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1. Introduction 
 

Blast test in real scale in concrete structure is an 

important issue for the researchers and industries. But in 

real scale, there are many problems such as environment, 

building of sample, combine parameters and etc. Due to the 

high cost and time consuming of experimental tests, 

matching a mathematical model for theoretical analysis of 

the concrete structures subjected to blast is very important 

which the researchers should study about his field. Our 

purpose in this article is opening a new field in the mining 

engineering for theoretical analysis of the concrete blocks 

under blast. 

Blast analysis of different structures has been reported 

by many researchers. Wu et al. (1998) investigated the 

propagation characteristics of blast-induced shock waves in 

a jointed rock mass. A systematic and efficient blast 

analysis procedure for Fiber Reinforced Polymer (FRP) 

retrofitting design of concrete arch structure was suggested 

by Nam et al. (2009). The procedure was composed of three 

sequential parts of preliminary analysis, breach and debris 

analysis, and retrofit-material analysis. Li et al. (2009) 

developed a better understanding of the behavior of steel-

concrete composite beams (SCCB) under localized blast 

loading through a numerical parametric study. A finite 

element model was set up to simulate the blast-resistant 

features of SCCB using the transient dynamic analysis 
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software LS-DYNA. Bayraktar et al. (2010) evaluated blast 

effects on a reinforced concrete (RC) building considering 

experimentally determined dynamic characteristics. The 

study consists of three phases: the measurement of vibration 

characteristics of blasting, the theoretical modal analysis of 

the inspected building, and experimental verification of 

dynamic characteristics using modal testing. Li and Ma 

(2010) carried out quantitative analysis for the interaction 

between obliquely incident P- or S-blast wave and a linear 

elastic rock joint. Petel et al. (2011) investigated the 

interaction of a blast wave with a multilayered material for 

the purpose of blast wave attenuation. Jayasooriya et al. 

(2011) studied the impact of near field explosions on the 

reinforced concrete framed buildings and key elements such 

as columns and describes the component material response.  

Debonding failure analysis technique for FRP retrofitted 

concrete structure under blast loading was suggested by 

Kim et al. (2011) considering FRP material characteristics 

and debonding failure mechanisms as well as rate 

dependent failure mechanism based on a blast resisting 

design concept. Aliabadian et al. (2014) used two-

dimensional (2D) distinct element method for the dynamic 

fracture mechanism of blast-induced fracturing of rock 

mass around a blast hoe. The characteristics of rock 

fragmentation subjected to blast load by using the 

hydrocode in the platform of AUTODYN were investigated 

by Jeon et al. (2015). Oña et al. (2016) described an 

experimental campaign carried out to study and analyse the 

behaviour of concrete slabs when subjected to blast loading. 

Four different types of concrete have been tested: normal 

strength concrete with steel rebar, normal strength concrete 

with steel rebar retrofitted with Kevlar coating, steel fibre  
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Fig. 1 A schematic view of the concrete block with close 

angled discontinues 

 

 

reinforced concrete (SFRC) and polypropylene fibre 

reinforced concrete (PFRC). Li et al. (2016) monitored and 

analyzed the blasting waves at different blast center 

distances by the Hilbert-Huang transform (HHT) in a coal 

mine. Experimental results regarding blast performance of 

High Strength Fiber Reinforced Concrete (HSFRC) 

structural elements were presented by Luccioni et al. 

(2017). A numerical study was undertaken by Kyei and 

Braimah (2017) to investigate the effects of transverse 

reinforcement spacing on the blast resistance of RC 

columns. The study shows that the effect of transverse 

reinforcement spacing and axial loading significantly 

affects RC column behaviour under blast loading at low 

scaled distances. Dadsetan and Bai (2017) investigate the 

mechanical and microstructural properties of self-

compacting concrete (SCC) mixtures containing three 

supplementary cementitious materials (SCMs), namely 

metakaolin, ground granulated blast-furnace slag and fly 

ash. Yoo and Banthia (2017) comprehensively investigates 

impact and blast resistances of ultra-high-performance 

fiber-reinforced concrete (UHPFRC) by considering various 

influential factors. 

To the best of the author knowledge, no research has 

been found in the literature for mathematical modeling of 

concrete blocks under blast load considering the effects of 

nanotechnology. However, in this paper, for the first time, a 

mathematical model is presented for blast analysis of 

concrete blocks reinforced with SiO2 nanoparticles 

considering agglomeration effects. The governing equation 

is derived using CPT, energy method and Hamilton’s 

principle. The velocity response of the structure is 

calculated by exact solution and Newmark method. In 

addition, the theoretical results are validated with 

experimental test. The effect of different parameters such as 

SiO2 nanoparticles volume percent and agglomeration, 

angle of discontinues, length, width and thickness of the 

model are shown on the maximum velocity response of the 

structure. 

 

 

2. Mathematical modeling 
 

Consider a concrete blocks with close angled 

discontinues reinforced with agglomerated SiO2 

nanoparticles as depicted in Fig. 1 in which geometrical 

parameters of length L, width b and thickness h are 

indicated. The Cartesian coordinate is considered in the 

middle surface of plate in which x, y and z represent the 

axial, vertical and transverse directions, respectively. A blast 

hole before the discontinues is considered with the diameter 

D and height H. 

 

2.1 Kinematic of theory  
 

Based on the Mindlin-Reissner theory for thick plates 

theory, the displacement field for a plate element can be 

written as (Brush and Almorth 1975) 

1( , , , ) ( , , ) ( , , ),xu x y z t u x y t z x y t   (1) 

2( , , , ) ( , , ) ( , , ),yu x y z t v x y t z x y t 

 

(2) 

3( , , , ) ( , , ),u x y z t w x y t

 

(3) 

where u, v and w are the mid plane displacement in x-, y- 

and z- directions, respectively; ϕx and ϕx are the rotations of 

cross section about y- and x- axis, respectively. The strain-

displacement relations can be expressed as follows 
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2.2 Mori-Tanaka model 

 

In this section, the effective modulus of the concrete 

plate reinforced by SiO2 nanoparticles is developed. 

Different methods are available to obtain the average 

properties of a composite. Due to its simplicity and 

accuracy even at high volume fractions of the inclusions, 

the Mori-Tanaka method (Mori and Tanaka 1973) is 

employed in this section. The matrix is assumed to be 

isotropic and elastic, with the Young’s modulus Em and the 

Poisson’s ratio υm. The constitutive relations for a layer of 

the composite with the principal axes parallel to the r, θ and 

z directions are (Mori and Tanaka 1973) 

(9) 
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where σij, εij, γij, k, m, n, l, p
 
are the stress components, the 

strain components and the stiffness coefficients 
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respectively. According to the Mori-Tanaka method the 

stiffness coefficients are given by 

(10) 
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where the subscripts m and r stand for matrix and 

reinforcement respectively. Cm and Cr are the volume 

fractions of the matrix and the nanoparticles respectively 

and kr, lr, nr, pr, mr are the Hills elastic modulus for the 

nanoparticles (Mori and Tanaka 1973). The experimental 

results show that the assumption of uniform dispersion for 

nanoparticles in the matrix is not correct and the most of 

nanoparticles are bent and centralized in one area of the 

matrix. These regions with concentrated nanoparticles are 

assumed to have spherical shapes, and are considered as 

‘‘inclusions’’ with different elastic properties from the 

surrounding material. The total volume Vr of nanoparticles 

can be divided into the following two parts (Shi and Feng 

2004) 

inclusion m

r r rV V V   (11) 

where inclusion

rV  and m

rV  are the volumes of nanoparticles 

dispersed in the spherical inclusions and in the matrix, 

respectively. Introduce two parameters ξ and ζ describe the 

agglomeration of nanoparticles 
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However, the average volume fraction cr of 

nanoparticles in the composite is 
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Assume that all the orientations of the nanoparticles are 

completely random. Hence, the effective bulk modulus (K) 

and effective shear modulus (G) may be written as 
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(20) 

where χr, βr, δr, ηr, may be calculated as 
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(24) 

where, Km and Gm are the bulk and shear moduli of the 

matrix which can be written as 
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Finally, the elastic modulus (E) and poison’s ratio (υ) 

can be calculated as 
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2.3 Governing equations 
 

In this section, the energy method and Hamilton’s 

principle are used for deriving the governing equations for 

the concrete plate reinforced by SiO2 nanoparticles 

subjected to impact load. The potential energy of the 

structure can be written as 

 
1

,
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Substituting Eqs. (4) to (8) into Eq. (32) yields the 

potential energy as follows 
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where the resultant force and moments may be calculated as 
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where k′ is shear correction factor. The kinetic energy of the 

structure is 
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where ρ is the density of the structure. The kinetic energy of 

SSDT can be obtained by substituting Eqs. (1)-(3) into Eq. 

(37) as follows 
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The force done by the blast load can be expressed as 

(Hause and Librescu 2007, Kinney and Graham 1985) 
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where the maximum pressure of blast (PS0) and the time of 
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2

0

2 2
0

808 1
4.5

,

1 1
0.048 1.35

S

Z

P

P Z Z

  
  
   

   
    
   

 (41) 

10

0

1/3 3 6 2

980 1
0.54

,

1 1 1
0.02 0.74 6.9

Z

t

W Z Z Z

  
  
   

        
          
           

 (42) 

where P9 is atmosphere pressure and Z is 

0.33
,

R
Z

W
  (43) 

where R is the distance of center of blast to center are of the 

structure and W is the mass of explosive materials in terms 

of TNT.   

The force of the angled surface crack to the structure is 

(Ismail and Cartmell 2012) 
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(44) 

where D=Eh3/12(1−v2) is the flexural rigidity of the 

concrete structure with E, v and hrepresenting the modulus 

of elasticity, plate thickness and Poisson ratio, respectively. 

The non-dimensional compliance coefficients αbt, αbb, αtb, αtt 

and Cbt, Cbb, Ctb, Ctt are reported by Rice and Levy (1972), 

Joseph and Erdogan (1991), Lu and Xu (1986). 

The motion equations can be derived based on 

Hamilton’s principle as follows 

.0)(
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t

dtKWU   (45) 

Substituting the energies into Eq. (45) yields the motion 

equations as 
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where the stress resultant are 
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Finally, substituting above relations in motion equation 

results in final equations.  

 

2.4 Solution 
 

Considering the simply supported boundary condition, 

we have (Narendar and Gopalakrishnan 2012) 
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where a and b are  the length and width of plate, 

respectively; m and n are mode numbers in x- and y- 

directions, respectively. Substituting Eqs. (59)-(63) into 

Eqs. (46)-(50) and using Galerkin method, we have 

(t) (t) Q(t),Md Kd   (64) 

where M and K are the mass and stiffness of the structure, 

respectively and d is the dynamic vector (i.e., d={u0, v0, w0, 

ϕx0, ϕy0}). In this section, Newmark method is applied in the 

time domain to obtain the time response of the structure 

under the blast load. Based on this method, Eq. (64) can be 

written in the general form as below (Simsek 2010) 
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where subscript i+1 indicates the time t=ti+1, K*(di+1) and 

Qi+1 are the effective stiffness matrix and the effective load 

vector which can be considered as  
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where (Simsek 2010)  
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in which γ=0.5 and χ=0.25. Based on the iteration method, 

Eq. (65) is solved at any time step and modified velocity 

and acceleration vectors are calculated as follows 
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 (69) 

,1761   iiii dddd    (70) 

Then for the next time step, the modified velocity and 

acceleration vectors in Eqs. (69) and (70) are employed and 

all these procedures mentioned above are repeated. 

 

 

3. Experimental test 
 

As shown in Fig. 2, a concrete block with a close angled 

discontinues is considered where the geometrical 

parameters of it is length of 2 m, width of 1 m and thickness 

of 50 cm. A closed angle discontinues is located in this 

sample and two Geophones are considered before and after 

 

 

 

Fig. 2 A concrete block with a close angled discontinues 
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Fig. 3 The maximum velocity of the concrete block for 

different angle of discontinues 
 

 

Fig. 4 The acceleration of the concrete block for different 

angle of discontinues 
 
 
of discontinues namely as Geophones 1 and 2, respectively. 

The blast hole with the diameter of 20 mm and height of 30 

cm is built at the distance of 75 cm to Geophone 1 where 

the explosive material is Barit. The main objective of these 

tests is obtaining the maximum phase velocity at different 

discontinues angles and times which are discussed in the 

next section (Pourghasemi Sagand 2015). 

  

 

4. Numerical results and discussion 
 

In this section, the experimental and theoretical results 

are presented for a concrete block with a close angled 

discontinues. The elastic modules and Poisson’s ratio of 

concrete are Em=20 GPa and vm=0.3, respectively. The 

concrete block is mixed with and SiO2 nanoparticles with 

elastic modules of Er=75 GPa and Poisson’s ratio of 

vr=0.27.  

 

4.1 Experimental results  
 

The velocity and acceleration of the concrete block 

related to Geophone 1 and 2 for different angle of 

discontinues are presented in Figs. 3 and 4, respectively. In 

these figures, the theoretical and experimental results are 

compared. As can be seen, the mathematical model 

presented in this paper has high accuracy since the velocity 

and acceleration obtained by Newmark method are math 

 

Fig. 5 Velocity response of the concrete block for 

Geophone 1 
 

 

Fig. 6 Velocity response of the concrete block for 

Geophone 2 
 

 

with experimental results, indication validation of this 

work. It is also concluded that the maximum velocity 

recorded by Geophone 1 (before discontinues) is higher 

than Geophone 2 (after discontinues) for angle of 

discontinues higher than 80o. 

In another attempt for validation of the presented 

mathematical model, the velocity response of the structure 

is plotted in Figs. 5 and 6, respectively for Geophones 1 and 

2. It can be observed that the velocity recorded by 

Geophone 1 (before discontinues) is higher than Geophone 

2 (after discontinues). Furthermore, the theoretical results 

are close to the experimental datas. However, it can be 

concluded that the present model and formulation can 

predicts the exact results for the considered concrete 

structure.  

 

4.2 Theoretical results 
 

In this section, the effect of different parameters such as 

SiO2 nanoparticles volume percent and agglomeration, 

angle of discounts, length, width and thickness of the 

concrete block are shown on the velocity response of the 

model. 

Figs. 7 and 8 show the effect of SiO2 nanoparticles 

volume percent and SiO2 agglomeration on the velocity 

response of the concrete structure. As can be seen, with 

increasing the volume percent of SiO2 nanoparticles, the 

maximum velocity of the structure is decreased. For  

50 60 70 80 90 100 110 120 130
0

5

10

15

20

25

30

35

Discontinuity angle, 

M
a
x
im

u
m

 v
e
lo

c
it

y
 (

m
m

/s
)

 

 

Geophone 1, Exprimental

Geophone 1, Theoritical

Geophone 2, Exprimental

Geophone 2, Theoritical

50 60 70 80 90 100 110 120 130
0

2

4

6

8

10

12

Discontinuity angle, 

M
a
x
im

u
m

 a
c
c
e
le

r
a
ti

o
n

 (
m

m
/s

2
)

 

 
Geophone 1, Exprimental

Geophone 1, Theoritical

Geophone 2, Exprimental

Geophone 2, Theoritical

50 100 150
-15

-10

-5

0

5

10

15

20

Time, t (ms)

M
a

x
im

u
m

 v
e
lo

c
it

y
 (

m
m

/s
)

 

 
Geophone 1, Exprimental

Geophone 1, Theoritical

50 60 70 80 90 100 110

-4

-2

0

2

4

6

8

Time, t (ms)

M
a

x
im

u
m

 v
e
lo

c
it

y
 (

m
m

/s
)

 

 

Geophone 2, Exprimental

Geophone 2, Theoritical

126



 

Dynamic analysis of the agglomerated SiO2 nanoparticles-reinforced by concrete blocks with close angled discontinues… 

 

 

Fig. 7 The effect of SiO2 nanoparticles volume percent on 

the velocity response of the concrete block 
 

 

Fig. 8 The effect of SiO2 agglomeration on the velocity 

response of the concrete block 
 

 

Fig. 9 The effect of discontinues angle on the velocity 

response of the concrete block 
 

 

example, using 0.05% SiO2 nanoparticles, maximum 

velocity is reduced about 74%. It is physical due to this fact 

that with increasing the volume percent of SiO2 

nanoparticles, the rigidity and stiffness of the structure is 

improved. In addition, considering the agglomeration of 

SiO2 nanoparticles leads to increase in the maximum 

velocity of the concrete block since the stability and 

homogeneity of system decreases.   

Fig. 9 illustrates the effects of discontinues angle on the 

maximum phase velocity of the structure. It is shown that 

the maximum phase velocity increases with increasing 

discontinues angle. Noted that this result is the same as 

those reported in Fig. 3 for experimental tests.   

 

Fig. 10 The effect of concrete block length on the velocity 

response of the concrete block 
 

 

Fig. 11 The effect of concrete block width on the velocity 

response of the concrete block 
 

 

Fig. 12 The effect of concrete block thickness on the 

velocity response of the concrete block 
 
 

Figs. 10-12, respectively demonstrate the effects of the 

length, width and thickness of the concrete block on the 

maximum velocity response of the structure. As can be 

seen, increasing the length and width as well as decreasing 

the thickness of the structure causes to increase in the 

maximum velocity of the concrete structure. It is due to the 

fact that increasing the length and width as well as 

decreasing the thickness of the structure leads to lower 

stiffness in the structure. 

 

 

5. Conclusions 
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For the first time, a mathematical model was presented 

in this paper for predicting the blast response of the 

concrete block. The structure was reinforced SiO2 

nanoparticles considering the agglomeration effects. 

Applying CPT, energy method and Hamilton’s principle, 

the motion equation was derived. Based on exact solution 

and Newmark method, the maximum velocity of the 

structure was obtained and compared with the experimental 

tests. The effect of different parameters such as SiO2 

nanoparticles volume percent and agglomeration, angle of 

discontinues, length, width and thickness of the model were 

shown on the maximum velocity of the model. Results 

indicate that the theoretical results were in a good 

agreement with the experimental datas. The most finding of 

this paper are: 

√ The maximum velocity of the before discontinues was 

higher than after of discontinues. 

√ With increasing the volume percent of SiO2 

nanoparticles up to 0.05%, the maximum velocity 

decreases 74 percent.  

√ Considering SiO2 nanoparticles agglomeration leads 

to increase in the maximum velocity of the structure.  

√ Increasing the length and width as well as decreasing 

the thickness of the structure causes to increase in the 

maximum velocity of the concrete structure.  

Finally, it is hoped that this work open a new field in the 

mining engineering for mathematical modelling of the 

structure in order to predict the blast response of them.  
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