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Deflection of battened beams with shear and discrete effects
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Abstract. This paper presents a theoretical analysis for determining the transverse deflection of simply
supported battened beams subjected to a uniformly distributed transverse quasi-static load. The analysis
considers not only the shear effect but also the discrete effect of battens on the transverse deflection of the
battened beam. The analytical solution is obtained using the principle of minimum potential energy.
Numerical validation of the present analytical solution is accomplished using finite element methods. The
present analytical solution shows that the shear effect on the transverse deflection of battened beams
increases with the cross-section area of the main member but decreases with the cross-section area of the
batten. The longer the battened beam is, or the larger the moment of inertia of the main member is, the
smaller the shear effect will be.

Keywords: analytical method; computational mechanics; finite element method (FEM); frames; quasi-
static; steel structures

1. Introduction

Battened beams are widely used in structures such as buildings and bridges. These beams
generally consist of two or more parallel main members interconnected by lacing or batten plates
(Banerjee and Williams 1983, Aly et al. 2010, Chung and Emms 2008). Since the moment of
inertia of the built-up cross section increases with the distance between the centroids of the main
members, the battened beams can have large bending rigidity. However, compared to the solid
beam with the same moment of inertia, the battened beam has weak shear stiffness and thus is
more flexible and therefore the deflection induced by shear forces becomes important and cannot
be neglected (Greschik 2008, Banerjee and Williams 1994, Rosinger and Ritchie 1977). It is well-
known that the shear-induced deflection in a beam with a constant cross-section along the beam
length can be calculated using the theory of Timoshenko beams (Noor and Andersen 1979, Noor
and Nemeth 1980, Renton 1991, Shooshtari and Khajavi 2010, Adamek and Vale§ 2015). Work on
the effect of the shear deformation/stiffness on the buckling and free vibration of battened beams
has been performed. For instance, Gantes and Kalochairetis proposed an approximate analytical
procedure to estimate the shear effect on the strength of axially and transversely loaded
Timoshenko and laced built-up columns (Gantes and Kalochairetis 2012). Wang et al. (2002)
investigated the stability problem of Timoshenko beams/columns using the matrix method. Wu

xCorresponding author, Ph.D., E-mail: chenjiankang1957@163.com

Copyright © 2016 Techno-Press, Ltd.
http://www.techno-press.org/?journal=sem&subpage=8 ISSN: 1225-4568 (Print), 1598-6217 (Online)



922 Ji-liang Liand Jian-kang Chen

and Chang (2013), Aristizabal (2004), Chen and Li (2013), Chen et al. (2014) studied the buckling
and vibration problems of battened columns using the Hamilton’s principle. In addition,
experimental work on the buckling and free vibration of laced and battened beams has also been
performed by, for example, EI Aghoury et al. (2010), Hashemi and Jafari (2009), Kalochairetis et
al (2014), Bonab et al. (2013). The experimental results demonstrated the importance of shear
effect in battened beams when considering the buckling and vibration of the beams.

Note that the bending theory of Timoshenko beams cannot be directly applied to analyzing the
deformation of beams with varying cross-section or discontinuous web, such as the castellated
beam and the battened beam. At the present for such beams one has to use finite element numerical
methods to calculate the deflection of the beams induced by both bending and shear loads (Chen
and Li 2013, Sahoo and Rai 2007, EI-Sawy et al. 2009, Kalochairetis and Gantes 2011). In this
paper, an analytical approach is developed to investigate the shear-induced deflection of battened
beams subject to a uniformly distributed transverse quasi-static load, which takes into account not
only the shear but also the discrete effects of discontinuous battens in the battened beam. By using
the principle of minimum potential energy, a closed-form solution for determining the transverse
deflection of a specially designed battened beam, is developed. The present analytical solution is
validated using the data obtained from the finite element analysis.

2. Principle of minimum potential energy
Consider a battened beam with the length /=na, where a is the distance between two

neighboring battens and # is a constant (n+1 represents the total number of battens along the beam
length, see Fig. 1), subjected to a uniformly distributed transverse load. Let u,(x) and uy(x) be the
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Fig. 1 (a) Analysis model of a battened beam. (b) Displacements of the batten without considering
shear effect. (c) Displacements of the batten with considering shear effect
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axial displacements of the centroids of the upper and lower main members, and w(x) be their
transverse displacement (i.e., the two main members have the same transverse displacement).
According to the assumption made for displacements shown in Fig. 1(b), the axial displacement at
any point with a coordinate z at a section with distance x from the origin can be expressed as
follows,

for the upper main member:

dw
ut(x,z):ul(x)—(z+e)& (1)
for the lower main member:
d
ub(x,z)zuz(x)—(z—e)d—\;v ()

where u,(x, z) and u, (x, z) are the axial displacements of the coordinate point (x, z) defined in the
two main members, respectively and e is the half-distance between the centroids of the upper and
lower main members.
The strain energy of the two main members due to their axial and transverse displacements thus
can be calculated as follows,
[ [
U, == [ [e2dAdx+= [ [ sZdad 3)
2 0A 2 0A

where F is the Young’s modulus, A4 is the cross-sectional area of the main member, ¢, and ¢, are the
axial strains at the coordinate point (x, z) defined in the two main members, which can be
expressed in terms of the axial and transverse displacements as follows,

for the upper main member:

ou du d*w
X,Z2)=—"=—"2—(z+e)— 4
7 (%2) ox  dx (z+e) dx? @
for the lower main member:
ou, du, d*w
y = —-———— — [ 5
gb(X Z) 6X dX (Z e) dXZ ( )

Substituting Egs. (4) and (5) into (3), it yields,

| 2 2 NTNRY
u,-EA (%j {%j B[ 22 ] ax (©6)
2 4| Ldx dx o L dx

where | =I (Z + e)2 dA= L\ (Z —e)2 d A is the moment of inertia with respect to local y-

pper ower

axis of the main member, and symbols “4,,,.” and “A4,,,..” respectively denote the area of upper
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main member and lower member.
The strain energy of battens can be expressed as follows (Gantes and Kalochairetis 2012, Wang
et al. 2002),

n 2
U, = ek,GA (u - dwj (7)
i=0

2e&

X=ia

where G is the shear modulus, A, is the effective shear area, and £, is a reduction factor defined as
follows,

3EI,

—_—_Y—=b 8
* GAe’+3El, ®)

where [, is the moment of inertia of the batten. For the simplicity of presentation, the following
new notations are used,
u,+u
=2 9)
2
L)

u
p 2

(10)

By utilising Egs. (9) and (10), the total strain energy of the battened beam can be expressed as

follows,
| 2 d 2
U=U,+U, =EA| (dlj o 2o fax+
o| L dx dx

) 2 (11)
( d*w n u, dw
El d kGA|-£-=—

e

x=ia

The potential of the uniformly distributed load due to the transverse displacement can be
expressed as follows,

W = q| wx (12)

where ¢ is the uniformly distributed load. The use of the principle of minimum potential energy
leads,

S(U-W)=0 (13)

For a simply supported battened beam, u,(x), us(x) and w(x) can be assumed as follows,

u, (=3 Amsinml—’ZX (14)

m=1,2,---
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u(x)= > BmcosmT”X (15)
m=1,2,--

wix)= Y Cmsin¥ (16)
m=L2,--

where 4,,, B,, and C,, (m=1, 2, ...) are constants. Substituting Egs. (14)-(16) into (11) and (12), it

yields,
2
u-EAl (MJ (a2 +B2)+ E (M) c2
2 o4z Ay
, (17)
n B H
ekSGASZ[ (_m_m mj mm}
i=0 | m=1,2,--- e
| m
w=q Y —f-¢"Jc, (18)
m=1,2,--- mrz
Gantes and Kalochairetis (2012) obtained a formula, i.e.,
n . .
1+§ m=j m+j<2n
0 . . 1+n m=j m+j=2n
miz jiz
K, =Y C0S——cos+—— =11 e . . (19)
I .Z:o: n n §[1+(—1) J] m#j m+j<2n
1+g m=j m+j=2n

which is helpful for determined 4,,, B,,, and C,,. Substituting Eqs. (17) and (18) into (13) and using
Eq. (19), it yields,

2
EA(%) A, =0 (m=12,-) (20)
2 N .
EA(%) Bm+2kS‘$Zij {%—JI—”cj]zo (M=12,) @1)
j=1

4 -
mz 2k, GA, ( mze | B, jr q
El| —| C,—————| — K. |—L-=—C |=—[1-(-D" | (m=12,---) (22)
(7] e 2R (T B2 o (s

Eq. (20) indicates A4,=0. This result implies that u,=0, i.e., u1=-u,, which meas u; and u, are
anti-symmetric with respect to x axis. Egs. (21) and (22) are coupled due to the shear effect and the
discontinuity of battens. However, since in practice only the first few terms are required in the
series solution of Eqs. (14)-(16), m will be very small and therefore the second case in Eq. (19) can
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be excluded because 2n will be much greater than m. Also, according to Eq. (19) the value of K,
defined in the third case will be much smaller than that defined in the first or fourth case. Hence,
from the numerical point of view the mode coupling defined in the third case can also be ignored.
Consequently, the mode coupling that need be considered in the analysis is only between wave m
and wave 2n-m. In this case Egs. (21) and (22) can be simplified as follows,

e ) o, + @EOKCA (B _mrg ) (B @romic J]g oy

| I e I e |

of e o) oo, )
| | | e ] e | (24)

_ 9 K _(qym
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o | 2n-m e I m|T

EI((Zn - m);zj“cznm _ (2+n)kGA ((Zn - m)fze} y K Bowm _ (2n—m)7 cznmj +

(25)

I | I e I

e |- b

e - (2n-m)xz

(26)

Egs. (23)-(26) can be used to solve coefficients B,, and C,, (m=1, 2, ..., 2n-m). Substituting B,,
and C,, into Egs. (15) and (16), we obtain the final solution of the problem.

3. Finite element analysis and validation of analytical solution

In order to validate the analytical solution, the linear finite element analysis of two-dimensional
battened beams with lengths ranging from 2 m to 10 m is accomplished using two-dimensional
three-node beam elements built in ANSYS software. The main members and battens used to
assemble the battened beams are assumed to be the square hollow section steel members with a
side length 50 mm and a wall thickness 5 mm. The material properties of the battened beams are
Young’s modulus 200 GPa and Poisson’s ratio 1/3. The boundary conditions for the two main
members are assumed to have zero transverse displacements at their ends. To eliminate the axial
rigid displacement in the global coordinate system, a zero axial displacement boundary condition
in the global coordinate system is applied to the mid-point of the first batten.

Fig. 2 shows the comparison of the maximum deflection of the beam at its middle obtained by
solving Egs. (23)-(26) and using Eq. (16), and those obtained from the finite element analysis. It
can be seen from the comparison that the present analytical solution taking into account shear and
discrete effects agrees excellently with the results obtained from the finite element analysis.
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Fig. 2 Comparison of the maximum deflections for a 2-D battened beam (¢=200 mm, e=100 mm)

4. Shear and discrete effects of battens

If the shear effect is ignored then G—o and B,=(mre/[)C,,. In this case Egs. (23)-(26) can be
simplified as follows,

E(|+e2A)(¥j Cp=—-[1-(-1)"]m=12,3--,2n 27)

" mr

Solve Eq. (27) for C,, yielding,

1-(-1)"
c,=—+ -] £ m=123,--,2n (28)
™ e +e2A)(mlﬂj

Thus, the deflection of the battened beam can be expressed as follows,

gl 2 oma 20
W(X)_E(I+e2A)m;,3:,...(m7z)5SIn [ 29)

The maximum deflection occurs at the middle of the beam and is given by

q|4 z i (_1)k+l _ 5q|4

W = = = 30
oco = Wz E(1 +62A) 45 7° (2k-1)° 384E(21 +26°A) G0

If only the discrete effect is neglected, then Egs. (23)-(26) are simplified as follows
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e
EI(MTCm _ (2+n)k,GA (mﬂe)(ﬁ_mcm] L (32)
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Solve Egs. (31) and (32) for B,, and C,, yielding,
(mz)(2+n)k,eGA,

2 m=12,20 63)
eEA(m7z)” + (2+n)k IGA,
4 —_(—1\™ 2
C,= qlz ><1 ( 12—, x |+e2A m=12,--,2n (34)
El+e’EA (mz) |, €A
eEA(mz)’

+—
(n+2)k IGA,

For middle and long beams where (n+2)k,/GA;>eEA(mx)’, Eq. (34) can be further simplified
into

4 m 2 2
gt 1-(-1) x(l+ e?A  eEA(mr)

C,= S——X 5 o X m=12,---,2n (35)
El +e“EA (m;;) I +e"A (n+2)kIGA

Thus, the deflection of the battened beam can be expressed as follows,

. q 2 e’A eEAmz) | . max
W) = B era) mﬂz,;f,_,(m;z)s [1+I+e2Ax(n+2)kSIGAS 7 )

The maximum deflection occurs at the middle of the beam and is given by

ql* 2 (D¢t e’A eEA 2 (D¢t
W|x:|/z T Bl L eZA) Z 5 TG 2 3 T
E( e M7 L2 @7 TretA(eakien o @D
B 5q1* 1. e’A 48eEA
384E(21 +262A)| I +e?A5(n+2)k IGA,

It is obvious from Eq. (37) that, the first term in the brackets is the deflection generated by the
bending load, whereas the second term in the brackets represents the deflection generated by the
shear load. Eq. (37) indicates that the shear effect increases with the cross-section area of the main
member but decreases with the increase of the cross-section area of the batten. Also, the longer the
battened beam or the larger the moment of inertia of the main member, the smaller the shear effect.
It is obvious from Eq. (37) that, if G—oo then Eq. (37) tends to Eq. (30) in which case the shear
effect is excluded.

Figs. 3-5 show the shear and discrete effects on the maximum deflections of the battened beams
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Fig. 3 Maximum deflections of a battened beam (¢=200 mm, e=100 mm)
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Fig. 4 Maximum deflections of a battened beam (¢=200 mm, e=200 mm)

of different batten spacings (a) and batten lengths (2¢). The section dimensions of the two main
members and battens employed herein are identical to those used in the finite element analysis; so
do the material properties. The deflection shown in the figures is normalized using the maximum
deflection without considering the shear and discrete effects given by Eq. (30). It is evident from
these figures that the shear effect of battens on the deflection of battened beams is important,
particularly for short and medium length beams. Ignoring shear effect could lead to a significant
under-prediction of the deflection. Also it can be observed from the comparison of the three
figures that the shear effect increases with the length of batten members. Compared to the shear
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Fig. 5 Maximum deflections of a battened beam (¢=400 mm, e=100 mm)

effect, the discrete effect seems not so significant. The remarkable discrete effect is found when
the batten spacing is large as is demonstrated in Fig. 5.

5. Conclusions

This paper has presented the theoretical and numerical analyses for determining the deflection
of simply supported battened beams subjected to a uniformly distributed transverse load. The
analyses consider not only the shear effect but also the discrete effect of battens on the transverse
deflection of battened beams. From the present study the following conclusions can be drawn:

» The present analytical results are in excellent agreement with those obtained from the finite

element analysis, which demonstrates the appropriateness of the proposed approach.

* Shear effect on the deflection of battened beams is very important, particularly for short and

medium length beams. Ignoring the shear effect could lead to an under-estimation of the deflection.

In contrast, the discrete effect on the deflection is much small. The noticeable discrete effect is

found only when the beam has large batten spacing.

* The shear effect on the transverse deflection of battened beams increases with the cross-section

area of the main member but decreases with the cross-section area of the batten. The longer the

battened beam or the larger the moment of inertia of the main member, the smaller the shear effect.
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