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Abstract.  This research investigates the thermoelastic transient behavior of a thermally loaded slab made 
of a thermal diode-like material which has two directional thermal conductivity values (low and high). Finite 
difference analysis is used to obtain the elastic response of the slab based on the temperature solutions. It is 
found that the rate of heat transfer through the thickness of the slab decreases with reducing the ratio 
between the low and high thermal conductivity values (R). In addition, reducing R makes the slab less 
responsive to the thermal load when heated from the direction associated with the low thermal conductivity 
value. 
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1. Introduction 
 

A thermal diode like material conceptually allows the heat flux in one direction and acts like an 

insulator when the temperature gradient is reversed. Practically a thermal diode material conducts 

the heat flux more efficiently in one direction than in the reversed direction, or in other words 

possesses a directional thermal conductivity values, high and low. The fabrication of such 

materials can virtually revolutionize many industrial, mechanical and climate control processes 

requiring extremely high levels of heat resistance and heat flux direction-control. For example, 

thermal diode materials can serve many applications such as in the construction and building 

management where heating, air conditioning and rapid hot water delivery are of great importance; 

in refrigeration systems, heat exchangers and as insulation materials.   

In general the area of thermal stresses was investigated by many researchers. Boley and Weiner 

(1985) used the diffusion heat conduction model in their thermal stress analysis. Nowacki (1986) 

presented the different thermoelastic responses of plates that are subjected to various thermal 

loads. The subject of lagging behavior of heat transport in both rigid and deformable bodies was 

addressed by Tzou (1997). Al-Huniti et al. (2001) studied the dynamic thermal stresses and 

deformations in a thin rod due to a moving heat source using the hyperbolic heat conduction 

model. Al-Huniti and Al-Nimr (2000), Suh and Burger (1998) assumed the validity of the 
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hyperbolic heat conduction model to investigate the thermal stresses within thin plates exposed to 

a fast heating rate. Al-Nimr and Al-Huniti (2000) investigated the transient thermal stresses 

generated within a thin homogeneous plate as a result of a fast rate of heating using dual-phase-lag 

heat conduction model. The thermal stresses along cylindrical rods subjected to an instantaneous 

heating was studied by Hata (2001). Addam (2000) studied the temperature and thermal stresses in 

a two-layer slab under the effect of the hyperbolic heat conduction model. Tall (1964) presented a 

method for the calculation of thermal and residual stresses produced in individual plates due to 

welding. Sumi et al. (1987) predicted the thermal stresses due to a moving local heat source of 

finite dimension over the surface of an infinite elastic slab. Al-Nimr and Abou-Arab (1994) 

studied the transient heat conduction process with a moving heat source simulating a welding 

process. Darwish et al. (2012) investigated the transient response of clamped thin slap under 

pressure and thermal loads through analytical and finite difference approaches. The area of 

modeling and studying the behavior of thermal diode like materials attracted few researchers. Li et 

al. (2004, 2006) presented a theoretical model for a thermal transistor based on the phenomenon of 

negative differential thermal resistance observed in thermal diode material. The thermal transistor 

is a three-terminal device with the important feature that the current through the two terminals can 

be controlled by small changes in the temperature or in the current through the third terminal. This 

control feature allows switching the device between “off” (insulating) and “on” (conducting) states 

or to amplify a small current. They also presented a model of a thermal diode by using two 

coupled nonlinear lattices. Terraneo et al. (2002) investigated the possibility to control the energy 

transport inside a nonlinear one-dimension chain connecting with two thermostats at different 

temperatures. They emphasized that controlling heat conduction by nonlinearity opens a new 

possibility to design a thermal rectifier, i.e., a lattice that carries heat preferentially in one 

direction. Hu et al. (2005) investigated the heat conduction in one dimensional chains. It is found 

that the heat fluxes along opposite directions can be significantly different. They also stated that 

one can control the heat flux through the external potential, which can induce a conductor-

insulator transition of the system. 

The main objective of this research is to study the transient thermoelastic behavior of a slab 

made of a thermal diode-like material when subjected to a thermal load. Ieşan (2008) presented the 

solution of the equilibrium problem for a right cylinder which is subject to a prescribed thermal 

field and resultant forces and resultant moments on the ends. Shahani and  Bashusqeh (2013) 

solved analytically a coupled thermo-elasticity problem in a thick-walled sphere using an 

innovative technique in conjunction with the finite Hankel transform. Feng et al. (2008) studied 

the mechanical behavior induced by a penny-shaped crack in a magneto-electro-thermal-elastic 

layer that is subjected to a heat flow. Numerical solutions for the temperature, displacement and 

stress distributions were obtained by Brischetto et al. (2008) for a simply supported rectangular 

functionally graded plate subjected to thermo-mechanical bending load. Xu et al. (2010) proposed 

an approximate analytical solution method to study the three-dimensional thermoelastic behavior 

of rectangular plates with variable thickness when subjected to thermo-mechanical loads. 

 
 
2. Description of the problem 
 

A clamped-free infinite width slab of length (L) and thickness (h) is considered for the analysis 

of this research. The slab is made of a thermal diode-like material that has a directional thermal 

conductivity property, the value of which (low or high) is determined by the direction of the heat  
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(a) Case (1): high thermal conductivity (kH) (b) Case (2): low thermal conductivity (kL) 

Fig. 1 Geometric and load configurations of the slab 
 

 

flow. Figs. 1(a) and 1(b) show cases (1) and (2) of the analysis respectively. In case (1), the heat 

flow is directed from the isothermal upper side of the slab to the insulated lower side with the high 

value of the thermal conductivity of the material (kH). In case (2), the heat flow direction and the 

thermal boundary conditions across the thickness of the slab are reversed and hence the thermal 

conductivity of the material is switched to the low value (kL). 

 

 
3. The governing equations   
 

The equations that describe the current problem are divided into two parts: (1) the thermal 

equations, and (2) the thermoelastic equations. The following subsections present the details of 

each part. 

 

3.1 The thermal equations 
 

The transient 1-D heat conduction model along with the initial and boundary conditions of case 

(1) of the analysis are expressed in Eqs. (1)-(2) respectively, Kreith and Black (1980). 
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For case (2), the temperature gradient is reversed, the thermal conductivity of the material turns 

to low and the thermal diode effect appears. The governing thermal equation and the 

corresponding initial and boundary conditions are presented in Eqs. (3)-(4) 
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The ratio between the low and high thermal conductivity of the material is denoted by R and 

expressed as R=kL/kH. Accordingly, Eq. (3) can be written in the new form as in Eq. (5). 
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To express the above equations in a dimensionless parametric form, the following 

dimensionless parameters are defined 
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Subsequently, the dimensionless expressions of Eqs. (1), (2), (5) and (4) are written as in Eqs. 

(7), (8), (9) and (10) respectively. 
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3.2 The thermoelastic equations 
 

The problem under investigation is described as a thermo-mechanically coupled problem as the 

heat conduction solution driven by the boundary conditions directly affects the mechanical 

behavior of the solid component. Specifically, the thermoelastic response of the slab is primarily 

based on the incorporation of the applied thermal load resulting from the temperature distribution 

through the thickness of the slab into the equilibrium equation or into the equation of motion, if the 
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transient response is needed, in order to obtain the deflection caused by the thermal load. 

Subsequently, the compatibility and the constitutive equations of solid mechanics can be 

implemented to obtain the thermal strain and stress distributions of the thermally loaded 

component. In the current problem, the transient response of the slab due to the thermal load in 

terms of the transverse deflection and the generated stresses and strains will be obtained by solving 

the equation of motion taking into consideration the geometric boundary and initial conditions. 

The partial differential equation of the transverse deflection of a clamped-free slab subjected to a 

thermal load and the corresponding boundary and initial conditions are expressed in Eqs. (11) and 

(12), Ugural (1999). 

 
   

   
   

   

   
  

 

   

    
   

                                                (  ) 

[
 
 
 
 
 
 
 
 
 
 
 
 

 (   )   
  (   )

  
  

 (   )   
  (   )

  
  

   (   )

   
  

  
(   ) 

   (   )

   
  

   (   )

   
  ]

 
 
 
 
 
 
 
 
 
 
 
 

                                                      (  ) 

The right hand side of Eq. (11) represents the thermal load, where (  ) is the thermal moment 

and can be obtained by performing the integration of Eq. (13)  

     ∫ [ (   )    ]   
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Due to the thermal load, stress and strain domains will be generated and can be obtained at any 

time and thickness location by using the following equations 
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The above thermoelastic equations can be represented in dimensionless form by applying the 

following non-dimensional parameters 
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The resulting dimensionless governing equation, initial and boundary conditions, thermal 

moment, thermal stress and thermal strain are expressed in Eqs. (17)-(21) respectively 
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4. Temperature and deflection solutions 
 

The transient solution of the temperature through the thickness of the slab is obtained for cases 

(1) and (2) by analytically solving Eqs. (7) and (9) respectively. The method of separation of 

variables along with Fourier series representation is used to obtain the solutions as presented in 

Eqs. (22)-(23) for cases (1) and (2) respectively. 
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The above solutions are part of the thermoelastic analysis as the dimensionless temperature 

appears in the thermal moment term and one of the boundary conditions.  

It is obvious now that thermal moment is independent of the longitudinal distance X, 

accordingly, the right hand side of Eq. (17) turns to zero and the new equation of motion is written 
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The above equation along with the associated initial and boundary conditions of Eq. (18) is 

solved numerically by implementing the finite difference techniques for discretization, mesh 

refinement, and solution convergence and by using FORTRAN commercial software in order to 

obtain the transient-to-steady state solutions of the deflection,  (   ). In addition, the steady 

state solution is obtained analytically by solving the equilibrium equation which is derived from 

Eq. (24) by substituting zero for the second derivative with respect to time  (
   

   
  ) . The 

dimensionless analytical solution of the transverse deflection is expressed in Eq. (25) and is used 

to verify the steady state finite difference solution. 
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5. Results and discussion  
 

This section presents the analytical and the finite difference results which primarily focus on 

the temperature distributions through the thickness of the slab and the effect of the thermal diode 

like property of the material on the thermoelastic response of the slab in terms of deflection, strain 

and stress. 

The analytical solution of the transient dimensionless temperature through the thickness of the 

slab is shown in Figs. 2 and 3 for cases (1) and (2) respectively. 

 

 

 
Fig. 2 Variation of the transient dimensionless temperature distribution through the thickness of 

the slab under thermal load for case (1) 
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Fig. 3 Variation of the transient dimensionless temperature distribution through the thickness of 

the slab under thermal load for case (2) (R=1) 

 

 
Fig. 4 The transient dimensionless temperature distributions through the thickness of the slab at η =0.05 

 

 

As shown in Fig. 2, at any time of the transient solution, the dimensionless temperature remains 

constant at  =1 at the upper surface (ξ=0.5) and the temperature gradient remains zero (
  

  
  ) 

at the lower surface (ξ=-0.5). These results are forced by the boundary conditions. It is also 

observed that the steady state time at which the temperature becomes uniform ( =1) is ηss=3. Fig. 

3 is basically a reversed version of Fig. 2 since the boundary conditions and the heat flow are 

reversed while maintaining R=1. In addition, Figs. 2 and 3 show that the dimensionless time (η) at 

which the value of  at the insulated side of the slab departs from 0 is around 0.05. This value 

changes with varying R as will be shown later and is defined hereinafter as the critical time (ηc).   
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Fig. 5 The transient dimensionless temperature distributions through the thickness of the slab at η =3 

 

 
Fig. 6 The effect of thermal conductivity ratio (R) on the critical time (ηc) 

 

 

Figs. 4 and 5 present the dimensionless temperature distributions for case (2) at different ratios 

of R when η=0.05 and 3 respectively. 

It is observed in Figs. 4 and 5 that by decreasing the value of R the rate of heat transfer 

becomes slower and therefore the transient time becomes longer. This effect is clearly shown in 

Figs. 6 and 7 which present the direct effect of R on the critical time and steady state time of the 

dimensionless temperature distribution respectively. 

From Figs. 6 and 7, it is obvious that by decreasing the value of R form 1 to 0.2, the rate of heat 

transfer becomes approximately 5 to 6 times slower.  

The thermoelastic response of the clamped-free slab under consideration which is subjected to a  
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Fig. 7 The effect of thermal conductivity ratio (R) on the steady state time (ηss) 

 

 
Fig. 8 The finite difference and analytical solutions of the dimensionless transverse deflection 

of case (1) at η=0.05 

 

 

thermal moment will be in the form of deflection and thermal strain. No thermal stresses will be 

generated as long as one end of the slab is maintained free without any constraints or motion 

restriction. However, equivalent thermal stresses can be obtained to represent the effect of a 

fictitious counter act mechanical moment applied at the free end of the slab to restraint the 

deflection. The dimensionless equivalent thermal stress and thermal strain distributions can be 

obtained by using Eqs. (20)-(21) respectively which indicate identical trends to the dimensionless 

temperature solution with considering the negative sign in the thermal stress equation. 

The dimensionless transverse deflection of the cantilevered slab due to the applied thermal  
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Fig. 9 Transient dimensionless deflection of the slab for case (2) at R=1 

 

 
Fig. 10 Dimensionless deflection of the slab for case (2) at different values of R at η=0.05 

 

 

moment is obtained numerically, through finite difference analysis, by solving the equation of 

motion (24) and analytically by solving the equilibrium Eq. (25). The numerical and analytical 

solutions at η=0.05 are shown in Fig. 8 which reveals a perfect match between the two solutions 

and hence verifies the implemented numerical method.  

The transient response of the slab in terms of the dimensionless deflection for case (2) at 

different time values with R=1 and at different R values with η=0.05 is shown in Figs. 9 and 10 

respectively.    

Fig. 9 shows that the transverse deflection along the slab increases with time until it reaches its 

maximum value when η=0.1 then it starts to decrease until it reaches zero at ηss=3 at which the 

temperature through the thickness of the slab becomes uniform. In another aspect, Fig. 10 confirms  
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Fig. 11 The maximum dimensionless deflection versus the dimensionless time at different 

values of R for case (2) 

 

 
Fig. 12 The alternating dimensionless deflection of the slab at η=0.05 

 

 

that reducing the value of R slows down the heat flow and consequently retards the elastic 

response. 

Fig. 11 presents the variation in the maximum dimensionless deflection at the free end of the 

slab as time passes on at different values of R for case (2). 

It is shown in Fig. 11 that the deflection of the free end of the slab increases from zero to 

maximum and then decreases back to zero at the steady state time. It is also shown that decreasing 

the value of R reduces the response time without affecting the maximum value of the deflection. 

 The discussion of the results in this study is extended to shed the light on the fluctuating 

response of the slab due to the reversal in the heat flow direction between cases (1) and (2). Here, 
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the time of applying the heat flow in one direction is considered to be of the same duration as that 

for the heat flow in the reversed direction. Fig. 12 presents the alternating dimensionless deflection 

along the slab between case (1) and case (2) for R=1, 0.5 and 0.25 at η=0.05.  

If reversing the heat flow direction is applied repeatedly, the slab will be under the effect of a 

cyclic thermal load and consequently under thermal fatigue. The thermal fatigue can be seen as an 

alternating change in the magnitude and direction of the deflection, the thermal strain, and/or the 

thermal stress. The amplitude and the frequency of the fluctuating response determine the severity 

of the thermal fatigue load. The concerns associated with the thermal fatigue come from the fact 

that fatigue loads generally produce crack nuclei that are likely to grow and propagate leading to 

fatigue failure of the solid component. The rate of crack propagation theoretically depends on the 

amplitude of the fluctuating response and other material and geometric parameters.  

In the current problem, the distance traveled by the free end of the slab between cases (1) and 

(2) while reversing the heat flow direction is considered the range of the fluctuating response. It is 

shown in Fig. 12 that a slab made of a thermal diode like material with R=0.25 would have a 

fatigue range, and hence amplitude, smaller than that associated with R=1 which in turns reduces 

the severity of the thermal fatigue load.   

 
 
6. Conclusions  
 

The transient thermoelastic response of a clamped-free slab made of a thermal diode-like 

material and subjected to a thermal load was investigated through analytical and finite difference 

analyses. The results of the study have shown that reducing the ratio between the low and high 

thermal conductivity values of the material (R) slows down the rate of heat transfer from one side 

of the slab to the other. It was also found that the transverse deflection of the slab reaches its 

maximum when the dimensionless temperature at the insulated side of the slab departs from zero 

at the critical time and then it goes back to zero at the steady state time. Both the critical time and 

the steady state time were found to be inversely proportional to R. Finally, the amplitude of 

deflection due to a thermal fatigue load was found directly proportional to R.   
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CC 

 

 

Nomenculture 
 

AR Aspect ratio z Transverse coordinate (m) 

D Flexural rigidity (N.m
2
) αH High thermal diffusivity (m

2
/s) 

E Modulus of elasticity (N/m
2
) αL Low thermal diffusivity (m

2
/s) 

h Thickness of the slap (m) β Fourier coefficient 

kH High thermal conductivity (W/m.ºC) γ Coefficient of thermal expansion (1/ºC) 

kL Low thermal conductivity (W/m.ºC) εT Thermal strain 

L Length of the slap (m)    Dimensionless thermal strain 

MT Thermal moment (N.m) η Dimensionless time 

R 
Ratio between low and high 

thermal conductivity 
ηss Dimensionless steady state time 

ST Dimensionless thermal stress ηc Dimensionless critical time 

t Time (s)  Dimensionless temperature 

T Temperature (ºC) ss Dimensionless steady state temperature 

Tw Wall temperature (ºC) λ Dimensionless parameter 
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Thermoelastic analysis for a slab made of a thermal diode-like material 

 

 

T Initial temperature (ºC) μ Dimensionless parameter 

w Transverse deflection (m) υ Poisson’s ratio 

W Dimensionless transverse deflection ξ Dimensionless transverse coordinate 

x Axial coordinate (m)  Mass density (kg/m
3
) 

X Dimensionless axial coordinate T Thermal stress (N/m
2
) 
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