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Abstract. The present investigation is concerned with a study effect of magnetic field and non-
homogenous on the elastic stresses in rotating orthotropic infinite circular cylinder. A certain boundary
conditions closed form stress fields solutions are obtained for rotating orthotropic cylinder under initial
magnetic field with constant thickness for three cases: (1) Solid cylinder, (2) Cylinder with a circular hole at
the center, (3) Cylinder mounted on a circular rigid shaft. Analytical expressions for the components of the
displacement and stress fields in different cases are obtained. The effect of rotation and magnetic field and
non-homogeneity on the displacement and stress fields are studied. Numerical results are illustrated
graphically for each case. The effects of rotating and magnetic field and non-homogeneity are discussed.
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1. Introduction

In the past, with increasing application of composite and orthotropic materials in rotating
components machinery and structures (e.g., flywheels, turbines, etc.), study of plane elastic wave
propagation in a non-rotating medium is receiving considerable attention in recent years. In the
past, accident of rotating cylinder wheels due to flexural vibration has frequently occurred in rot-
dynamic machinery such as steam turbines and gas turbines. At the present time, applied
mathematicians are exhibiting considerable interest in dynamical methods of elasticity, since the
usual quasi-static approach ignores certain very important features of the problems. That approach
is based on the assumption that the inertia terms may be omitted from the equations of motion.
This assumption holds good but arise number of problems in engineering and technology. When
this assumption may not hold good, the inertia terms in the equations of motion may lead to cases
of considerable mathematical complications, which increase application of composite and
orthotropic materials in rotating components of machinery and structures (e.g., flywheels and
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turbines). This mater has attracted the attention of many researchers such as Abid and Khan
(2013), Selvamani and Ponnusamy (2013), Marin et al. (2013), Abd-Alla and Yahya (2013), Abd-
Alla et al. (2013), Abd-Alla and Mahmoud (2013), Abd-Alla et al. (2011). The recent trend of
research concerning non-homogeneous elasticity may be found in the works of all Noda et al.
(1986), Tsai (1993), Chandrasekharaiah and Keshavan (1991). Generalized thermoelastic infinite
medium with cylindrical cavity subjected to moving heat source was investigated by Youssef
(2009). Wave propagation in a generalized thermoelastic solid cylinder of arbitrary cross-section
was studied by Ponnusamy (2007). Stress concentration in elastic bodies, i.e., local accumulation
of stresses arise in the presence of material discontinuities such as those due to inclusions of
materials with elastic properties which differ from those of the surrounding matters, may be found
in the works of Mahmoud (2014, 2012), Mahmoud et al. (2011), Mahmoud et al. (2011),
Mahmoud (2010, 201). McGeelll and Kim (2010) investigated the three-dimensional vibrations of
cylindrical elastic solids with v-notches and sharp radial cracks. Vibration and radial wave
propagation velocity in functionally graded thick hollow cylinder was studied by Shakeri, et al.
(2006). Buchanan (2003) investigated the free vibration of an infinite magneto-electro-elastic
cylinder. Exact analysis of the plane-strain vibrations of thick-walled hollow poroelastic cylinders
has been studied by Reddy and Tajuddin (2000). Wang et al. (2010) investigated the three-
dimensional exact solutions for free vibrations of simply supported magneto-electro-elastic
cylindrical panels. Heyliger and Jilani (1992) studied the free vibrations of inhomogeneous elastic
cylinders and spheres. Abd-Alla and Mahmoud (2012), Abd-Alla et al. (2011, 2012) studied analytical
solution of wave propagation in non-homogeneous orthotropic rotating elastic media, wave
propagation modeling in cylindrical human longe wet bones with cavity, the problem of transient
coupled thermoelasticity of an annular fin. Chen et al. (2005, 2004) investigated the free vibration
and general solution of non-homogeneous transversely isotropic magneto-electro-elastic hollow
cylinders. Zhou and Lo (2012) studied the three-dimensional vibrations of annular thick plates with
linearly varying thickness. Toudeshky et al. (2009) studied sound transmission into a thick hollow
cylinder with the fixed and boundary condition. Buchanan (2003) investigated the free vibration of
an infinite magneto-electro-elastic cylinder. Mofakhami et al. (2006) investigated the finite
cylinder vibration with different end boundary conditions.

The present investigation is concerned with a study effect of non-homogenous on the elastic
stresses in rotating orthotropic infinite circular cylinder subjected to magnetic field. The solutions
have been obtained in analytical form. In both cases, the stresses have been calculated. Finally,
comparisons between both cases are clarified by figures. The stresses in rotating cylinder made of
orthotropic materials will be found for the following three cases:

(1) a solid cylinder ;

(2) a cylinder mounted on a circular rigid shaft ;

(3) a cylinder with a circular hole at the center.

2. Formulation of the problem

Let us consider a cylindrical coordinate systems (r,6,z) with z-axis coinciding with the axis of
cylinder. We consider the strains symmetric about z-axis. The radial displacement u,=u, u is a
function of r and t only, the circumferential displacement us~=0 and the longitudinal displacement

u,=0, which are independent of & and z. let H (0,0,H,), the analysis is based on the following
assumptions (1) the infinitesimal elasticity theory of an orthotropic body (2) the materials are
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macroscopically homogeneous and cylindrically orthotropic; (3) stress-strain relations obey a
generalized Hook’s law; (4) the condition of plane strain is used. In plane strain in the plane
perpendicular to the z-axis, u is a function of r alone the stresses components are given by

du u

Orr = C11 dr+C12r'

du u

Ogg = C125. T €227,

u

Ozz = C13 E +Ca37

du u

= Ue z( F)f
Ty, = Tgz = 0. 1)

The equilibrium equation in the direction of r is given by

do 1

=+ - (0 — 0ge) + p2*r + F. =0, )

where ¢;; are the elastic constants, Q is the uniform angular velocity about z-axis, 5(0,0, 0) and
p is the density of the cylinder. F, the radial component of Lorentz's force.
2 d ,d
F = uHZ = (- +2). (3)

We characterize the elastic constants c;; and p and p, of non-homogeneous material , the elastic
constants and the density are power functions of the radial coordinate

cij = a;r®™ , p = per®™, e = pe,7*™ ati=1,2;j=1,2,3 (4)

where a;;, po, e, are constants and m is rational number. The elastic matrix of the elastic
constants is

€11 €12 ¢13 0 0 0
/clz €y Cp3 O 0 0 \
| 13 €23 ¢33 0 0 0 |
0 0 0 ¢ 0 O
0 0 0 0 Csg 0
0 0 0 0 0 g
3. Solution of the problem
We seek the solution of Eq. (2) as
d rr d d
G+ (O = 0g0) + POPT + UeHE o (G ) = 0. (5)
Multiple Eq. (5) by r
dcrrr 2 d du

+ 0rr — 0gp +p.(227' +.uesz (_ _)_0
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d d .d

—(roy) — 0gg + p2°r? + poHZ — d—z + %) =0,
d d .d

E(To-rr) — Ogg + p_QZTZ + .ueszrE(d_: + %) =0,
by using Egs. (1), (2), (6)

d du u
ar (ragr*™ ar + a1, Mu) — (agr®™ ar + ag,r?™ ;)
d du u
+po M2 r? + yeoHZZrzmrE i )=
du d?u B du
m+ Drimay, -+ @, r2mtl ozt 2ma,r ™ u 4 ay, arzm
du u
—alzrzma - azzrzm; + por?™0?r?
d>u 1du u
2,.2m+1 _ 2m-1
+,UeOHZT m+ W ;E—r—z —0,(T m ¢0)
2 2 dzu 2 du
(a1 + Ileon)ﬁ +[@2Zm+ Dayy + pe H ]TE @)
+(2may, — ay; — .“eonz)u +por3022 =0 (+ (@i + .ersz));
one obtain
2 d*u 4 [(2m + Dayq + pe, HE] rd—u (2may, — az; — Ue HZ)
dr? [a11 + Ue, HE] dr (@11 + U, HE)
___ po? 3
- (“11+#90Hz2)r ' (8)
The homogenous solution of Eqg. (8)
2d*u | [CmtD)aiithe, HZ] du | (2maaz—aza—ie,Hz)
dr? [@11+He,HE] dr

(@11+Ue, HE) u=0, (9)
This equation is Euler’s equation the solution is u=r*, 1 & R substitution in Eq. (9) we obtain

2 2maq, (2maq,—az—fle HZ) 0
(@11 +le,HE) (@11 +teyHE) '
_ 1, —2mayg, 4am2a?, 4(2may,—agy e, HZ)
—> A= _[ 2y +— 2v2 2 ] )
2 H(aqytHe,Hy) (a11+He,Hy) (a11+He,Hy)
_ -mag m2a?; _ (2may,~az;~He, HE)
(@11+te HZ) = \ (@11 +He, HE)? (11+te HE) '
2maqq 2maqq k
- )
uH — AT (a11+ﬂeon)

+ Br_(anﬂieoH%)_
m?a?
where k? = =

(a11+#eon2)2

i)
_ @mag—aza—ie, HZ)

(“11+ﬂeon2) '

The particular solution of Eq. (8) u,=R r’by substitution in Eq. (8) we obtain

(6)
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—p.0?
R = 2 Po ' (10)
9011 +8Me HZ +6may+2ma ,—ay;
Hence
R (U5 & R— - Mma11
u(r) = Ar (@itheoHs) " 4 By (@uitueoH?) 4 Ry3, (12)

where A, B are arbitrary constants, R given from Eq. (10). Substituting Eq. (11) into Egs. (1), (2) to
find the components of stresses, we obtain

ma11+2m,ueoH% _ ma11+2m,ueoH%_ _
Opr = ABqr @11+ ke HE) + BB,r (a11+1eoHE) + Barimt2 (12)
— —maiqq
where Bl = all(m + k) + a4z,
o
maqq
=@ — A1 (———5 + k), = (3a1; + a12)R,
BZ 12 11((“11+M30H22) ) ﬁ3 ( 11 12)
ma11+2mue0H§ ma11+2mueoH%
T@ritneghd) TE1 Taritueghd) 1 2m+2
Ogg = Ah?’ (a11+ueyHz +B‘y2r (a11+ueyHz +y3r , (13)
— —mdyy — _ moyq _
where  y; = oy + 0y ((a11+ueonz) +k), v2=0ap 0(12(—(a11+ueonz) +k), v3=R@Ba;+

o22).
3.1 Case I: a solid cylinder with radius b

The constant A, B are determined by the continuity condition at the center of cylinder

u=0atr=20 (14)
If there are no forces applied there, then
or=0atr=>b (15)
Substituting Eq. (14) into Eqg. (11) we obtain
B=0, k>m. (16)
Eq. (12) become
2
Opy = Aﬁlrmgll;z;:j:);ZJrk_l + Bar?m+2, (17)

Then, by substituting (15) into Eq. (17) we obtain

F; le_k.‘.g
= e (18
1

Substituting Egs. (18), (16) into Egs. (11), (13) and (17)

molqq moiqq

k+3 +k
> 2
u=— &b(o‘ll*'ueon) r (a11+heyHZ) + RTS, (19)
1
moqq k ma11+2mu30H§ e
Orr = _ng(all"'”eoH%) r (x11+ueoH7) + 83r2m+21
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B moqq 5 ma11+2mu€ozH% k=1
3 ylb(“11+ueon) r (@11tkesHZ) + Y3r2m+21
1

Gpp = B

3.2 Case Il: a hollow circular cylinder with internal and external radius a and b,

respectively

The boundary conditions
or=0atr=a, o,=0atr=>b
Substituting Eg. (20) into Eq. (12) we obtain

ma11+2mueoH% ma11+2mueoH%_

ABla (a11+1eyHE) + BBZa (a11+MeoHE) + B3a2m+2 =0,

moc11+2mp.e0H§ ma11+2mueoH%_

AB+ b (@11tie HZ) et (a11+leoHE) ! 2m+2
Bl o + Bﬁzb o + B3b = 0.

Solving Eq. (21) together we obtain

—man—zmueoH%

_ _ 2 —k+2m+3

B w_k+2m+3 [(2) (a11+1eoHE) _(2)—2k]

A=22q (@ithe H?) a - a
1

B1 [$)~2k-1]
a
2 ——mall—ZmueoH% k+2m+3
-maqii-2mpe, H 2, retz2m
B 11—"9532+k+2m+3 [(2) (a11+peoHZ) -1]
B =23 q (aa1tue,H?) a
1

B2 [1-(72K]
Substituting Egs. (22) and (23) into Egs. (11)-(13) we obtain

2
—Mmoy —2mpe, Hy

—motg,—2 H2 12 k+2m+3 b._
By ariuiy —rzmes () et - @7
u=—a 0
b._
b (@~ 1]
_omayy SOy m2Me Hy L L omayy
T(a11+l~leon2) +&a (@11 +He, HE) m r(a11+ueonz)
2
_ _ 2
b inact | Zmu“’ZOHZ k+2m+3
2y (a11+He,Hz) -1
i) .
N + Rr?,
[P~ —1]

2
—Mmay, —2mUe,Hy

k+2m+3
(a11+#eon2)

2
—May—2MmUe,Hy

k+2m+3 [(a)

- &4

2
Opp = ,830- (a11+1e,Hy) 5 —
[~ —1]

(20)

(21)

(22)

(23)
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ma11+2mueoHZZ+k_1 —Mmay—2Mpie, H. Z+k+2 3 ma11+2mueonz_k_1
r (a11+He HE) + Bsa (a11+He HE) r (a11+He HE)
b ~Ma11 =2t H k+2m+3
[(_) (@11 +HeoHZ) _1]
a
b + ﬁ3r2m+2 ,
1— (H)2k
11— &2
—motyq—2my, HZ
—-ma —Zm},l HZ (all_l_ :IEZO) z k+2m+3 b 2k
3 (a11+u Hezo) “lerzmas [(Q) T Heo™ — @
099=Y1B—a ez N
1 -2k _
[ 1]
ma11+2mueonz+k_1 8 —may—2my,, HZ K23 mot11+2mueon2_k_1
r (11 +Hey HZ) + v, = 3 (@11 +He, HE) r (@11 +He, HE)
By
b ~M1 ~21iteg k+2m+3
[(2) (@atheoH?) ~1]
a

[1- @

3.3 Case llI: a hollow circular cylinder with external radius b mounted on a rigid shaft
of radius a (b > a)

The constants A and B are determined by the conditions such that no displacements are allowed
between the shaft and cylinder. Also no applied forces at the periphery of the cylinder then

u=0atr=a,g,=0atr=>b (24)
and substituting in Egs. (11), (12) we obtain

2
—mayq1—2mpe,Hz maqq

—k+2m+3 —k+3

[ By CtheoD ~RBy ()o@ theoHD ] 25
[B2(2)~2k—B,] ’
—_ma“_zmueUH%—kan S L. & Y
[Bsh (@11+HeoHD) azk_g,Ra@11+HeoHD) ] (26)
[B1-B2(D)2K]
Substituting Egs. (25) and (26) into Egs. (11)-(13) we obtain
—_ma“_zmuez"sz—k+2m+3 — ML k43
Ty [Bab (e — RB (D) al e ]
8.2y — )
s 2
_-may B, %_Hzmﬂaﬁ 3 Rﬁla#l‘;”zszﬁ

4r(@11the, HZ) 5
(B — oDy
+R73
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—may;—2mpe HZ

maqq1+2m, HZ + H2
11 #e% Z k-1 [ﬁSb (@11 Hey z)
Opr = Pyt (a11+He,H7)

b may,
—RB, (a)—ZRa(an"'#eonz)

8.2k - ;]

—k+2m+3 —k+3

-mai1—2m HZ
11 #ezo Z_ki2mes magq o+ +3
k-1[B3b (a11+neyHz) a?k — Rﬂla(an"'ﬂeon)

8 — B4

mayq+2mpe, H2
+B,r (@11+HeyHE)

+B3r2m+2

—mayq—2mpe, HZ
mayq+2mpe, HZ 1L _HZ
11 P-eoz Z k-1 [BSb (o117 Keo )
Ogo = Y17 (a11+UenHz)

molq1 +3

—k+2m+3 ———k
— RB, (g)—ZRa(auﬂleonz) ]

B2+ — g,

7_ma11_2m“30H22—k+2m+3

-k-1[B3b (@11+He HE)

magq
z
a2k — RBla(au"'Lleon)

[B: — B2(2) 2]

moc11+2mueoHZZ +k+3

+y,r (a11+Me, HE)

+Y3r2m+2

4. Numerical results and discussion

For the numerical calculations of u, o, and oy in different cases, we use the data for orthotropic
material. In order to illustrate theoretical results obtained in the preceding section, we now present
some numerical results. Numerical calculations are carried out for the displacement and the stress
components along the r-direction at different values of the rotation Q and magnetic field in the
case of non-homogeneous material. In order to get magnetic field and non-homogeneity influence
on the stress fields distribution in a rotating cylinder, the elastic constants are taken from Hearmon
(Abd'A“a et al. 2011) 011=0.331, @4,=0.203, (113:0.192, 02,=0.276, (123:0.241, (133:0.393
Dyne.cm? (Units=10""), a=2 cm, b=4 cm. In all figures u, a,, and g, denote the corresponding case
when the cylinder is completely orthotropic material.

The cases (1) and (3) in Figs. 1-18 denoting the components of displacement and stresses of
orthotropic material. Figs. 1, 4 ,7, 10, 13 and 16 show the components of radial displacement,
which it changes with the effect of magnetic field, rotation and non-homogeneity, respectively, in
all cases. Figs. 2, 5, 8, 11, 14 and 17 show the components of radial stress fields, which it changes
with magnetic field, rotation and non-homogeneity, respectively. Figs. 3, 6, 9, 12, 15 and 18 show
the components of tangential stress, which it changes with the effect of magnetic field, rotation and
non-homogeneity, respectively, in all cases. Figs. 1, 4, 7, 10, 13 and 16 show the components of
displacement which it changes with the magnetic field, rotation and non-homogeneity,
respectively, in cases (1) and (3). Figs. 1, 4,7, 10, 13 and 16 show the variation of the components
of displacement increase and decrease with increasing r in all cases and satisfied the boundary
conditions for two problems, while it increase with increasing of rotation, as well it decreases with
increasing of magnetic field and non-homogeneity. Figs. 2, 5, 8, 11, 14 and 17 show the variation
of the components of radial stress, it is notice that in Fig. 2 the radial stress decreases with
increasing of the radial r, while in Figs. 5, 8, 13, 17 the radial stress increase and decrease with
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Fig. 1 Variation of the radial component of the
displacement u with the radial r. when rotation
Q=0.6, the non-homogeneity m=1.6 at different
values for magnetic field Hy, in case |

Fig. 2 Variation of the radial component of the stress
oy With the radial r. when rotation Q=0.6, the non-
homogeneity m=1.6 at different values for magnetic
field Hy, in case I.
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Fig. 3 Variation of the tangential component of
the stress oy with the radial r. when rotation
Q=0.6, the non-homogeneity m=1.6 at different
values for magnetic field Hy, in case |

Fig. 4 Variation of the radial displacement with
the radial, when magnetic field Ho=2x10°, the
non-homogeneity m=1.6 at different values for
rotation Q=0.6, 1.1, 1.6, in case |

increasing of the radial r, as well it increases with increasing of magnetic field, rotation and non-
homogeneity, respectively, and satisfied the boundary conditions for two problems. Figs. 3, 6, 9,
12, 15 and 18 show the variation of the components of tangential stress, in Fig. 3 the tangential
stress increases with increasing of the radial r, in Fig. 6 the tangential stress decreases with
increasing of the radial r, while in Figs. 9, 12, 15, 18) the tangential stress increase and increase
with increasing of the radial r, as well it increase with increasing of the rotation, magnetic field and
non-homogeneity.

The variations of the stresses o, and o4, and displacement u, are due to the effect of rotation
and magnetic field and non-homogeneity. It can be seen that the components of displacement and
the stress satisfy the boundary conditions. It is evident that orthotropic it has a significant influence
on the stresses. Also, the influence of the rotation and magnetic field and non-homogeneity on
displacement and stresses is very pronounced. The results are specific for the example considered,
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other cases may have different trends because of the dependence of the results on the mechanical
properties of the material in many researches such as (Lukic et al. 2010, Aslani and Natoori 2013,
Aydemir 2013, Bouiadjra et al. 2013, Berrabah et al. 2013) that have many applications in
scientific and technical disciplines from cosmology to materials science.

5. Conclusions

Due to the complicated nature of the governing equations of the magneto-elastic theory, the
done works in this field are unfortunately limited. The method used in this study provides a quite
successful in dealing with such problems. This method gives exact solutions in the elastic medium
without any restrictions on the actual physical quantities that appear in the governing equations of
the considered problem. Important phenomena are observed in these computations.

« It was found that for large values of magnetic field give close results. The case is quite
different when we consider small value of rotation. The solutions obtained in the context of
elasticity theory.

» Comparing Figs. 1-18 for two problems, it was found that u, o, g9 have the same behavior in
both problems. But with the passage of magnetic field, non-homogeneity and rotation, the
numerical values of u, o, o4 in problem | are large in comparison with those in problem Il due to
the influences of magnetic field and rotation and non-homogeneity.

» The results presented in this paper will be very helpful for researchers concerning with
material science, designers of new materials, as well as for those working on the development of a
theory of hyperbolic propagation. Study of the phenomenon of rotation, non-homogeneity and
magnetic field are also used to improve the conditions of oil extractions.
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