,t) = w(x,t)

ut(x' Z, t) = uOt(x' t) —Z

Coz,t) = by (2 ) =

¢t X,Z, _¢b X,Z, - ax
dw(x,t)

up(x,2,t) = ugp(x, t) + z, —a

In this model, the face sheets are considered having
equal thickness h, = h, = h and hence, it gives the
same geometrical sectional properties and similarly, Iy, =
Iop =1y, L1t = I;; = 0. It is assumed that the energy
transfer between face sheets and core at interfaces is
through shear stress from the core, 75, only.

Following governing equations are
considering the equal thickness face sheets.

obtained by

0%u, 0%u,
IO Wzt_ bAll Wzt— b’[fcz =0 (36)
02w o*w h 97,
_ - — = 37
I 572 b Dy, ax4+b2 5 =0 (37)
BZuOb azuOb
I 5z b A 752+ btt, =0 (38)
0%w o*w h 012,
_ - — = 39
I 572 b Dy, ax4+b2 5 =0 (39)

Eq. (39) is same as Eq. (37) since t° is equal to T°.
Associated force boundary conditions are as given below.

Jd u
bAll x0t = Nt

0w .
b Dy, 712 =

03w h (40)
bD11 ax3+ b?t‘f;-z _Vt

ou

bAy, axOb = N*b

Without considering the inertial term, Egs. (36)-(39) can
be written as

0%u
- bAll Wgt_b‘[;z =0 (41)
o*w h ott
~bDu Gatby 5= (42)
Uy
— bAy, 752 + b1k, =0 (43)

Core is assumed to be incompressible in transverse
direction and hence ¢f, = 0 prevails and the interaction
between face sheets in overall sandwich beam behaviour is
through shear stress. The equilibrium equations for core
will become,

0 Ogx | 0 Ty,
=0 (44)
ox 0z
t
0% _ 45)
ox

Which means that the shear stress is constant along X
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axis. Referring to Eq. (42), as 75, is constant in x, this will

4
force % =0. Hence, the polynomial order of w can be
374 order. Accordingly, uy, and ug, will be quadratic.

From the constitutive relation, 75, can be written as
Ju, OJow
+ _—
0z 0x
If longitudinal displacement in core, u, is assumed to

vary linearly between longitudinal displacements at
interfaces u; and u,, it results in a constant value of

(46)

[ —
sz -

ou ow .
a—ZC across the core. As 5, s constant across the depth of

. . %u
core, this will enforce t%, =12, thereby axZC =0.For

bending to be present in the core of beam, u.should vary at
least as quadratic function in z, across the depth of core.

As the core is assumed to be rigid, the bending contribution
. .. 9?2
from core is negligible and hence, ?I;C =

linearly across the depth of core. From Eq. (46), u. can be
written as

0 and u.will vary

Ju, i, Oow
= - = 47
0z G, 0x “7)

On integration with respect to z,u, can be determined
as,
h. dw

he he Tis
Ue =Uor + (G + o~z )+ (% —?)G—C (48)
Using the expression for u,, o5, can be written as,

005, 0%ug, h, h. d3w
T = - —+ —— Z. ) -
0x 2 2 dx3

From Eq. (44) upon integration, one ca =n write,

0%u hy + h.\ d3w
°f+EChC(f ) =0 (50)

=0 49

Tiz - TJIgz +Ech

¢ 9x2 2 dx3
As ‘I,',t(z = r,’gz , the above equation will be reduced to,
0% U, he + he\ d3w
Echc—axz + Echc( > )—dx3 =0 (51

From Egs. (41) and (43), ast’ = 72, we can derive a
relation between uy, and ug, as,

0%, %uq,
ax2 dx?
Based on the above observations and relations, the
displacement fields can be assumed as
Ugr = Ao + a1 X + ayx?
Ugp = A3 + AyX — apx>
W= as + agx + a;x% + agx?

(52)

(33)

i +2 +3 2=9

—=a asx agx*® =
ox 6 7 8

Total number of unknown polynomial coefficients are 9
and N£ V,, M,, NP are forces at node, which makes to 8
force resultants per element. One more unknown
polynomial coefficient needs to be determined so that the
total number of unknown polynomial coefficients will
become 8 to define the displacement functions completely.

We can use Eq. (52) to get this additional condition, which

2 .
= W.Accordmgly,

the polynomials expressed in Eq. (53) can be rewritten as,
Upr = Ao + A1 X + ayx?
Ugp = A3 + AyX — Apx>

is given by, ag = c;a,, where ¢,

W= as + agx + a;x?+ crax3 (54)
v +2 +3 2=9

a a;x C1a,X
a 6 7 142

In this element, the shear stress from core is constant
across the interface of the core and also the rotation is the
derived quantity from the transverse displacement, which
ensures that the shear locking will not occur. In this
formulation, expressions given in Eq. (54) are considered as
interpolating functions corresponding to the degrees of

a .
freedom of element, {u}’ = {ug.,w, %,uo,,}. Using the

procedure explained in Egs. (14) to (17), the displacement
functions can be expressed in terms of nodal
displacements, {u,}* at both ends of element, x=0 and
x=L through shape function of element, [N]" as shown
below.

{uaxi = [Nlaxs {u®lex1 (55)

In this element, the strains considered in face sheets are
€y, only while the strains in core are €%., V5,. The
stiffness matrix of element is determined and is given by

[K¢lexs = [Ke]l +[Kpl + [Kc] (56)

where [K®¢] is the element stiffness matrix of beam
obtained by integrating the stiffness contributions from top
face [K.], bottom face, [K,] and core, [K.]. Forces acting
on the element at the nodes are written as

{FY" = {Nf{,V{,M{, N, NS, VS, ME,NY  (57)

Once the stiffness and force matrices are obtained at
element level, assembly of these for all elements discretized
to model the given structure is done to get the global or
overall system matrices. These matrices are solved to find
out the unknowns.

Mass matrix of element is built with contributions from
face sheets and core, as given by

[Me] =[M] +[Mp]+[M] (58)

Mass matrices from top and bottom face sheets are
computed using the consistent mass model using the shape
functions derived above in Eq. (54). [M,] and [M,] are
computed as given in Egs. (27) and (28). As the
displacements from core u.w, are not available as
degrees of freedom, the mass from core is lumped at the
corresponding degrees of freedom that belongs to face
sheet. Lumped mass matrix from core for the present
element is given by,

(myr =Pt

4

12L112L1
{)!6; !;!6;}

4. Ten DOF flexible core euler bernoulli beam
element (Eul10d)

This is higher order element assuming the flexible
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effects of core by considering the presence of both shear
stress and normal transverse stresses along with the six
displacement dof which are independent at both the top and
bottom face sheets. Free body diagram, of and forces details
are shown earlier in Figs. 1 and 2. Applying Hamilton's
principle for the top and bottom face sheets, the following
governing differential equations are obtained.

For top face sheets, the governing equations are given
by

0%uy, 23w, 0% ug, 23w,

lor ¢z —lie gz~
— by, =

. 2%w, 0%ug, 03ug,
ot 6t2 — Iit 6t2
0*w, h, 015,

—b Dllt W— bO'ZtZ + b? ox

For bottom face sheets, the same can be written as

(60)

azuOb a3Wb azuOb
loo 5z 1w 5z 63x_ b "5y2

0°wy, b
+bB11b W+b‘[xz=0

bA

(61)

3
0 Ugp
dx3

4 h, 9t%,

a*wy b
_b Dllb ax4 + bO-ZZ + b? ax

The associated forced boundary conditions for top and
bottom sheets can be expressed as given below.

aZWb azuOb
IOb atz - Iit atz

(62)
=0

Ouy; 0%w,
b Aiq, ox b By, ox2 N*
b By1; ox b Dy1; 9x2 =M*
0%ug, 3w,  h,
b By1; 9x2 b Dy1; 9x3 i bgr}cz =Vt
Jugp a°wy, (63)
b Ay1p b By1p Ox2 =N®
auOb aZWb
b Bllb a b 11b a 2 = b
Uop 23w, h,
b Bi1p 922 Dy1p 923 +b?‘[alc’z =VP

where as Nt V¢, M: NP, VP and MP represents the axial
force, shear force and bending moment acting at two ends
of beam, acting at top and bottom face sheets. It is to be
noted that the governing equations derived above are
corresponding to the top and bottom face sheets of the
sandwich beam, wherein the effect of core has been
included through the shear stress of the core 75, and the
transverse normal stress o,. In order to proceed with the
super convergent formulation, we need to obtain exact
solution to Egs. (59)-(62). As the number of degrees of
freedom considered in the element are 10, total number of
degrees of freedom and force resultants available in the
element at two nodes is equal to 20. Here we need to follow
certain approach to determine the order of polynomials of

different dof.

It can be observed that the degree of freedom with
minimum polynomial order is for variables ¢, and o2,.
Assuming the constant variation for of, and oJ, ,
corresponding polynomial orders for other degrees of
freedom %, 72, is linear, while g, Ugp, P, Pp is 37¢
order and wy,w;, is 4" order. This makes total number of
polynomial unknown coefficients as 24. With these
assumed polynomials order, the conditions from the Eqgs.
(59)-(62) that will result are about 6, which will yield about
18 unknown polynomial coefficients, lesser than the total
number of degrees of freedom per element. Hence, the
assumptions will not yield the exact interpolation functions.
Assuming the linear variation for ¢f, and o2, the total
number of polynomial unknown coefficients will be 32 and
the conditions that will result will be about 10 and this will
yield about 22 unknown polynomial coefficients, more than
the total number of degrees of freedom per element, which
is equal to 20. In order to derive the exact interpolation
functions, we need one more condition which will provide
two relations between the polynomial coefficients. We can
derive one more condition from core equilibrium equations
as given below.

The governing core equations are given by

dog, 0T,

= 64
ox 0z 0 64

dos, ats,
0z ox

Assuming 75, as the linear variation across depth of
core, between &, and 12, 0f, canbe computed as,

0 (65)

1 z 1 z
weGr)erGa)e @
C (4
of, = 2. [252 4z (67)

oS, canbe derived and ¢2, can be obtained as
2 ¢
c _ ¢ 3h, 2z zE \ 0 1y,

O-ZZ - O-ZZ +

8 2 2h.) 0x
3h, z N z2 \ 01k, (68)
8 2 2h.) 0x
h. (07, o1b
ob =ol, + é ( O;Z + af) (69)
Eq. (69) can be rewritten as,
h, (0t, 0t2
ol —ab + 76 ( af -+ a;Z> =0 (70)

If of, assumes linear variation across longitudinal axis
x of beam, Eq. (70) will provide two more conditions,
which makes the total number of conditions as 12. This will
make total number of unknown polynomial coefficients as
20. This will give the super convergence property as this
will solve the governing equations exactly.

Assumed displacement fields are

Uy = Ao + a1 x + a x? + agx® + ay x*

1
Wy =as + ag x +a; x2+ ag x® + ag x* + a x° 70
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d w,

=ag+2ax+3agx?+4aex®+5a,x*

T;Z = all + alzx + a13 x2
t _—
Ozz = Qg t Q45X
uob = a16 + a17 X+ a18 xz + a19 x3 + azo x4
Wp = g1 + GgpX + g3 X% + Ag4 X3 + agsx? + a6 x°
d wy

W = djpy + 2a23x +3 a24x2 +4 a25x3 + 5a26x4

T,lgz = a27 + a28x + azg xz
b _—
Ozz = Q30 + A31 X

By substituting these polynomials in the governing
equations, listed in Egs. (59)-(62) and also additional
equation from core Eq. (70), 12 conditions are obtained.
From these conditions, some of the polynomial unknown
coefficients are expressed in terms of other coefficients
which will reduce the total number of unknown coefficients
to 20. The displacement functions thus obtained by solving
these equations are given as below.

Uge = Ao + a1 X + ay x2 + azx® + a, x*
wy = dyxtaz+ as + xag + a; x* + agx®

+ a0 x® + dy x*aye + ds x* ays
J w;
0x

= 4x3d,a;+ag+ 2xa, +3x%ag

+5x* a0 +4x3d; a
+ 4x3d; ays
Tyy = —2411,0; + (24 By dy — 6 Agg)xa,
- 12 szllt a4 + 6Bllta8
+ 60 x2 Byyy g9 + 24 X Byq; diayg
+ 24 xBy4+d5 ay5
Oyy = dypas + (24 Byyy —12h Agge)x ay
+ (60 h¢ By1r — 120 Dyy¢)x agg
+dyya19 + dy ags
uob = a16 + a7 X + a18 XZ + a19 x3 + azo x4
wy, =d, x°a, —ds x° ag — dg x° a_20 + a,, (72)
+ ayp X + Ap3x? + apq x3 + ays x*
dwy

W:5x4d4a4_5x4d5a10_5x4d6a20+a22

+2x a3 +3x%ay, +4x3a,s
b, = —60d, Byy, x? ay + 60ds Byipx? aqq
+ 2A11p 01g + 6 X A11p Oyo
+ (12 Ay1p + 604, Bnb)xzazo
— 6 B11p034 — 24 x Byyp ays

Uzbz = dizxa, — dypxag
— (6 Biip + 3 hpAi1p)ag
— disx ay
+ (24 D11p + 12 hyByyp)azs

Where
d. = 6 By1p + 3 hy Ayyp — 3 he Aygp
r den,
6 Byt — 3 hy Ay + 3hc Agyy
d, =
den,
24Dy, + 12 hy Byyy — 12 he By (73
3T den,
_ 24 Blll’ - 12 (h’t - h’C)Allt
+ den,

124445 (he = hp) — 24 Byyy
- den,
60(h; — h)Byye + 120 Dy
de =
den,
d; = (120 Dyyp + 60 by, Byyp)d,
dg = (120 D1y + 60 hy, Byqp)ds
do = 12hyAyyp + Byyp (24 + 60 hydg) + 120 Dy, de
dyo = 6 Byye =3 heA11c +12.dy Byye he — 24 dy Dy
diy = (12 hByyr — 24 Dyy)dy
diz = (12 hy Byyy — 24 Dy5)ds
diz = (120 Dyy + 60 hy, Byyp)d,
dis = (120 D1y, + 60 hy Byyp)ds
dis = 24 Byyp + 12 hyy Ayqp
+ (120 Dy + 60 hy Byyp)ds
den, = 12 Byy, h, — 12 Byy, by + 24 Dyy,

denz =120 Dllb + 60 (hb - hC)Bllb

5

noted that
az, ag, A19, A16, A17, A1) A19, 20, A21,

Qyy, A3, g4, Ay are independent unknown polynomial
coefficients, which need to be evaluated. The expressions
defined in Eq. (72) will be used as interpolating functions in
super convergent element formulation while deriving the
stiffness matrix of the element. Using the procedure
explained in Eqgs. (14)-(17), the displacement functions can
be expressed in terms of nodal displacements,{u,}" at
both ends of element, x =0 and x = L through shape
function of element, [N]” as shown below.

{utiox1 = [N]1ox20{t®}20x1 (74)

In this element, the strains considered in face sheets are
€, Only while the strains in core are €%,, €5, and y5,. As
explained earlier, the stiffness matrix of element is
determined and is given by

[K®20x20 = [K¢e] + [Kp] + [Kc] (75)

Where [K€] is the element stiffness matrix of beam
obtained by integrating the stiffness contributions from top
face [K;] ,bottom face, [K,] and core, [K,].

Forces acting on the element at the nodes are written as

Foy = {Nf,Vf,Mf,r{,N;l,Nf,Vlb,Mf,rf,Nz”l}T 6)

{ } NZtJ VZtt M%lrglNthtszZ'VZb'Mg'Tg'NZbZ

Once the stiffness and force matrices are obtained at
element level, assembly of these for all elements discretized
to model the given structure is done to get the global or
overall system matrices. These matrices are solved to find
out the unknowns.

Mass matrix of element is built with contributions from
face sheets and core, as given by

[Me] = [M,] + [M},] + [M] (77)

It can be Qg, Ay, Ay, A3, A4, A5, Ag,

Mass matrices from top and bottom face sheets are
computed using the consistent mass model using the shape
functions derived above in Eq. (72). [M;] and [M,] are
computed as given in Egs. (27) and (28). As the
displacements from core u,w, are not available as
degrees of freedom, the mass from core is lumped at the
corresponding degrees of freedom that belongs to face
sheet. Lumped mass matrix from core for the present
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element is given by,

1,1 L 0,0,1,1 L 0,0 '
M _pCACL ) !El g4, !Er "y
1’11 Y 0’0;1’1; Py 0’0
12 12

The elements corresponding to shear and normal
transverse stresses needs to be condensed out. The
condensation process to obtain the reduced matrices is done
by expressing the internal degrees of freedom in terms of
degrees of freedom at boundaries. The reduced matrices for
[K,], [M,] and [F.] can be expressed as,

[Krlizxaz = [T112x20[K]20x20[T]20%12 (78)
[My]iax12 = [T1i2x20[M]120x20[T]20%12 (79)
[Flizxiz = [T112x20[Fl20x20[T]20x12 (80)

where [K] represents the overall stiffness matrix [M] is
the overall mass matrix and [F] represents the force vector
for overall system.

The dynamic equation of motion can be written as
follows.

M, ] (i} + [K]{u} ={F} (C2Y)

The solution of this equation is as explained earlier in
subsection ‘Global matrices and their solution’.

5. Numerical experiments

The formulated element has super convergent property
as explained in the earlier sections and so one element is
sufficient to capture the exact response for static analysis,
with concentrated loads, which results in substantial
reduction in the system size. For dynamic analysis, for a
given discretization, the accuracy of the present formulation
is expected to be superior to elements formulated based on
conventional polynomial approximation. This is because,
the stiffness of the structure is exactly represented even
though the inertial distribution is approximate. Hence, good
accuracy in dynamic analysis can be expected from this
element using smaller system sizes.

The aim of this section is twin fold, first is to validate
the element with some of the available results from
published literature and the second is to bring forth the
super convergence property of the formulated element.
These objectives are verified for a number of examples
under static, free vibration and wave propagation analysis.
Both metallic and composite face sheets are considered in
the analysis. One example on wave propagation is presented
to illustrate the computational advantages, accuracy of the
results that can be obtained using the present element under
high frequency impact.

5.1 Static analysis
Test cases are studied in this section in order to validate

the formulated elements for static analysis under various
load conditions such as point load, uniformly distributed

z

\u%

Top Face sheet: Gy, Ey, pr hy

DRI

h\\\\\\\\k\mT
-—

h.

Core: Ec, Ge, pc

Bottom face sheet: Gy, Eg, po hg

b

b T
S .

L

Fig. 3 Cantilever beam subjected to point load

Table 1 Sandwich beam details for static loads

Material properties

Face sheets: Aluminium
Young’s modulus (Ef) 68970 N/mm?2,
Mass density (pf) 2683 kg/m™3 ,
Poisson’s ratio (vf) 0.3
Core: Calcium Alginate

Shear modulus (G,) 82.764 N/ mm?

Mass density(p.) 32.8381 kg/m?®
Poisson’s ratio, (v,) 0.3
Geometry Details
Length ‘I’ and width ‘b’of the beam 1000 mm, 40 mm,
Length to depth ratio ‘I/H’ 100
thickness ratio of core to face sheets,h./h 10
thickness ratio of face sheets, h;/hy, 1

Load, at free end of top face sheet Unit point load

Cantilever beam -one element, Euldd

)

%107 (Cantilever beam -one element, Eul10d
5 . . - .

B IS o

~

Transverse displacement, mm
Transverse displacement. m

o

0 200 400 600 800 1000 0 0.2 04 06 08 ]
Beam along x -axis, mm Beam alona X -axis. m

(a) Eul4d (b) Eull10d

Fig. 4 Transverse displacement profile of a cantilever beam
with one element

load. The aim of these examples is to demonstrate the super
convergence property and validation of these elements.

5.1.1 Cantilever beam with metallic face sheet

A simple case of a cantilever beam (Fig. 3) subjected to
a point load at the free end is considered to verify the
displacement prediction with the developed elements. In the
present case, the analysis is carried out for the beam
configuration given as in above Table 1.

The transverse displacement profile along the length of
beam is shown in Fig. 4. The value of displacements plotted
at midpoint of core, which is computed as the average of
the corresponding displacement of the top and bottom face
sheets. The exact displacement as given by Backstrom and
Nilson (2007) in case of cantilever sandwich beam at
midpoint of the core is given as WLy, wi

3El  Gcbhe
section rigidity with E being the Young's modulus and |
being the moment of Inertia of the beam. W is the point

, where El is the
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Fig. 5 Super Convergence property of Euler elements
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Fig. 6 Simply Supported beam

Table 2 Details of Sandwich beam with composite face
sheets

Material properties
Face sheets: Glass Fiber
Modulus of Elasticity (E;, Ep) 18000 MPa,
Poisson’s ratio (vy) 0.3
Core: Devincile foam
Modulus of Elasticity, E, 140 MPa
Shear modulus, G, 53.9 MPa
Geometry Details
Length ‘I’ and width ‘b’of the beam 1600 mm, 300 mm, 6
he, hy, b mm, 6 mm, 60 mm
Load, gy, UDL 0f 0.10 Mpa

load which in this case is assumed as unity. By substituting
the values appropriately given in Table 1, it can be found
out that the transverse displacement turns out to be 5.8635
mm. It can be observed from the plots that the
displacements obtained using one element matches well
with the theoretical displacement value. Displacement
profile clearly shows the top, bottom and mid core
displacement values, which are zoomed in a window.

Fig. 4 shows the displacement profile captured with one
element for element types Eul4d and Eul10d. For studying
super convergence property of these elements, the number
of elements are increased from 1 to 100 at regular intervals.

5.1.2 Super convergence
Super convergence property is examined next for a

cantilever beam with % ratio of 100 and h./h of 10 (h

is the sum of the thicknesses of the top and bottom face
sheets, (h = h; + h;, ) with a point load applied at free end
on the top face sheet. The obtained displacements are
normalized with exact solution obtained using the
expression given by Backstrom and Nilson (2007). In case
of element models with flexible core, the transverse

displacement values at mid core are considered by
averaging the displacements corresponding to the top and
bottom face sheets. Normalized displacements for Eul4d
and Eull0d element types with increasing number of
elements are shown in Fig. 5.

It can be noticed that the normalized displacement
values with one element for Euler Bernoulli beam elements
Eul10d, Eul4d obtained are above 0.99 and these values are
remaining constant with increase in number of elements. In
other words, one element irrespective of the length of the
element is sufficient to capture the displacement accurately
for the case when the beam is loaded with point loads. Also,
it is expected that all elements irrespective of whether the
shear stress is constant or higher order across the
longitudinal axis or across the depth of core, the formulated
element will give accurate results. The displacements
predicted are at top, bottom face sheets in case of Eul10d
while the displacement predicted in case of Eul4d is at the
center of core.

5.1.3 Simply supported beam with composite face
sheets

In this case, we consider a simply supported beam with
composite face sheet loaded under uniformly distributed
loading (UDL) as shown in Fig. 6 and this problem have
been reported by Frostig (2003). The beam parameters are
given in Table 2.

In Euldd, the transverse displacement degrees of
freedom is constant though out the depth of element and
hence the q,, UDL is theoretically applied at the center of
core while practically it is not. In Eul10d element model,
where the top and bottom transverse displacements are the
degrees of freedom, acting at the face sheets, the loads are
applied on the top face sheet.

Fig. 7(a) gives the displacement profile predicted by
various theories and enlarged view of displacements where
they are maximum are plotted in Fig. 7(b). From Fig. 7, it
can be clearly observed that the present theory results are
closely matching with other theories. Allen, Frostig using
Ordinary Sandwich Panel Theory(OSPT) (Frostig (2003)
predicts same displacements for both top and bottom face
sheets. This is because, OSPT averages the displacement
across the thickness coordinates. However, Higher order
SAndwich Panel Theory(HSAPT) (Frostig 2003) predicts
different top and bottom face sheets displacements. The
displacements obtained using Eull0d element at top and
bottom face sheets, which are represented in brackets with
U for top face sheets and L for bottom face sheets are
matching closely with other theories. This is because,
HSAPT and the present theory interpolates the top and
bottom displacements separately.

In case of higher order theories like HSAPT and Eul10d
elements, the transverse displacements at top face sheets are
allowed as free and hence the transverse displacements will
not be zero at the supports unlike in other elements. The
displacement values obtained at the supports can be clearly
found from Fig. 7. Although the present formulation is
exact in case with point loads, when the beam is subjected
to uniformly distributed loading, it requires more elements
to capture the behavior. While the displacements are
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Fig. 7 Displacement profile: SS Beam under UDL

Table 3 Details of Sandwich beam with metallic face sheets

Material properties
Face sheets: Aluminium
Young’s modulus (Ef) 68970 N/mm?2,
Mass density (py) 2683 kg/m?,
Poisson’s ratio (vf) 0.3
Core: Calcium Alginate
Shear modulus (G.) 82.764 N/ mm?
Mass density(p.) 32.8381 kg/m?
Poisson’s ratio, (v,) 0.3
Geometry Details
Length ‘I’ and width ‘b’ 712.2 mm, 25.4 mm, 0.4572 mm,
he, hy, he 0.4572 mm, 12.7 mm

accurately predicted even with less number of formulated
elements, other theories require 20 elements and the values
are obtained from the plots given in the work published by
Frostig (2003).

It can be noticed that the models proposed with the rigid
core where w, = w, =w, Euldd predicts displacement
as the average of displacements corresponding to top and
bottom face sheets. These displacements are matching
closely with the theories proposed by others such as
Howard (1969). While the displacements predicted using
Eul10d element at top and bottom face sheets, are matching
well with OSPT and HSAPT Frostig (2003). Displacement
values obtained using Eul4d, Eul10d and other theories are
enlarged near the center of simply supported beam in Fig.
7(b) for study among various theories.

The displacements predicted by higher order element
Eull0d are closely matching with the displacements
obtained by OSPT and HSAPT theories. As expected,
Eul4d values are matching with Allen and Eull0d values
are matching well with OSPT, HSAPT higher order element
theories.

Displacement profiles for the developed higher order
elements using Euler Bernoulli beams-Eul10d were shown
in Fig. 7(b). This is to see the variation of transverse
displacements of top and bottom face sheets. In case of

Eul10d, the consideration of shear variation across
longitudinal axis and the associated normal transverse stress
components really provides the flexibility.

5.2 Free vibration analysis

In this subsection, the free vibration analysis results are
validated against the results available in published
literature. Consistent as well as Lumped mass models were
considered in the free vibration analysis. The results
obtained using consistent model are represented with
Eul4d(C), Eul10d(C) and results through lumped mass
model are represented with Eul4d(L), Eul10d(L).

5.2.1 Cantilever beam with metallic face sheets

For free vibration problem, a thin sandwich cantilever
beam composed of two isotropic face sheets and a flexible
core is investigated. Details of beam are given in Table 3.

The obtained results are compared with the results based
on other theories, available in published literature and the
results for first 5 modes are presented in Table 4. The
number of elements used in the present work is 15 as used
by other researchers such as Ahmed (1971) and Mead and
Sivakumaran (1961) in their respective works. Ahmed
(1971) had put forward three displacement models
incorporating an element having 3, 4 and 5 degrees of
freedom per node for modeling the curved sandwich beams
with a general assumption that the material is elastic and
homogeneous and the transverse displacement does not
vary through thickness of the sandwich beam. Results by
Mead and Sivakumaran (1961) are based on the Stodala
method. Hwu et al. (2004), presented a close form solution
for an identical free vibration problem and derived an
orthogonal relation taking into account the effects of rotary
inertia and shear deformation. Marur and Kant (1996) have
reported results using Timoshenko theory and Higher Order
Beam Theories (HOBT), namely HOBT4a, HOBT4b (both
4 degrees of freedom per node) and HOBTS (5 degrees of
freedom per node). But the results using HOBT5 element
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Table 4 Comparison of frequencies-Cantilever beam,
Frequencies in Hz

Table 6 SS Sandwich beam with composite face sheet

Material properties

Mode ! 2 3 4 3 Face sheets: Quasi-isotropic glass ceramic composite
Timo (Marur 1996) 3360 19500 49200  857.00  1260.00 Young’s modulus (Ef): 36000 N/ mm?
HOBTS (Marur 1996) 3370 19750 50550  890.50 123100 Mass density (pf): 4400 kg/m3
Ahmed (Ahmed 1971) 3280 193.50  499.00  886.00  1320.00 Core: Isotropic Polymethacrylimide rigid foam
Shear modulus (G,) 20 N/mm?
Mead (Mead 1961) 3420 20185 52085 92540 138130 X 3
Mass density(p.) 52.06 kg/m
C Hwu (Hwu 2004) 3200 19300 509.00  923.00  1402.00 .
Geometry Details
Euldd (C 3363 19815 51048 90497 134680 -
HHa(© Length ‘I’, width ‘b’: 300 mm, 20 mm
Eull0d (C) 3364 19820 51014 90249  1338.80 Ry, hy, he: 0.5 mm, 0.5 mm , 20 mm
Euldd (L) 3356 19635 50185 880.14 129160
Eull0d (L) 3355 19606  499.82 87318  1274.80 Table 7 Comparison of Frequency (Hz) Results for SS
beam
: : Yang Qi Yang Qi Frostig,Baruch
Table 5 Comparison  of frequencies-SS beam, Yang Qo Yang Qlao Bt ABAQUS*
Frequencies(Hz) 362.96 325.98 325.98 349.86
Mode 1 2 3 4 5 *[Yang et al. (2005)]
. Eull0d Eul4d Eull0d Euldd
Timo (Marur 1996) 5700 21600 45200 73600  1054.00 JFunlod uad Eulld Luidd
HOBTS5 (Marur 1996) 57.00 218.00 461.00 759.00 1097.00 359.12 358.38 322.94 32228
Ahmed (Ahmed 1971) 55.50 - 451.00 - 1073.00
Exact (Chen 1961) 5748 22068 46700 77000  1108.50
2
. . . T D .
C Hwu (Hwu 2004) 5400 21200 457.00 77000  1130.0 sandwich beam is given as (7) \/;U where D is the
Euldd (C) 5693 21844 46188 76166  1096.70 ) ) L
bending stiffness,( which is equal to E; I, + E, I, ) and u
Eull0d (€) 094 21849 A6L36 TS0 108680 is mass per unit area of the homogenous beam which is
Euldd (L 56.84  217.01 454.97 741.04  1049.50 b (pthet pphp+pch . .
wd ) equal to 2P ‘;}; b*eche) A per this expression, the
Eull0d (L) 5684 21691 45408  737.10  1038.10

only were considered for study.
The exact solution for fundamental frequency of a
cantilever sandwich beam by Backstrom and Nilson (2007)

2
is given as (%) \[g where D is the bending stiffness,

(which is equal to E; I, + E, I,) and wis mass per unit
area of the homogenous beam(which is equal to

b h¢+ pphp+pch . .
(@che ‘l’: b*Pehe) A per this expression, the fundamental

frequency of the present cantilever sandwich beam is 33.75
Hz and the results obtained using the formulated elements
are matching closely. In the present work, the frequencies
are computed using both consistent and lumped mass
models and the results obtained are presented in Table 4.

5.2.2 Simply supported beam with metallic face sheet

Next, the beam considered here is same as what was
studied in last section, the properties of which is given in
Table 3 except that the length / is assumed as 0.9144m.
For this example, exact solution was referred by Chen et al.
(2003), and the frequencies obtained are compared with the
results that are obtained with other theories explained in the
last example. Table 5 shows the comparison of results. We
can clearly see that the results predicted by the present
elements is very close to the exact results given by Chen et
al. (2003), compared to other theories. Referring to
Backstrom and Nilson (2007), the expression for exact
solution for fundamental frequency of a simply supported

fundamental frequency of the present simply supported
sandwich beam is 57.3778 Hz and the results obtained
using the formulated elements are matching closely.

In both test cases above, it can be noticed that the
frequencies obtained using both consistent and lumped
mass models are predicting closer and accurate values in
both Eul4d and Eul10d elements.

Following observations can be made based on the
results.

« It can be observed from Tables 4 and 5, that the results
predicted by Euldd and Eul10d elements in both the models
are matching well with other theories.

* It can be observed that the values predicted by
consistent model are on higher side, as expected for both
the elements. It is also can be noted down that the values
predicted by Eul4d are higher than Eul10d element in both
the models.

» The frequencies predicted using lumped mass are
matching very closely with Timoshenko model and HOBTS5
theories. The results indicate that the frequencies computed
using lumped mass model are matching more closely with
Timoshenko model (Ahmed 1971). The second and third
modes predicted with the present theory are matching well,
but are very close to HOBTS, Mead and Hwu results.
Higher modes predicted using present theory are slightly
higher than that of Timoshenko while they are very close to
those predicted by Mead and Hwu.

It can be noted down that the formulated elements are
not only able to predict the results close to many higher
order theories, but also able to do so using smaller number
of elements.
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Fig. 8 Triangle pulse Load diagram

5.2.3 Simply supported beam with composite face
sheet

To study the dynamic effects of core, a simply supported
sandwich beam with composite face sheets, whose
properties are given in Table 6 is considered. The focus of
this example is to illustrate the ability to incorporate the
dynamic effects of the core while carrying out the free
vibration analysis. The natural frequencies are obtained for
two cases namely

i) model A: the dynamic effects of core are neglected.

ii) model B: dynamic effects of core are included.

The results of fundamental frequencies predicted by the
developed elements (with 20 elements)- Eul10d, Eul4d and
are compared with the results obtained by Yang and Qiao
(by using the series solution), FE solution using ABAQUS
(face sheets are modelled using 2-D elements and core is
modelled with 3-D elements) reported by Yang et al.
(2005), and the results obtained by Frostig and Baruch,
based on higher order theory

The constitutive models assumed for the present
elements are close to the theories proposed by Yang et al.
One can notice that the frequencies predicted by various
theories in model A and model B differ significantly, which
is due to the dynamic effects of core. In FE ABAQUS
model, sandwich beams are modeled with 2D elements for
face sheets and 3D elements for core. Generally, 2D
elements as against beam elements for face sheets and 3D
elements for core will make the sandwich beam stiffer and
also introduce the incompatibility in slope/rotation between
2D bending and 3D elements, may contribute lesser energy
transfer between the face sheets and core. Hence, the
frequencies obtained using FE analysis in ABAQUS are on
higher side when compared to the similar model B results.

Following observations can be made based on the
results.

* Yang, Qiao results for model A are matching with FE
results predicted by ABAQUS while Yang and Qiao results
for model B are matching with Frostig, Baruch.

* Eul10d model A results are matching closely with the
Yang, Qiao model A results and FE results predicted by
ABAQUS.

e Results of Eull0d, Eul4d elements for model B are
matching closely with the corresponding results by Yang,
Qiao and Frostig, Baruch (model B)

In FE model, sandwich beams are modeled with 2D
elements for face sheets and 3D elements for core.
Generally, 2D elements against beam elements for face

Table 8 Details of sandwich beam taken for Wave
propagation studies

Material properties

Face sheets: Aluminium
E, = E, = 68E3Mpa, p.=p, = 2683 Kg/m3
Core: Calcium Alginate
G, = 82.764 Mpa ,p. = 32.8381 Kg/m?
Geometry Details
Length ‘1’, width ‘b’: 1000 mm, 20 mm
he, hp, he:2 mm, 2 mm,20mm

sheets and 3D elements for core will make the sandwich
beam stiffer and also the incompatible slope/rotation
between 2D bending and 3D elements may contribute to
lesser energy transfer between the face sheets and core.
Hence, the frequencies obtained using FE analysis in
ABAQUS are on higher side when compared to the similar
model B results.

It can be noticed that the frequencies predicted for
present developed elements match closely with the results
referred above for the cases with and without dynamic
effects of core. Hence, it is evident that the elements
developed can be used for predicting the fundamental
frequencies of the sandwich beams accurately.

6. Wave propagation analysis

In all wave propagation problems, a large number of
modes contribute to the dynamic response and very high
frequency content of the exciting force is needed to excite
all the higher modes. From the view point of FE analysis,
this requires the element size to match with the wavelength
and hence very fine mesh discretization is generally
adopted. In this context, the super convergence property of
element gives an advantage to analyze the wave
propagation problems with less number of elements.
Element size in FE analysis can be decided based on the
wavelength of the wave that can traverse the structure as
well as the frequency content of the signal. Typically, it
requires nearly 6 to 10 elements to model a wavelength.
This section outlines the details of wave propagation studies
carried out using super convergent finite elements
developed in this paper and the validation of results
obtained using NASTRAN.

A cantilever beam subjected to impact load, as shown in
Fig. 8, applied in longitudinal and transverse directions at
top face at free end, is chosen as a test case and the
geometric, material properties are given in Table.8. In this
case, the load duration is about 50 micro seconds and

frequency of loading, w is (25—:) 10% cycles per sec,
longitudinal wave speed is given as c=\/§ and
t

wavelength is given by § = zwﬂ, which is calculated as 8
mm approximately. In order to capture such wavelength, the
number of elements required to model the length are in the
range of 600 to 1000. While the number of super
convergent FE required will be much lesser from 40 to 100
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Fig. 9 Transient responses for a typical I beam at mid core

as the displacement functions are higher order and the
stiffness is accurate.

As the bending or transverse waves are highly
dispersive, the wave speed changes with frequency. Lower
frequency components travel slower. Hence, they appear
late in the time window as opposed to higher frequency
components, which travel fast and appear earlier in the
chosen time window. Using the broad band signal, as
chosen in this example, excites many higher order bending
modes and hence 100 formulated elements are used to
model this problem. Analysis has been carried out using
Newmark time marching scheme and for this case a time
step,(A t) of 1 p sec is used. The responses are measured at
the free end tip of the top and the bottom face sheets. For
comparison, the same configuration is analysed using
NASTRAN, a general-purpose Finite element software, for
undamped condition in the dynamic analysis. Direct
Integration Method is used for the analysis in NASTRAN.

6.1 Validation using homogenous | beam

In this study, all the super convergent FE sandwich
beam elements developed (Eull0Od and FEuld4d) are
considered. First, validation of the results under transient
load as shown in Fig. 8 is carried out, where the load is
acting in longitudinal and transverse directions separately.
For this validation, the same beam is assumed with I cross
section by considering the equivalent material properties.
This means that the beam is homogenous with geometrical
properties of hy = 2mm,h, =2mm, h, =20mm. In
NASTRAN, I beam cross section is defined while the
discretization of the beam was carried out using 1000 beam
elements. The loads and boundary conditions are applied at
the element node line which is the center line of core, while
they are actually applied at the top and the bottom face
sheets, in case of Eul10d. In case of Eul4d, they will act at
center line of the core.

The velocity responses obtained with the elements
developed in the present work and NASTRAN I beam are

Fig. 10 Discretization of the sandwich beam

compared. In order to simulate the loads application closely
with actual case, the loads in case of Eul10d are applied at
the top and the bottom face sheets, distributed equally. As
the loads and boundary conditions are symmetric, the
velocity responses at top and bottom face sheets are
expected to be same. Hence, only the results obtained at the
top face sheet are compared with NASTRAN results as the
part of validation.

The longitudinal velocity responses, when the beam is
subjected to the transient load applied in the longitudinal
direction and the transverse velocity response under the
loads in the transverse direction are presented in Fig. 9.
From Fig. 9, it can be observed that the longitudinal and
transverse velocity responses obtained using Euldd and
Eul10d matches closely with the NASTRAN I beam results.
The results show that the formulated elements are able to
predict the reflection away due to fixed boundary,
accurately for the both cases. That is, this example shows
that, one can use homogenous beam assumption to obtain
responses of the hybrid sandwich structure.

The wave is expected to travel a distance of 1 m
forward, 1m backward with a speed of 5000 m/s and hence,
the first reflection is expected after 0.0004 seconds since
the application of loading. The first longitudinal reflection
is predicted around 525 u seconds and second reflection
around 925 p seconds. The longitudinal response predicted
by NASTRAN ‘I’ beam represents a wavy nature which is
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due to approximation mode in the analysis. One can
perform similar analysis to predict results from the
formulated element for transverse loading to show that the
predictions of formulated element as opposed to NASTRAN
I beam results are very accurate. Next, we use the
formulated elements for the case of sandwich beam with
soft core and asses their performance.

6.2 Sandwich beam with soft core

Modeling of sandwich beams is possible in NASTRAN,
in multiple ways, by using different elements for the face
sheets and core. Combination of different set of elements
for face sheets and core will simulate the corresponding
kinematics for sandwich beams, some will result in rigid
core, some will represent the flexible core with high or
moderate stiff face sheets. This kinematics will hold the key
in obtaining the transient responses according to the modes
that it can simulate. Face sheets can be modeled with
bending elements, CBEAM in 1D, CQUAD4 in 2D and
CHEXA in 3D while the core with shear elements, namely
CSHEAR, CQUAD Shear in 2D and CHEXA in 3D.
CSHEAR and CQUAD4 shear elements generally
represents pure shear elements and it will not consider any
bending in the core. In case of the use of different elements
for face sheets and core, the kinematics compatibility at the
interface simulated will cause the responses accordingly. In
the present study, the model with CHEXA for face sheets as
well as the core is used to avoid all compatible expected
with combination of elements, although it requires more
elements and consumes more computer time. As 3d
CHEXA elements are used to model, the responses are
preliminary controlled by the in-plane stiffness and are
represented through the deformations.

In order to ensure proper core action, about ten layers of
CHEXA elements are used for modeling of core across its
depth. FE mesh comprises total number of CHEXA
elements about 140000 with total number of nodes about
168614 and total degrees of freedom about 448380. The
mesh is as shown in Fig. 10.

The longitudinal velocity response at top and bottom

face sheets obtained under the unit load applied in
longitudinal direction on top face sheet are presented in Fig.
11. Transverse velocity profile, when a unit load is applied
in the transverse direction, at top and bottom face sheets are
plotted in Fig. 12. Figs. 11(a), (b) shows the comparison of
longitudinal velocity responses. and Figs. 12(a), (b) shows
the comparison of transverse velocity responses. Among all
models, the response predicted by Eul4d is on higher side as
it is lower order element with incompressible effects of core
and hence the energy capture between the face sheets and
core will not be full.

Following are the observations that can be made based
on the results.

* The longitudinal velocity response at top and bottom
face sheets, V' and VP  shows close match between
the predictions made by Eul4d, Eull0d and NASTRAN.
The velocity profiles predicted by all are similar and
different from a simple beam. Wavy nature seen in the
response curves due to the interactions through oy, and
t£, due to their approximations in the model. All models
have predicted the reflections accurately.

« The velocity response predicted at top face sheet, V',
at 125 p seconds during transient state, by Eul4d, Eull10d
and NASTRAN at top face sheet are about 1.65,1.650 and
1.85 mm/s. While at bottom face sheet, the responses V;?
are about 0.40,0,40 and 0.45 mm/s.

* As expected, CHEXA predicts are on higher side while
compared to Euler elements due to the lesser stiffness
considerations.

* The transverse velocity response, V{, predicted during
the transient phase at 125 u seconds by Eul4d, Eull0d
and  NASTRAN are about 4.2,5.25,8.5mm/s. Response
predicted by FEul4d and EullOd are matching closely
although the response by Eull10d is wavy. It is due to the
presence of af,. The response predicted by Euldd are the
same throughout depth of core, which can be considered at
mid core.

* The response predicted at bottom face sheet, V2, by
Eull10d and NASTRAN are about 3.0,1.3 mm/s
respectively. As Eul4d has transverse displacement same
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throughout the core, both V¢, V! are same.

« If the average of these responses at top and bottom
face sheets for Eull0d and NASTRAN are computed, they
can be approximately 4.10,4.9 mm/s while response
predictions by Eul4d are 4.2 mm/s. This which clearly
brings out that the response predictions on overall beam as
a whole are matching well and the distribution internally is
different in models.

It is necessary to bring out an important aspect of the
use of time and computer resources for analysis. As
NASTRAN model has considerable degrees of freedom, it
has taken considerable time, in hours while the developed
elements require fraction of seconds for analysis on same
computer. It is proved with the current study that the
elements developed are accurate for wave propagation
studies, which are key in health monitoring studies and also
computationally efficient, takes less time to solve with
lesser resources.

7. Conclusions

This paper presented the necessity of having accurate,
powerful finite elements for modeling sandwich beams with
metallic or composite face sheets and soft material cores.
The following conclusions can be made from this paper.

* Super convergent sandwich finite beam elements
Eull0d and Eul4d based on the Euler Bernoulli Beam
theory, compressible and incompressible rigid core were
developed.

* Formulation of super convergent sandwich beam
elements were presented along with their development of
stiffness and mass matrices.

* The performance of the developed elements is
thoroughly validated under static loads and free vibration
for the sandwich beams with metallic as well as composite
face sheets.

» The extensive detailed studies carried out show that
the results predicted by these elements are closer to the

results predicted by higher order theories using only a
smaller set of unknowns. Therefore, these elements
developed demonstrated their super convergence property.
This is due to exact representation of beam stiffness in the
formulation.

* Later, the wave propagation analysis under impact load
is dealt with and the advantages of this element for its
computational efficiency is demonstrated by its ability to
capture wave responses at a fraction of computational cost,
which can be clearly seen from the wave propagation
studies.

* Super convergent sandwich beam finite elements are
proved for their accuracy and performance which is
presented in the paper. They are recommended for their use
in the industry for the analysis while designing them.

* Super Convergent elements Eul4d and Eull10d can be
used to carry out the analysis of sandwich beams for the
design of sandwich beams.
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