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Abstract.  This study aimed to investigate the random vibration characteristic of train-slab track-bridge 

interaction system subjected to both track irregularities and earthquakes by use of pseudo-excitation method 

(PEM). Each vehicle subsystem was modeled by multibody dynamics. A three-dimensional rail-slab- 

girder-pier finite element model was created to simulate slab track and bridge subsystem. The equations of 

motion for the entire system were established based on the constraint condition of no jump between wheel 

and rail. The random load vectors of equations of motion were formulated by transforming track 

irregularities and seismic accelerations into a series of deterministic pseudo-excitations according to their 

respective power spectral density (PSD) functions by means of PEM. The time-dependent PSDs of random 

vibration responses of the system were obtained by step-by-step integration method, and the corresponding 

extreme values were estimated based on the first-passage failure criterion. As a case study, an ICE3 

high-speed train passing a fifteen-span simply supported girder bridge simultaneously excited by track 

irregularities and earthquakes is presented. The evaluated extreme values and the PSD characteristic of the 

random vibration responses of bridge and train are analyzed, and the influences of train speed and track 

irregularities (without earthquakes) on the random vibration characteristic of bridge and train are discussed. 
 

Keywords:  train-slab track-bridge interaction; random vibration; pseudo-excitation method; earthquake; 

track irregularity 
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High-speed railway has become one of the most important forms of public transportation in 

many countries (Ju and Li 2011). Meanwhile, bridges have been widely used as the supporting 

structures for high-speed railway (Zhang et al. 2010a). Thus, the dynamic response characteristic 

of high-speed train passing bridge has been an issue of great concern (Zhai and Cai 2002, Wu and 

Yang 2003, Xia and Zhang 2005), especially in earthquake-prone regions (Yang and Wu 2002, 

Sogabe et al. 2007, Yau 2009, Du et al. 2012, Antolín et al. 2013). However, the efforts to study 

the random vibration characteristic of train-track/bridge shaken by earthquakes are still relatively 

few (Michal and Michael 2009). Miyamoto et al. (1997) have analyzed analytically the operation 

safety of railway vehicles under the action of earthquakes using a three-dimensional simplified 

vehicle model, where sine waves are used as the input excitation. Yang et al. (2004) have 

investigated the dynamic stability of trains, initially static or traveling over bridges shaken by 

earthquakes. In their works, the maximum allowable speed for the train to run safely under four 

specific seismic accelerations are evaluated. Xia et al. (2006) have established a dynamic model of 

coupled train-bridge system subjected to earthquakes considering the non-uniform characteristics 

of the seismic wave. Through input of typical seismic waves with different propagation velocities 

to the train-bridge system, the histories of the train running through the bridge are simulated and 

the dynamic responses of the bridge and the vehicles are calculated. Frýba and Yau (2009) have 

studied the effect of various lags of the earthquake arrival on the vibration of long-span suspended 

bridges. The results indicate that the interaction of both the moving load and the seismic forces 

may substantially amplify the response of long-span suspended bridges in the vicinity of the 

supports. Ju (2013) has investigated some improvements of bridge structure, such as the gap 

between two simply supported girders, pier stiffness and so on, to increase the safety of moving 

trains during earthquakes using finite element method (FEM). In the aforementioned work, most 

researchers either ignore the track system or only take the conventional ballasted track into 

account. With the wide use of slab ballastless track in modern high-speed and urban railway (Gao 

et al. 2006, Li et al. 2010, Zhang et al. 2014), it becomes more and more necessary to investigate 

the dynamic responses of train-slab track-bridge interaction system shaken by earthquakes. On the 

other hand, the track irregularities and seismic motions are usually only treated as one or few 

time-history samples to compute the random dynamic responses of train-track/bridge interaction 

system in most of the previous researches. In fact, these results can only be regarded as the 

particular cases of a sequence of possible outcomes because of the randomness of track 

irregularities and seismic motion. Therefore it is of great importance to evaluate the dynamic 

responses of train-track/bridge interaction system on a random vibration basis in order to ensure 

the reliability of the simulation (Yang et al. 2004). Unfortunately, the conventional approach for 

random vibration analysis (Nigam 1983) is computationally inefficient, especially for the 

sophisticated train-slab track-bridge interaction system. Therefore more efficient and accurate 

algorithm should be employed to analyze the random vibration of train-slab track-bridge 

interaction system, such as PEM (Lin et al. 1994, Lu et al. 2006, Lu et al. 2009). Zhang et al. 

(2010a) have investigated the random vibration for train-bridge system subjected to horizontal 

earthquake by PEM. However, the track is omitted and the wheel displacements are assumed to be 

fully constrained by girder displacements and track irregularities, that is to say, the inherent 

creepage between wheel and rail is not taken into consideration. 

In present paper, the three-dimensional characteristic of the train-slab track-bridge system, 

together with assumptions made for modeling such a system, is first summarized. A 

three-dimensional train-slab track-bridge interaction model is then constructed based on these 

assumptions. Next, the equations of motion for the major components of model, i.e., the vehicle, 
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rail, slab, bridge girder and pier, are formulated by means of FEM and energy principle (Lou and 

Zeng 2005), and based on which the equations of motion for the entire train-slab track-bridge 

interaction system are assembled. The track irregularities are regarded as a series of uniformly 

modulated, multi-point, different-phase random excitations by taking time lags between the wheels 

into account, while the earthquakes are assumed as a series of uniformly modulated, 

non-stationary, evolutionary random excitations. Hence the random excitations caused by track 

irregularities and earthquakes are then transformed into a series of deterministic pseudo-harmonic 

excitation vectors according to PEM and wheel-rail interaction relationship, so that time- 

dependent PSDs of the random vibration responses of the entire system excited by track 

irregularities and earthquakes can be obtained by step-by-step integration method such as Wilson-θ 

method. A numerical example is presented. Firstly, the reliability and efficiency of PEM for 

calculating the extreme values of the random dynamic responses of the train-slab track-bridge 

interaction system is studied through comparison with Monte Carlo method (MCM). Secondly, the 

PSD characteristic of the random dynamic responses of bridge and train are analyzed. Thirdly, the 

influence of train speed on the random vibration characteristic of bridge and train are studied. 

Fourthly, the random vibration characteristic of bridge and train with only track irregularities 

considered are investigated. Finally, some useful conclusions are drawn. 

 

 

2. Models of train, slab track and bridge 
 

Fig. 1 depicts a train consisting of a series of four-axle vehicles moving with constant speed v 

on a slab track resting on a simply supported girder bridge shaken by earthquakes. For the sake of 

simplicity, it is assumed that no inelastic deformation occurs on each subsystem during 

earthquakes. 
 

2.1 Model of train 
 

The train consists of the rear and front motor cars numbered 1 and 2 respectively, and Nv trailer 

cars numbered 1, 2, …, Nv from left to right.  

Each trailer car in the train is modeled as a mass-spring-damper system consisting of one 

carbody, two bogies, four wheelsets and two-stage suspensions. As shown in Fig. 1, the carbody 

rests on the front and rear bogies, each of which in turn is supported by two wheelsets. The 

carbody is modeled as a rigid body with a mass mc and three moments of inertia Icx, Icy, Icz about 

the longitudinal axis x, lateral axis y and vertical axis z through its center of gravity. Similarly, 

each bogie is considered as a rigid body having a mass mt and three moments of inertia Itx, Ity, Itz. 

Each wheelset is considered as a rigid body having a mass mw and two moments of inertia Iwx, Iwz. 

The secondary suspension between carbody and each bogie is characterized by longitudinal spring 

stiffness ksx and damping coefficient csx, lateral spring stiffness ksy and damping coefficient csy, 

vertical spring stiffness ksz and damping coefficient csz, respectively. Likewise the spring and shock 

absorber in the primary suspension for each wheelset are characterized by kpx and cpx, kpy and cpy, 

kpz and cpz, respectively. By neglecting of the longitudinal displacement, the motions of the jth 

trailer carbody may be described by the lateral displacement ycj, vertical displacement zcj, rolling 

displacement θcj, pitching displacement φcj and yawing displacement ψcj with respect to its center 

of gravity, where the subscript j denotes the trailer car number. Similarly, the motions of both the 

rear and front bogies of the jth trailer car may be also described, respectively, by lateral 
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displacement yt1j and yt2j, vertical displacement zt1j and zt2j, rolling displacement θt1j and θt2j, 

pitching displacement φt1j and φt2j, yawing displacement ψt1j and ψt2j. The motions of the four 

wheelsets from left to right of the jth trailer car may be described by lateral displacement yw1j, yw2j, 

yw3j and yw4j, vertical displacement zw1j, zw2j, zw3j and zw4j, rolling displacement θw1j, θw2j, θw3j and 

θw4j, yawing displacement ψw1j, ψw2j, ψw3j and ψw4j, respectively. Therefore, the total number of 

DOFs for each trailer car is 31. However, it is assumed that no jump occurs between each wheel of 

all vehicles and rail in this article, that is, the vertical displacement of wheel is determined by the 

vertical displacement of rail, while the rolling movement of wheel is determined by the relative 

lateral movement between the wheel and rail. Consequently, the independent DOFs for each trailer 

car become 23.  

 

 

 
(a) Frontal view 

 
(b) Left side view 

Fig. 1 Three-dimensional model for train-slab track-bridge interaction system 
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(c) Top view (without track and bridge) 

Fig. 1 Continued 

 

 

Each motor car in the train is also modeled as a mass-spring-damper system consisting of a 

carbody, two bogies, four wheelsets and two-stage suspensions with different physical properties. 

The carbody has a mass mJc and three moments of inertia IJcx, IJcy, IJcz. Each bogie has a mass mJt 

and three moments of inertia Itx, Ity, Itz. Each wheelset has a mass mJw and two moments of inertia 

IJwx, IJwz. The secondary suspension is characterized by spring stiffness kJsx, kJsy, kJsz and damping 

coefficient cJsx, cJsy, cJsz. The primary suspension is characterized by spring stiffness kJpx, kJpy, kJpz 

and damping coefficient cJpx, cJpy, cJpz. The independent DOFs for each motor car are also 23. The 

DOFs of carbody are denoted as yJci, zJci, θJci, φJci and ψJci. The DOFs of the rear bogie are denoted 

as yJt1i, zJ t1i, θJ t1i, φJ t1i and ψJ t1i. The DOFs of the front bogie are denoted as yJt2i, zJt2i, θJt2i, φJt2i and 

ψJt2i. The DOFs of the four wheelsets are denoted as yJw1i~yJw4i, and ψJw1i~ψJw4i. Herein the 

subscript i denotes the motor car number. 

 

2.2 Models of slab track and bridge 
 

As shown in Fig. 1, the rail, slab, bridge girder and pier are all modeled as elastic 

Bernoulli-Euler beam. On the basis of FEM, the rail, slab, bridge girder and pier are all divided 

into a series of beam elements of length l. The lateral elasticity and damping properties of the 

fastener are represented by discrete massless springs with stiffness krsy and dampers with damping 

coefficient crsy. The vertical elasticity and damping properties of the fastener are represented by krsz 

and crsz. The lateral elasticity and damping properties of the CA layer beneath the slab are  

represented by continuous massless springs with stiffness sbyk  and dampers with damping 

coefficient sb yc . The vertical elasticity and damping properties of the CA layer are represented by 

sbzk  and sbzc . The elasticity and damping properties of the bridge bearing are represented by  

massless springs with stiffness kbby, kbbz, kbbθ and dampers with damping coefficient cbby, cbbz, cbbθ. 

In addition, the assumption of Rayleigh damping is adopted (Wu and Yang 2003). By neglecting 

the displacement along x axis, each node of rail, slab and bridge girder has five DOFs, i.e., lateral 

displacement, vertical displacement, and rotations about x, y and z axes. Each node of pier has 

three DOFs, i.e., lateral displacement, vertical displacement, and rotation about x axis. 

 

 

3. Equations of motion for train-slab track-bridge interaction system 
 

By using the energy principle (Lou and Zeng 2005), one can derive the three-dimensional 

equations of motion written in sub-matrix for the train-slab track-bridge interaction system as 

2b42b3

cpy kpy k sy csy csx ksx

k px

c px

y

┹

cj

cj

y

┹

t2j

t2j

y

┹

w3j

w3j

y

┹

w4j

w4j

1021



 

 

 

 

 

 

Zhi-ping Zeng et al. 

 























pp

bb

ss

rr

tt

M

M

M

M

M

0000

0000

0000

0000

0000



























p

b

s

r

t

X

X

X

X

X

































pppb

bpbbbs

sbsssr

rsrrrt

trtt

CC

CCC

CCC

CCC

CC

000

00

00

00

000

























p

b

s

r

t

X

X

X

X

X



































pppb

bpbbbs

sbsssr

rsrrrt

trtt

KK

KKK

KKK

KKK

KK

000

00

00

00

000

























p

b

s

r

t

X

X

X

X

X























p

b

s

r

t

F

F

F

F

F

    (1) 

where the subscripts „t‟, „r‟, „s‟, „b‟ and „p‟ denote the train, rail, slab, bridge girder and pier, 

respectively. The displacement vector, mass matrix, stiffness matrix, damping matrix, and the load 

vector of the train, rail, slab, bridge girder and pier are explained briefly as follows, and the 

detailed derivation can refer to Lou and Zeng (2005). 

 

3.1 Displacement vectors 
 

The total train displacement vector Xt with order Tdof (Tdof = 23×Nv+23×2) can be written as 

T
XXXXXX ][ 2211 JvNvvJt v

                        (2) 

where the superscript „T‟ denotes the transpose of the matrix, Xvj (j = 1, 2, …, Nv) and XJi (i = 1, 2) 

are the displacement vectors of the jth trailer car and the ith motor car, respectively, which can be 

expressed as 

jtjtjtjtjtjtjtcjcjcjcjcjvj zyzyzy 2211111 [X  

]jwjwjwjwjwjwjwjwjtjtjt yyyy 44332211222   

iJtiJtiJtiJtiJtiJtiJtJciJciJciJciJciJi zyzyzy 2211111 [X  

]iJwiJwiJwiJwiJwiJwiJwiJwiJtiJtiJt yyyy 44332211222   

The displacement vector of rail Xr with order 2Nr×1, comprising displacement vector XLr of left 

rail with order Nr×1 and displacement vector XRr of right rail with order Nr×1, can be written as 

T
XXX ][ RrLrr   

][
rrNrrRrLr qqq 21 XX

                         
(3) 

where Nr denotes the total number of DOFs of each rail. 

The displacement vector Xs with order 1sN  for a series of continuously supported beams to 

model slabs can be written as 

T
XXXX ][

ssNsss 21                            (4) 

where Xsi (i = 1, 2, …, Ns) denotes the displacement vector of the ith slab, Ns  denotes the total 

number of slabs, and sN  denotes the total number of DOFs of all slabs. Xsi with order sin1  and 

sN  can be expressed as 

][
sinssssi qqq 21X

 





sN

i

sis nN

1
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where sin  denotes the total number of DOFs of the ith slab. 

The displacement vector Xb with order 1bN  for a series of simply supported beams to model 

the bridge girders can be written as 

T
XXXX ][ 21 bbNbbb                              (5) 

where Xbi (i = 1, 2, …, Nb) denotes the displacement vector of the ith bridge girder, Nb denotes the 

total number of bridge girders, and bN  denotes the total number of DOFs of all bridge girders. Xbi 

with order bin1  and bN  can be expressed as 

][ 21 binbbbbi qqq X
 





bN

i

bib nN

1

 

where bin  denotes the total number of DOFs of the ith bridge girder. 

The displacement vector of piers Xp with order 1pN  can be written as 

T
XXXX ][

ppNppp 21                           (6) 

where Xpi (i = 1, 2, …, Np) denotes the displacement vector of the ith pier, Np denotes the total 

number of piers, and pN  denotes the total number of DOFs of all piers. Xpi with order p in1  and 

pN  can be expressed as 

][
pinppppi qqq 21X

 






pN

i

pip nN

1

 

where p in  denotes the total number of DOFs of the ith pier. 

 

3.2 Matrices for train 
 

The matrices of train are marked with the subscript „tt‟. The mass matrix Mtt of train, with 

order (23×Nv+23×2)×(23×Nv+23×2), can be written as 

][diag 2211 JvNvvJtt v
MMMMMM                         (7) 

where Mvj and MJi with order 23×23 denote the mass matrices of the jth trailer car and ith motor 

car, respectively, and can be expressed as 

tttztytxttczcycxccvj mmIIImmIIImm[diagM  

]wzwwzwwzwwzwtztytx ImImImImIII  

JtJtJtzJtyJtxJtJtJczJcyJcxJcJcJi mmIIImmIIImm[diagM  

]JwzJwJwzJwJwzJwJwzJwJtzJtyJtx ImImImImIII  

The stiffness matrix Ktt of train, with order (23×Nv+23×2)×(23×Nv+23×2), can be written as 
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][diag 2211 JvNvvJtt v
KKKKKK                         (8) 

where Kvj and KJi with order 23×23 denote the stiffness matrices of the jth trailer car and ith motor 

car. 

The damping matrix Ctt of train with order (23×Nv+23×2)×(23×Nv+23×2), can be obtained by 

simply replacing k in the corresponding stiffness matrix Ktt by c. 

 

3.3 Matrices for rail, slab, bridge girder and pier 
 
The matrices of rail are marked with the subscript „rr‟. The mass matrix Mrr of rail with order 

2Nr×2Nr, comprising mass matrix MLrr of left rail with order Nr×Nr and mass matrix MRrr of right 

rail with order Nr×Nr, can be written as 

][diag RrrLrrrr MMM                             (9) 

The stiffness matrix Krr of rail, with order 2Nr×2Nr, composed of stiffness matrix KLrr of left 

rail with order Nr×Nr, stiffness matrix KRrr of right rail with order Nr×Nr, and left rail-right rail 

interaction stiffness matrices KLrRr and KRrLr with order Nr×Nr, can be written as 











RrrRrLr

LrRrLrr
rr

KK

KK
K                             (10) 

where the stiffness matrices KLrRr and KRrLr are induced by the gravity force of train acting upon 

rails by wheelsets. 

The damping matrix Crr of rail, with order 2Nr×2Nr, consisting of damping matrix CLrr of left 

rail with order Nr×Nr, and damping matrix CRrr of right rail with order Nr×Nr, can be written as 

][diag RrrLrrrr CCC                             (11) 

The matrices of slab, bridge girder and pier, marked with the subscript „ss‟, „bb‟ and „pp‟, 

respectively, are not given here but can be derived by following the similar procedure for 

derivation of rail matrices. 

 

3.4 Matrices for train-rail interaction 
 

The matrices for the train-rail interaction, marked with subscript „tr‟ or „rt‟, consist of train-left 

rail interaction matrix marked with subscript „tLr‟, and train-right rail interaction matrix marked 

with subscript „tRr‟. The stiffness matrix Ktr and Krt with order Tdof×2Nr, and damping matrix Ctr 

and Crt with order Tdof×2Nr, for train-rail interaction can be written according to the vertical and 

lateral wheel-rail interaction relationship (Kalker 1967 and Zhang et al. 2010b), respectively, as 

rdof NTtRrtLrtr 2][  KKK
                          

(12) 

rdof NTtRrtLrtr 2][  CCC  

T
KK trrt      

T
CC trrt                            (13) 

where the stiffness matrices KtLr and KtRr, and the damping matrices CtLr and CtRr, with order 

Tdof×2Nr, can be expressed, respectively, as 
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in which 
V

Lrv hj 
K

 
and V

Lrv hj 
C  represent, respectively, the stiffness and damping matrices 

induced by the vertical interaction between the hth wheelset of the jth trailer car and the left rail; 
V

Rrv hj 
K and 

V
Rrv hj 

C  represent, respectively, the stiffness and damping matrices induced by the 

vertical interaction between the hth wheelset of the jth trailer car and the right rail; L
Lrv hj 

C
 

and 
L

Rrv hj 
C  represent, respectively, the damping matrices induced by the lateral interaction between 

the hth wheelset of the jth trailer car and the left and right rails. Similarly, 
V

LrJ hi 
K , 

V
RrJ hi 

K , 
V

LrJ hi 
C , 

V
RrJ hi

C , 
L

LrJ hi 
C  and 

L
RrJ hi

C  represent, respectively, the stiffness and damping matrices 

induced by the interaction between the ith motor car and the left and right rails.  

 

3.5 Matrices for rail-slab interaction 
 

The matrices for rail-slab interaction, marked with subscript „rs‟ or „sr‟, consist of left rail-slab 

interaction matrix marked with subscript „Lrs‟, and right rail-slab interaction matrix marked with 

subscript „Rrs‟. The stiffness matrix Krs with order sr NN 2  induced by the stiffness krsy and krsz of 

fastener between rail and slab can be written as 

sr NNRrs

Lrs
rs













2
K

K
K  

T
KK rssr                                  (14) 

The damping matrix Crs with order sr NN 2  can be obtained by replacing krsy and krsz in the 

corresponding stiffness matrix Krs by crsy and crsz. Similarly, one also has TCC rssr  . 

 

3.6 Matrices for slab-girder interaction 

 

The matrices for slab-girder interaction are marked with subscript „sb‟ or „bs‟. The stiffness 

matrix Ksb with order bs NN   induced by the stiffness sbyk  and sbzk  of CA layer between slab and 

bridge girder can be written as 

][diag 21 bsbNsbsbsb KKKK                         (15) 

where Ksbi (i = 1, 2, …, Nb) denotes the stiffness matrix induced by the stiffness of CA layer lying 

between the ith bridge girder and all the corresponding slab. 
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Similarly, the damping matrix Csb with order bs NN   can be obtained by replacing sbyk  and sbzk  

in the corresponding stiffness matrix Ksb by sb yc  and sbzc . One can have TKK sbbs   and TCC sbbs  . 

 

3.7 Matrices for girder-pier interaction 

 

The matrices induced by stiffness and damping of bearing between bridge girder and pier are 

marked with subscript „bp‟ or „pb‟. The stiffness matrix Kbp with order pb NN   can be derived by  

the stiffness of bearing. Similarly, the damping matrix Cbp with order pb NN   can be obtained by 

the damping of bearing. One also has T
KK bppb   and T

CC bppb  . 

 

3.8 Load vector for train, rail, slab, girder and pier 
 

The load vector Ft of train with order Tdof×1 can be written as 
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where the load vector of the jth trailer car 1
vjF  and 2

vjF , and the load vector of the ith motor car 
1
JiF  and 2

JiF , with order 23×1 can be written, respectively, as 
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in which )( V
jhxr , )( C

jhxr , )( A
jhxr  and )( G

jhxr
 

 are, respectively, track elevation, cross level, alignment 

and gauge irregularities at the hth wheel-rail contact point of the jth trailer car; )( V
Jihxr , )( C

Jihxr , 

)( A
Jihxr  and )( G

Jihxr  are the corresponding track irregularities at the hth wheel-rail contact point of 

the ith motor car; )(r
 is the first derivative of track irregularity )(r ; Waxle and WJaxle are the axle 

weights of trailer and motor car, respectively; λ and λJ are the slope of the wheel tread of trailer 

and motor car, respectively; 22
Ljhf  and  (h = 1~4) are the lateral creepage coefficients between 

the hth wheelset of the jth trailer car and the left and right rails, respectively (Kalker 1967 and 

Zhang et al. 2010b); and 2 2
LJihf  and 2 2

RJihf  are the lateral creepage coefficients between the hth 

wheelset of the ith motor car and the left and right rails, respectively. 

Then, the load vector Ft of train can be expressed as 
G

t
A

t
A

t
C

t
C

t
V

t
V

tt
2212121

FFFFFFFF                     (17) 

with 

T
FFFFFF ][ 1

2
11

2
1
1

1
1

1 V
J

V
vN

V
v

V
v

V
J

V
t v


    

T
FFFFFF ][ 1

2
11

2
1
1

1
1

1 C
J

C
vN

C
v

C
v

C
J

C
t v

  

T
FFFFFF ][ 1

2
11

2
1
1

1
1

1 A
J

A
vN

A
v

A
v

A
J

A
t v


    

T
FFFFFF ][ 2

2
22

2
2
1

2
1

2 V
J

V
vN

V
v

V
v

V
J

V
t v

  

T
FFFFFF ][ 2

2
22

2
2
1

2
1

2 C
J

C
vN

C
v

C
v

C
J

C
t v


    

T
FFFFFF ][ 2

2
22

2
2
1

2
1

2 A
J

A
vN

A
v

A
v

A
J

A
t v

  

T
FFFFFF ][ 2

2
22

2
2
1

2
1

2 G
J

G
vN

G
v

G
v

G
J

G
t v

  

where V
t
1

F , C
t
1

F  and A
t
1

F  represent, respectively, the load vectors caused by track elevation, 

22
Rjhf
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cross level and alignment irregularities; 
V

t
2F , 

C
t
2F ,

A
t
2F  and 

G
t
2F  represent, respectively, the load 

vectors caused by the velocity of track elevation, cross level, alignment and gauge irregularities. 

The load vector of rail Fr with order 2Nr×1 can be written as 
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where 0L
rF , 1L

rF , 2L
rF , 

3L
rF  and 

4L
rF  represent, respectively, the load vectors of each wheelset of 

train acting upon left rail caused by the gravity force of train, track elevation irregularity, cross 

level irregularity, alignment irregularity and gauge irregularity; 
5L

rF , 
6L

rF , 
7L

rF  and 
8L

rF  

represent, respectively, the load vectors of each wheelset of train acting upon left rail caused by the 

velocity of track elevation, cross level, alignment and gauge irregularities; 
9L

rF  and 
10L

rF  

represent, respectively, the load vectors of the each wheelset of train acting upon left rail caused by 

the acceleration of track elevation and cross level irregularities. Accordingly, 
0R

rF ~ 1 0R
rF   

represent, respectively, the load vectors of the each wheelset of train acting upon right rail. 

Each element for load vector of slab Fs with order 1sN
 is zero. 

The load vector of bridge girder Fb with order 1bN  can be written as 

T
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(19) 

where mbi denotes the mass of node of the ith bridge girder, and agy and agz denote, respectively, 

the lateral horizontal and vertical seismic accelerations. 

Similarly the load vector of pier Fp with order 1pN  can be written as 

T
FFFF ][ 21 ppNppp 
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(20) 

where mpi denotes the mass of node of the ith pier. 

Now let: 







































1

1

1

0

0

1

)(

p

b

s

dof

N

N

N

R
r

L
r

T

GRT t

0

0

0

F

F

0

F

    





































1

1

1

1

1

1

1 )(

p

b

s

N

N

N

R
r

L
r

V
t

R N Dt

0

0

0

F

F

F

F

    





































1

1

1

2

2

1

2 )(

p

b

s

N

N

N

R
r

L
r

C
t

RND t

0

0

0

F

F

F

F

    





































1

1

1

3

3

1

3 )(

p

b

s

N

N

N

R
r

L
r

A
t

RND t

0

0

0

F

F

F

F

 

1028



 

 

 

 

 

 

Random vibration analysis of train-slab track-bridge coupling system under earthquakes 

 







































1

1

1

4

4

1

4 )(

p

b

s

dof

N

N

N

R
r

L
r

T

RND t

0

0

0

F

F

0

F

    





































1

1

1

5

5

2

5 )(

p

b

s

N

N

N

R
r

L
r

V
t

R N Dt

0

0

0

F

F

F

F

    





































1

1

1

6

6

2

6 )(

p

b

s

N

N

N

R
r

L
r

C
t

RND t

0

0

0

F

F

F

F

    





































1

1

1

7

7

2

7 )(

p

b

s

N

N

N

R
r

L
r

A
t

RND t

0

0

0

F

F

F

F

 





































1

1

1

8

8

2

8 )(

p

b

s

N

N

N

R
r

L
r

G
t

RND t

0

0

0

F

F

F

F

    







































1

1

1

9

9

1

9 )(

p

b

s

dof

N

N

N

R
r

L
r

T

RND t

0

0

0

F

F

0

F
    







































1

1

1

10

10

1

10 )(

p

b

s

dof

N

N

N

R
r

L
r

T

RND t

0

0

0

F

F

0

F
    







































p

b

N

N

N

T

RND

s

r

r

dof

t

F

F

0

0

0

0

F

1

1

1

1

11 )(

 

Then, the load vector of the total train-slab track-bridge interaction system simultaneously 

excited by track irregularities and earthquakes F(t) can be expressed as 
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4. Random vibration of train-slab track-bridge interaction system 
 

Based on Eqs. (1) and (21), the three-dimensional equations of motion for a train-slab 

track-bridge interaction system can be expressed as 

)()()()()()( tttttt RNDGRT FFFUKUCUM  
                 (22) 

where M(t), C(t) and K(t) denote, respectively, the mass, damping and stiffness matrices of the 

total train-slab track-bridge interaction system; U, U , and Ü  denote, respectively, the 

displacement, velocity and acceleration vectors of the system; F(t) is the load vector of the system, 

which consists of two parts: the deterministic load FGRT(t) induced by the gravity force of train and 

the random load FRND(t) induced by track irregularities and earthquakes. 

Thus the solution of Eq. (22) can be written as 


t

τdττtt

0

)(),()( FHU                             (23) 

where H(t, τ) is an impulse response matrix (Lu et al. 2009). 
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Appling the expectation operator E[·] to U(t), one obtains 

 dEttEt

t

)]([),()]([)(

0

FHUU 
                       (24) 

where Ū(t) is the mean value (MV) vector of U(t) 

By assuming both the track irregularities and seismic accelerations to be zero-mean-valued 

random process, one obtains that E[F(τ)]=FGRT(τ), and meanwhile the covariance matrix RUU(t) of 

the responses U(t) can be expressed as 

212
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TTT
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where )]()([ 21  TFF RNDRNDE , denoting the covariance matrix of FRND(t), can be written, according to the 

Wiener-Khintchine theorem, as 
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where SFF(ω) is the PSD matrix of FRND(t).  

Substituting Eq. (26) into Eq. (25) and integrating with respect to τ over the frequency ω, one 

obtains 






  dtt UUUU ),()( SR                          (27a) 
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where, obviously, SUU(ω, t) denotes the response PSD matrix. 

 

 

5. Random vibration analysis of train-slab track-bridge interaction system by PEM 
 

If the PSD function of r(x) is Srr(Ω), the transformation x = vt enables the PSD function of r(t) 

to be expressed as 

vrrrr /)()(  SS 
    

v  

where ω (rad/s) is the time frequency, Ω (rad/m) is the spatial frequency, and v (m/s) is the train 

speed.  

While, the PSD function of agy and agz are given as )(
gygyaaS  and )(

gzgzaaS , respectively. As 

the duration of earthquakes is usually comparable with the time taken by the passage of a train 

over a bridge, it is reasonable to represent the earthquakes by the non-stationary random process as 

follow 

ygy atga )(
    zgz atga )(  

1030



 

 

 

 

 

 

Random vibration analysis of train-slab track-bridge coupling system under earthquakes 

 

where g(t) is a specified slowly varying modulation function, and ay and az are the 

zero-mean-valued, stationary, seismic accelerations with PSDs of )(
gygyaaS  and )(

gzgzaaS  

respectively. 

According to PEM and Eq. (21), the pseudo excitation ),(
~

tRND F  can be written as 
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Thus, the pseudo response caused by ),(
~

tRND F  is 


t

RND dtt

0

)(
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),(),(
~

 FHU                           (29) 

According to Eq. (27b) 
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),( * tttUU  T
UUS   

where the superscript „*‟ denotes complex conjugate. 

 

 

6. Solution procedure 
 

The solution procedures for efficiently evaluating the random vibration analysis of train-slab 

track-bridge system are as follows 
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(a) PSDs of lateral and vertical seismic acceleration (b) Modulation function g(t) 

Fig. 2 Plots of earthquake used in the numerical example for DBGA = 0.15 g 

 

 

(a) Calculate the MV of the dynamic responses according to Eq. (24). 

(b) Select the jth discrete frequency ωj (j=1, 2, 3,…, m), where m denotes the total number of 

discrete frequencies considered.  

(c) Constitute the pseudo excitation ),(
~

tRND F  for each selected frequency of track 

irregularities and seismic accelerations according to Eq. (28). 

(d) Solve pseudo response ),(
~

tjU  according to Eq. (29) by step-by-step integration method. 

(f) Compute the PSD ),( tjUout
S  of responses of interest and the corresponding standard 

deviation (SD) )(t
outU , according to 

),(
~
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),( * ttt joutjoutjUout  UUS 
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(g) Estimate the global maximum value max(Uout(t)) and minimum value min(Uout(t)) of 

responses by first-passage failure criterion, if necessary 

outout
Ettout UUU   ))(())(MVmax())(max(                 (30a) 

outout
Ettout UUU   ))(())(MVmin())(min(                  (30b) 

 

 

7. Illustrative examples 
 

7.1 Properties of train-slab track-bridge interaction system 
 

A fifteen-span simply supported girder high-speed railway bridge, with the span length of 32 m 

and the pier height of 22 m, is considered as shown in Fig. 1. The central part of railway slab track 

is supported on bridge, while the left and right parts of the track are supported on subgrades 

adjacent to bridge. The lengths of element of rail, slab and bridge girder are all equal to fastener 

spacing of 0.625 m, while the length of pier element equals 1.0 m. An ICE3 high-speed train (Du 

et al. 2012) comprises front and rear motor cars and six identical trailer cars moving at constant  
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Table 1 Fundamental properties of trailer car and motor car 

 
Table 2 Fundamental properties of slab track and bridge 

Notation Item Unit Value 

Slab track    

Er Young‟s modulus of rail N/m2 2.06×1011 

Iry Flexural moment of inertia about y axis of cross section of rail m4 3.217×10-5 

Irz Flexural moment of inertia about z axis of cross section of rail m4 5.24×10-6 

rm  Mass per unit length of rail kg/m 60.64 

Es Young‟s modulus of slab N/m2 3.6×1010 

Isy Flexural moment of inertia of cross section of slab m4 1.4×10-3 

Isz Flexural moment of inertia of cross section of slab m4 0.219 

sm  Mass per unit length of slab kg/m 1.2×103 

krsy Lateral stiffness of fastener N/m 3.0×107 

krsz Vertical stiffness of fastener N/m 5.0×107 

crsy Lateral damping coefficient of fastener N·s/m 5.0×104 

crsz Vertical damping coefficient of fastener N·s/m 6.0×104 

sbyk
 Lateral stiffness of CA layer per unit length N/m2 1.5×109 

sbzk
 Vertical stiffness of CA layer per unit length N/m2 1.5×109 

Bridge girder    

Eb Young‟s modulus of girder N/m2 3.45×1010 

Iby Flexural moment of inertia about y axis of cross section of girder m4 12.744 

Ibz Flexural moment of inertia about z axis of cross section of girder m4 96.435 

bm  Mass per unit length of girder kg/m 2.972×104 

ωb1 The fundamental frequency of girder Hz 5.58 

ωb2 The second natural frequency of girder Hz 13.26 

kbby Lateral spring stiffness of bearing N/m 6.0×108 

kbbz Vertical spring stiffness of bearing N/m 6.0×109 

Bridge pier    

Ep Young‟s modulus of pier N/m2 3.45×1010 

Ipx Flexural moment of inertia about x axis of cross section of pier m4 73.23 

pm  Mass per unit length of pier kg/m 5.2×104 

Notation Unit Value Notation Unit Value 

mc / mJc kg 4.40×104 / 4.80×104 kpz / kJpz N/m 0.70×106 / 1.00×106 

mt / mJt kg 2.40×103 / 3.20×103 csy / cJsy N·s/m 2.50×104 / 3.00×104 

mw / mJw kg 2.40×103 / 2.40×103 csz / cJsz N·s/m 5.00×104 / 4.00×104 

Waxle / WJaxle kg 1.46×104 / 1.60×104 cpy / cJpy N·s/m 0.00 / 0.00 

Icx / IJcx kg·m2 1.00×105 / 1.15×105 cpz / cJpz N·s/m 4.00×104 / 3.00×104 

Icy / IJcy kg·m2 2.70×105 / 2.70×105 Lc / LJc m 8.6875 / 8.6875 

Icz / IJcz kg·m2 2.70×105 / 2.70×105 Lt / LJt m 1.25 / 1.25 

Itx / IJtx kg·m2 1.80×103 / 3.20×103 b0 / bJ0 m 0.748 / 0.748 

Ity / IJty kg·m2 2.20×103 / 7.20×103 b1 / bJ1 m 0.95 / 0.95 

Itz / IJtz kg·m2 2.20×103 / 6.80×103 b2 / bJ2 m 1.00 / 1.00 

Itx / IJtx kg·m2 1.10×103 / 1.20×103 b3 / bJ3 m 0.95 / 0.95 

Itz / IJtz kg·m2 1.10×103 / 1.20×103 b4 / bJ4 m 1.00 / 1.00 

ksy / kJsy N/m 2.80×105 / 2.40×105 h1 / hJ1 m 1.14 / 1.00 

ksz / kJsz N/m 3.00×105 / 4.00×105 h2 / hJ2 m -0.14 / 0.10 

kpy / kJpy N/m 5.00×106 / 3.00×106 h3 / hJ3 m 0.24 / 0.14 
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velocity v. The fundamental properties of the vehicle, track and bridge are listed in Tables 1 and 2. 

The German high-speed track irregularity PSD functions (Zhai and Cai 2002) are adopted. The 

seismic acceleration PSDs of the Clough-Penzien model (Clough and Penzien 1993) and the 

uniform modulation function g(t) are shown in Fig. 2. Herein DBGA means the design basic 

acceleration of ground motion, tb and tc the instants at the start and end of the stationary main 

shock respectively, and td the duration of earthquakes. It is assumed that the DBGA=0.15 g, tb=0.8 

s, tc=7.0 s and td=8.41 s. In addition, the spatial frequency of the PSDs of track irregularity range 

from 0.004×2π to 1×2π rad/m, while the frequency of the PSDs of seismic acceleration lie in the 

range of 0~40 Hz. 

 

7.2 Comparison PEM with MCM 
 

The maximum dynamic responses of train-track/bridge subjected to earthquake excitations are 

usually of most interest for us. A conventional method of estimation is to pick the maximum 

values from a set of response samples. The sample size must be large enough to ensure the 

reliability of the estimation because of the random nature of track irregularities and earthquakes, 

which may lead to intolerable computer time. However, based on PEM, the global upper and lower 

boundary of non-stationary random responses can be evaluated efficiently and accurately 

according to Eq. (30) in which κ=3 is adopted to ensure the probability is higher than 98% (Zhang 

et al. 2010a).  

For the purpose of comparison, the random responses of the train-slab track-bridge interaction 

system calculated by PEM are compared with those by MCM with 1500 samples of track 

irregularities and seismic accelerations. Herein the method proposed by Chen and Zhai (1999) is 

implemented to generate the track irregularities sample r(x) from the PSD function. The train is 

assumed to pass through the bridge with a constant speed 83.33 m/s (300 km/h). Figs. 3-5 show 

the estimated upper and lower boundary of the responses by PEM and the corresponding extreme 

values of each time-domain responses by MCM. In Fig. 4(a), the minus sign „-‟ means that 

dynamic vertical wheel/rail force is bigger than the static wheel load. The variation ratio VR1 of the 

responses of train, bridge girder and pier, determined according to Eq. (31), is shown in Table 3. 

%100
)(min

)(min)(max

1 



iR

iRiR
VR

E
MCM

E
MCM

E
MCM

 )1500~1( i               (31) 

where E
MCMR  denote the extreme values of each time-domain response obtained by MCM, and i 

the sample size of track irregularities and seismic accelerations. 

In the following examples, „motor car‟ and „trailer car‟ considered mean, respectively, the rear 

motor car, and 1st trailer car connecting with the rear motor car (see Fig. 1); „midpoint‟, „endpoint‟ 

and „pier top‟ are, respectively, the midpoint, the right endpoint and the top of the right pier of the 

eighth span for the fifteen-span bridge; „wheel/rail force‟ is the contact force between the 2nd 

wheelset of rear motor car or of 1st trailer car and left rail. 

From Table 3 and Figs. 3-5, the following observations can be made easily: (1) There exist 

dramatic variations for the extreme values of almost each of time-domain responses by MCM. For 

example, the variation ratio VR1 of lateral acceleration of trailer carbody, lateral wheel/rail force of 

trailer car, wheel load decrement ratio of trailer car and lateral acceleration of bridge girder 

midpoint among the 1500 samples, approach 190.2%, 125.6%, 88.9%, and 73.4%, respectively. 

Furthermore, larger sample size of track irregularities and seismic accelerations tends to enlarge  
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(a) Vertical (b) Lateral 

Fig. 3 Comparison of trailer carbody acceleration 

 

  
(a) Wheel load decrement ratio (b) Lateral wheel/rail force 

Fig. 4 Comparison of wheel/rail interaction for motor car 

 

  
(a) Vertical (b) Lateral 

Fig. 5 Comparison of acceleration of bridge girder midpoint 

 

 

the variation ratio VR1. (2) All of extreme values of responses obtained by MCM fall with the 

corresponding limits of upper and lower boundary by PEM. (3) Compared with MCM, PEM helps 

to save computer time drastically. For example, the total CPU times for PEM with 200 discrete 

frequencies and for MCM with only 100 samples are 12.4 hours and 116.4 hours, respectively, on 

a 3.4 GHz personal computer. The latter equals about 9.4 times the former. As shown Table 3, the  
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Table 3 Variation ratio VR1 of the responses (%) and CPU times (h) 

Item 

The sample size of track irregularities 

and seismic accelerations 

50 100 300 500 1000 1500 

Vertical acceleration of carbody 
Motor car 64.9 88.2 117.5 153.2 153.2 153.2 

Trailer car 93.8 93.8 121.1 130.8 141.1 141.1 

Lateral acceleration of carbody 
Motor car 116.4 158.1 161.9 161.9 193.8 193.8 

Trailer car 131.6 131.6 163.7 163.7 183.6 190.2 

Vertical acceleration of rear bogie 
Motor car 45.5 50.5 63.5 75.0 79.4 82.9 

Trailer car 38.0 44.9 63.5 72.3 85.9 86.7 

Lateral acceleration of rear bogie 
Motor car 55.0 78.1 100.3 100.3 129.9 136.8 

Trailer car 68.1 71.9 93.8 93.8 128.0 128.0 

Lateral wheel/rail force 
Motor car 68.7 68.7 116.9 116.9 122.8 122.8 

Trailer car 64.4 71.5 101.4 110.9 125.6 125.6 

Wheel load decrement ratio 
Motor car 51.2 69.4 84.3 87.1 89.9 89.9 

Trailer car 50.4 60.9 74.5 81.5 81.5 88.9 

Vertical acceleration of bridge girder midpoint 55.7 61.5 71.3 71.3 83.8 83.8 

Lateral acceleration of bridge girder midpoint 49.4 54.8 65.2 69.4 73.4 73.4 

Lateral acceleration of bridge girder endpoint 51.0 54.4 59.3 65.4 77.5 77.5 

CPU times 58.2 116.4 349.1 581.8 1163.6 1745.4 

 

 

computer time of MCM is barely tolerable in investigating the random vibration of train-slab 

track-bridge interaction system.  

 

7.3 Analysis of the PSD characteristic of the random vibration responses of bridge and 
train 

 

The random vibration responses of bridge and train calculated by PEM with train speed of 300 

km/h are still used. 

The PSDs of vertical and lateral acceleration of bridge girder midpoint to the passage of the 

train shaken by track irregularities and earthquakes are plotted in Fig. 6. It can be seen from Fig. 

6(a) that there exists only one dominant vibration frequency (DVF) of 5.34 Hz, which is very close 

to the vertical fundamental frequency of bridge girder of 5.58 Hz. Similarly, only one DVF of 3.07 

Hz can be found from Fig. 6(b), which means the lateral fundamental frequency of the total bridge 

(including girder and pier) is about 3.0 Hz. 

Fig. 7 exhibit the PSDs of vertical and lateral accelerations of trailer carbody. As can be seen, 

the PSDs change violently with vibration frequency, implying the great influence of track 

irregularities and earthquakes on the dynamic response of carbody. Of interest is that there exist 

two DVFs with DVF1 = 0.83 Hz and DVF2 = 5.19 Hz in Fig. 7(a), which are approximately equal 

to the vertical fundamental frequency of trailer carbody and of bridge girder, respectively. 

Similarly, two DVFs with DVF1 = 1.49 Hz and DVF2 = 2.98 Hz can be seen easily from Fig. 7(b), 

which are also close to the lateral fundamental frequency of trailer carbody and of the total bridge, 

respectively. Obviously, the vertical DVF1 and the lateral DVF1 are mainly excited by track 

irregularities, and vertical DVF2 and the lateral DVF2 are mainly induced by bridge vibration 

under the shake of earthquakes. On the other hand, the vertical and lateral PSDs excited by track  
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(a) Vertical (b) Lateral 

Fig. 6 PSD of acceleration of bridge girder midpoint 

 

  
(a) Vertical (b) Lateral 

Fig. 7 PSD of acceleration of trailer carbody 

 

 

irregularities vary only slightly with time, which indicates the influence of bridge vibration on 

carbody vibration is insignificant if there is no earthquake because of the comparatively high mass 

and flexural rigidity of bridge. However, the vertical PSD induced by earthquakes vary 

periodically with the vehicle passing different bridge girder (see Fig. 7(a)), while the similar trend 

can't be found for the lateral PSD induced by earthquakes (see Fig. 7(b)). 

The similar phenomenon for vertical and lateral accelerations of motor carbody can be also 

observed. Herein it is not discussed in detail to save the length of the paper. 
 

7.4 Influence of train speed on the random vibration characteristic of bridge and train 
 

In reality, the train may move over the bridge at various speed during earthquakes. There exists 

a need to investigate the random vibration characteristic of train moving over bridge under various 

train speed, as they may be different. The train is assumed to move over the bridge with speed 

varying from 150 to 410 km/h at 20 km/h intervals. The other parameters are the same as listed in 

subsection 7.1. The maximal values of PSD and the DVF of bridge and train with respect to train 

speed are plotted in Figs. 8-12. 

A conclusion can be drawn from Fig. 8 that both the maximal values of PSD and the DVF of 

bridge vary little no matter how changes the train speed, which indicates that the vertical and 

lateral vibration of bridge are induced basically by earthquakes rather than by the train and track 

irregularities. 
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(a) Maximal value of PSD (b) DVF 

Fig. 8 Bridge girder midpoint acceleration with respect to train speed 

 

  
(a) Maximal value of PSD (b) DVF 

Fig. 9 Motor carbody vertical acceleration with respect to train speed 

 

  
(a) Maximal value of PSD (b) DVF 

Fig. 10 Motor carbody lateral acceleration with respect to train speed 

 

 

From Figs. 9-12, the following observations can be made easily: (1) The DVF1 and DVF2 for both 

vertical and lateral accelerations of carbody change slightly around the corresponding fundamental 
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frequencies of train and bridge with the rising of train speed (see Figs. 9(b), 10(b), 11(b) and 

12(b)). (2) For carbody vertical acceleration, the maximal values of PSD of DVF1 increase as the 

train speed increases (see Figs. 9(a) and 11(a)). (3) The maximal values of PSD of DVF1 for 

carbody lateral acceleration don't show a trend of monotonic increase for higher train speed (see 

Figs. 10(a) and 12(a)). This trend can be also found from the maximal values of PSD of DVF2 for 

both vertical and lateral accelerations of carbody (see Figs. 9(a), 10(a), 11(a) and 12(a)). (4) For 

carbody vertical vibration, the maximal values of PSD of DVF1 are generally bigger than those of 

DVF2 (see Figs. 9(a) and 11(a)), implying that the influence of track irregularities is more obvious 

than that of earthquakes. However the opposite is the case for carbody lateral vibration (see Figs. 

10(a) and 12(a)).  

 

7.5 Random vibration characteristic of train and bridge under track irregularities 
 

To investigate the random vibration characteristic of the train-slab track-bridge interaction 

system under track irregularities, four running cases with train speeds of v=55.56 m/s (200 km/h), 

 

 

  

(a) Maximal value of PSD (b) DVF 

Fig. 11 Trailer carbody vertical acceleration with respect to train speed 

 

  
(a) Maximal value of PSD (b) DVF 

Fig. 12 Trailer carbody lateral acceleration with respect to train speed 
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Table 4 DVFs of the random responses (Hz) 

Item 
Train speed (m/s) 

55.56 69.44 83.33 97.22 

Vertical acceleration 

of carbody 

Motor car 0.82 0.82 0.86 0.86 

Trailer car 0.74 0.77 0.77 0.77 

Lateral acceleration 

of carbody 

Motor car 1.06 1.10 1.06 1.07 

Trailer car 1.06 1.10 1.14 1.07 

Pitching 

acceleration of 

carbody 

Motor car 1.06 1.06 1.10 1.07 

Trailer car 0.98 1.03 1.06 1.07 

Yawing acceleration 

of carbody 

Motor car 1.22 1.14 1.19 1.11 

Trailer car 1.27 1.27 1.32 1.34 

Vertical acceleration 

of rear bogie 

Motor car 4.69, 21.4, 44.7 6.08, 27.0, 55.8 6.09, 32.4, 67.0 6.37, 39.2, 78.2 

Trailer car 4.87, 21.4, 44.7 6.54, 28.0, 55.8 7.85, 33.6, 67.0 8.22, 39.2, 78.2 

Lateral acceleration 

of rear bogie 

Motor car 5.83 8.44 9.42 10.2 

Trailer car 5.84, 17.4 6.78, 18.8 8.14, 21.7 10.2 

Pitching 

acceleration of rear 

bogie 

Motor car 5.83 6.31 6.55, 50.1, 83.3 6.60, 58.4, 97.2 

Trailer car 11.6, 33.4, 55.5 14.0, 41.7, 69.4 16.8, 50.1, 83.3 19.0, 58.4, 97.2 

Yawing acceleration 

of rear bogie 

Motor car 14.5 14.6 14.6 14.7 

Trailer car 32.2 32.4 32.4 32.7 

Lateral acceleration 

of wheelset 

Motor car 10.4, 15.6 11.3, 15.7 12.1, 16.2 12.3, 16.4 

Trailer car 13.0, 24.1, 33.2 14.0, 26.0 15.7 16.4, 32.7 

Wheelset lateral 

force 

Motor car 1.02, 15.6 1.03, 12.6, 15.7 1.00, 16.2 1.00, 15.8 

Trailer car 1.27, 14.0, 33.4 1.23, 5.87, 16.8 1.27, 6.31, 16.8 1.24, 18.3, 33.7 

Vertical acceleration of bridge 

girder midpoint 

5~7, 22~25, 

35~43 

4~6, 25~33, 

51~57 

5~8, 30~40, 

62~69 

4~7, 35~43, 

72~81 

 

 

69.44 m/s (250 km/h), 83.33 m/s (300 km/h) and 97.22 m/s (350 km/h) are considered. The DVFs 

of the train and bridge obtained by PEM are shown in Table 4 and Figs. 13-16. Some conclusions 

can be drawn from Table 4 and Figs. 13-16: (1) The DVFs of vertical, lateral, pitching, and yawing 

accelerations of carbody are approximately equal to the corresponding fundamental frequencies of 

carbody no matter how train speed changes. (2) There exist three DVFs for the vertical 

acceleration of bogie, e.g., 6.09 (motor car) or 7.85 (trailer car), 33 and 67 Hz for v=83.33 m/s. It 

is found that the vertical vibration frequency ft of bogie, the half of bogie axle base Lt, and the train 

speed v satisfy the relation: ft =v/(n×Lt), n=1, 2, 3, …, ∞, where relatively large contributions are 

made by harmonic components with n=1, 2 (see Fig. 14(a)). (3) In general, there also exist three 

DVFs for the pitching acceleration of bogie. Of interesting is that the pitching vibration frequency 

ft of bogie, the half of bogie axle base Lt, and the train speed v satisfy the relation: ft=n·v/(4×Lt), 

n=1, 3, and 5. Furthermore, the contributions of DVF2 and DVF3 show a trend of increase for 

higher train speeds (see Fig. 15). (4) Compared the lateral vibration of wheelset with the yawing 

vibration of bogie, one can find the latter may have significant influence on the former at certain 

train speeds. (5) the DVFs of wheelset lateral force are very coincident with those of carbody 

yawing acceleration, bogie yawing acceleration, and wheelset lateral acceleration. (6) Similar with 

the cases of bogie vertical and pitching accelerations, the vertical acceleration of bridge girder  
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(a) Vertical (b) Lateral 

Fig. 13 PSD of acceleration of trailer carbody (v=83.33 m/s) 

 

  
(a) Vertical (b) Lateral 

Fig. 14 PSD of acceleration of rear bogie of trailer car (v=83.33 m/s) 

 

  

Fig. 15 PSD of pitching acceleration of rear bogie 

of trailer car (v=83.33 m/s) 

Fig. 16 PSD of vertical acceleration of bridge 

girder midpoint (v=83.33 m/s) 

 

 

midpoint have three DVFs of 5~7, 22~25, and 35~43 Hz for v=55.56 m/s, 4~6, 25~33, and 51~57 

Hz for v=69.44 m/s, 5~8, 30~40, and 62~69 Hz for v=83.33 m/s and 4~7, 35~43, and 72~81 Hz 

for v=97.22 m/s. Obviously, the DVF1 vary slightly around the fundamental frequency of the 

girder ωb1=5.58 Hz under various train speeds. However, both the DVF2 and DVF3 increase as the 

train speed increases, whose trends quite coincide with those of bogie vertical acceleration (see 

Figs. 14(a) and 16). (7) The peak values of the vertical and lateral acceleration PSD of trailer 
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carbody in Fig. 7 are 3.76×10-3 and 8.63×10-3 m2/s3, respectively, while those in Fig. 13 are 

3.65×10-3 and 3.17×10-3 m2/s3, respectively, which indicates that the effect of earthquakes on 

carbody lateral vibration of carbody is greater than that on the vertical vibration of carbody. The 

peak values of the vertical acceleration PSD of bridge girder midpoint in Figs. 6(a) and 16 are 

0.172 and 3.34×10-4 m2/s3, respectively. The latter is quite smaller than the former, indicating that 

the effect of track irregularities and moving train can be neglected when computing the response of 

bridge to earthquakes. Similarly, one can also obtain that the effect of track irregularities and 

moving train on the lateral vibration of bridge is significantly smaller than that of earthquakes.  

 

 

8. Conclusions 
 

In this study, the three-dimensional vibration model of train-slab track-bridge interaction 

system is firstly established by FEM, the equations of motion for the entire system are then 

derived by means of energy principle. The excitations caused by random track irregularities and 

seismic accelerations are transformed into a series of deterministic pseudo-harmonic excitation 

vectors via PEM. Taking a fifteen-span simply supported girder bridge as an example, the random 

vibration characteristic of the coupled system are investigated. From the numerical results obtained 

in this work, the following conclusions can be drawn: 

• Compared with MCM, PEM can not only save computer time dramatically but also ensure 

computational accuracy in evaluating the possible extreme values of the random vibration 

responses of the train-track-bridge interaction system simultaneously excited by track irregularities 

and earthquakes. 

• The DVFs of both vehicle and bridge are always very close to their respective fundamental 

frequencies no matter train speed is moderate or high under the action of earthquakes. 

• It is the earthquakes rather than the train and track irregularities that induces basically the 

vertical and lateral vibration of bridge. 

• Unlike the case of carbody vertical vibration, the maximal values of PSD induced by track 

irregularities for carbody lateral acceleration don't show a trend of monotonic increase as the rising 

of train speed, and the influence of earthquakes on carbody lateral vibration is more visible than 

that of track irregularities. 

• The DVFs of train-slab track-bridge interaction system under the action of track irregularities 

can be observed clearly from the time-dependent PSDs obtained by PEM, which may provide a 

powerful guidance in the design of the dynamic parameters of train, track and bridge as well as in 

the maintenance of railway lines. 
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