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Abstract.  Calculating the seismic displacement of retaining walls has an important role in the optimum 
design of these structures. Also, studying the effect of surcharge is important for the calculation of active 
pressure as well as permanent displacements of the wall. In this regard, some researchers have investigated 
active pressure; but, unfortunately, there are few investigations on the seismic displacement of retaining 
walls with surcharge. In this research, using limit analysis and upper bound theorem, permanent seismic 
displacement of retaining walls with surcharge was analyzed for sliding and overturning failure mechanisms. 
Thus, a new formulation was presented for calculating yield acceleration, critical angle of failure wedge, and 
permanent displacement of retaining walls with surcharge. Also, effects of surcharge, its location and other 
factors such as height of the wall and internal friction angle of soil on the amount of seismic displacements 
were investigated. Finally, designing charts were presented for calculating yield acceleration coefficient and 
angle of failure wedge. 
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1. Introduction 
 

Studying the behavior and seismic response of earth retaining structures is very important 

owing to the economic gain of their design in terms of damage mitigations of big earthquakes. 

Evidence of earthquake-induced damages to retaining structures is widely documented (e.g., 

Pitilakis and Moutsakis 1989, Tateyama et al. 1995, Fang et al. 2003, Huang and Chen 2004, 

Trandafir et al. 2009). Many of the available techniques for seismic analysis of retaining walls 

such as Mononobe-Okabe (1929, 1924) provide useful information about the active earth pressure. 

However, the applicability of these walls after earthquake highly depends on their deformations 

during the quake. In fact, active horizontal pressure behind the walls depends on the amount of 

displacements as well as direction of wall’s movement (Wu and Prakash 2001). 

Newmark (1965) considered a rigid failure wedge and calculated the acceleration required to 

result in a unit factor of safety for stability of the slope based on the limit equilibrium theorem. 

Using this acceleration, permanent displacement for the desired failure wedge was calculated. 

Richards and Elms (1979) proposed a simple approach based on sliding block of Newmark for 
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dynamic design of rigid retaining walls. Wu (1999) proposed mathematical models for 

determination of walls’ displacements by considering dry and submerged soil. Using the finite 

element method, Nadim (1982) and Nadim and Whitman (1983) studied the displacements of 

retaining walls. Based on their studies, seismic pressure applied to the walls might be greater than 

30% of the active earth pressure in the static conditions. Whitman and Liao (1985) identified the 

errors in the method of Richards and Elms (1979) and explained the error by a normal logarithmic 

distribution. 

Huang (2006) expressed the seismic displacement of two common types of bridge abutments in 

Taiwan by pseudo-static method based on multi-wedge theory. He concluded that the presence of 

backfill in front of the abutment had an important role in the reduction of seismic displacements. 

Michalowski (2007) obtained the displacement of earth slopes due to seismic triggers by 

Kinematic approach of limit analysis and concluded that, in the soils that followed the non-

associated flow rule, failure acceleration was smaller than the soils following the associated flow 

rule. 

Huang et al. (2009) calculated the seismic displacement of common walls based on a series of 

shaking table experiments as well as analytical modeling, called multi wedge pseudo-static 

method, based on the sliding block of Newmark (1965). Their results showed that the ratio of 

horizontal displacements to height of the wall usually varied between 2% and 5%, which included 

the range of ordinary displacements to extensive damage failure of the wall. Finally, they 

suggested that the maximum seismic displacement of retaining walls in non-cohesive soils was 

about 5% of the wall height.  

Using limit equilibrium theorem, Trandfir et al. (2009) estimated the sliding failure 

displacement and rotational failure displacement of retaining walls and also calculated rotational 

failure displacements for reinforced embankments. According to their studies, vertical and 

horizontal seismic displacements of the crown of reinforced embankments were about 12% and 

32% smaller than the seismic vertical and horizontal displacement of the crown of failure wedge 

behind the walls, respectively. 

Stamatopoulos et al. (2006), Biondi et al. (2013) proposed solutions for the evaluation of a wall 

displacement factor embodying all the geometrical and mechanical characteristics of the soil-wall 

system and enabling to obtain the wall displacement through a simple sliding block analysis. 

Li et al. (2010) studied the stability of gravity retaining walls by upper bound limit analysis 

technique. In this method, retaining wall and its backfill are considered a complete system. Using 

the limit equilibrium technique and upper bound theorem, Mojallal and Ghanbari (2012) calculated 

the angle of failure wedge, yield acceleration, and permanent displacements of retaining walls in 

seismic conditions for sliding and sliding-rotational failure mechanisms. In recent years, several 

studies have been devoted to studying the seismic stability of slopes and retaining walls 

(Michalowski 1998a, You and Michalowski 1999, Michalowski and You 2000, Sadrekarimi et al. 

2008, Michalowski 2010, Anastasopoulos et al. 2010, Gursoy and Durmus 2009, Haciefendioglu 

et al. 2010, Kim et al. 2008, Cocco et al. 2010). 

Stress plasticity solutions for evaluating earth pressure coefficients have been proposed by 

Mylonakis et al. (2007), Evangelista et al. (2010). Mylonakis et al. (2007) derived closed-form 

solutions for evaluating static and pseudo-static earth pressure coefficients under both active and 

passive conditions. Evangelista et al. (2010) proposed a solution for evaluating active earth 

pressures on cantilever retaining walls with a long foundation heel and showed that, in seismic 

conditions, the inclination of the active thrust to the horizontal was larger than that in static 

conditions. A closed-form solution to the specific problem was presented by Kloukinas and 
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Mylonakis (2011). 

There are very few studies on the relation between displacement of retaining walls in the 

presence of a surcharge. Motta (1994)  proposed closed-form expressions of the seismic active 

earth pressure coefficient accounting for the presence of a distanced surcharge on the backfill soil; 

Caltabiano et al. (1999), Caltabiano et al. (2000) provided coupled solutions for the critical 

acceleration coefficient and the angle of the failure plane of walls with (Caltabiano et al. 2000) or 

without (Caltabiano et al. 1999) a distanced surcharge; Caltabiano et al. (2005), who proposed a 

procedure for seismic design of retaining walls accounting for the actual failure mechanism 

mobilized in limit equilibrium conditions and also distinguishing the contributions of the earth 

thrust and of the inertia of the soil wedge in the evaluation of the actual driving moments to be 

considered in the equilibrium against rotation. Greco (2006) calculated the active force applied to 

the retaining walls in seismic and static conditions in the presence of a series of linear surcharges 

by limit equilibrium method. Ghanbari and Taheri (2012) calculated active pressure for reinforced 

retaining walls due to linear surcharge based on horizontal slices method. 

Biondi et al. (2009) presented a general coupled limit equilibrium solution for the yield 

acceleration and of the critical angle of the plastic wedge of walls subjected to a distanced uniform 

surcharge accounting also for backfill and wall internal face inclination, for soil-wall friction and 

vertical component of the seismic loading. Using limit equilibrium technique, Caltabiano et al. 

(2012) calculated the angle of failure and critical acceleration as well as coefficient of active 

pressure to retaining walls in the presence of various surcharges for static and seismic conditions. 

Varzaghani and Ghanbari (2014) calculated the displacement of slopes subjected to a distanced 

limited dynamics surcharge.  

In this paper, using the principles of limit analysis theorem, seismic displacement of retaining 

walls was estimated in the presence of a surcharge. For this purpose, first, yield acceleration was 

calculated for different types of surcharge. Then, using the sliding wedge theory of Newmark, the 

amount of permanent displacement for sliding and rotational mechanisms was estimated. Finally, 

design charts were presented based on the suggested technique. 

 

 

2. Limit analysis  
 

Finding analytical solutions for practical engineering soil and rock mechanics problems is, 

however, a difficult task. Finn (1967), Chen (1975), Chen and Liu (1990) have presented purely 

analytical applications of limit analysis to some practical geotechnical problems (Durand et al. 

2006). Limit analysis is an approach to stability calculations based on two theorems that make it 

possible to find upper and lower bounds to unknown quantities, such as the critical height of a 

slope, bearing capacity of foundations, etc. Alternatively, for given structures and given loads an 

estimate of material parameters necessary to maintain stability can be found (Michalowski 1998b). 

Lower and upper bound estimates of the collapse load factor can be obtained by both analytical 

and computational methods. In the case of lower bound solutions, statically admissible stress fields 

have to be assumed, whereas in the case of upper bound solutions, a kinematically admissible 

velocity field must be assumed. In the latter case, this can be done by establishing a failure 

mechanism. 

The lower bound theorem in its general form was then independently established by Feinberg 

(1948) and proved by Hill (1948) by applying the principle of maximum plastic work to a finite 

volume of perfectly plastic material. A more complete statement of both lower and upper bound 
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theorems and their proof has presented by Hill (1951) three years later. Drucker et al. (1952) first 

noted that the stress state remains constant at plastic collapse and threfore proved that the lower 

and upper bound theorems of limit analysis are also valid for elastic-plastic materials (Yu 2006). 

The upper bound theorem, which uses a rigid perfectly plastic soil model, states that the 

internal energy dissipated by any kinematically admissible velocity field can be equated to the 

work done by external loads, and so enables a strict upper bound on the actual solution to be 

deduced. The lowest possible upper bound solution is sought with an optimization scheme by 

trying various possible kinematically admissible fracture surfaces. A kinematically admissible 

velocity field is the one that satisfies compatibility, a plastic flow rule and the velocity boundary 

conditions (Yang 2007). It is useful to write this theorem in a mathematical form  

      
dVVXdSVTdV k

i
V

i
S

ii

k

ij

k

ij     (1) 

In this equation, the left-hand side is the rate of the internal work or energy dissipation and in 

the right hand sight the first term shows the unknown distributed load on boundary S and the 

second term shows the work rate of the distributed forces per unit volume such as weight or 

inertial forces. Distributed loads on boundary S moving with velocity Vi (kinematic boundary 

condition) and distributed forces per unit volume related to thekinematically admissible velocity  

field k
iV . 

k
ij is the stress state which is in agreement with selected mechanism (Michalowski 

2007). The strain rate 
k
ij  represents any set of strains or deformations compatible with real or 

virtual displacement rate Vi or
 

k
iV  of the points of the applications of the external forces Ti or body 

forces Xi (Chen 1975). 

 

 

3. Basic assumptions in the proposed technique 
 

The proposed formulation of this research was based on kinematic limit analysis and upper 

bound theorem. The assumptions were as follows: 

1. Failure wedge was considered as a single planar block. 

2. The Newmark's sliding block method was used to estimate seismic displacements. 

4. Retaining wall was assumed to be a rigid gravity wall which can tolerate sliding and 

rotational movements. 

3. Backfill soil was dry and cohesionless and followed the associated flow rule as well as the 

Mohr-Coulomb failure criterion. 

4. The wall was assumed to be either gravity retaining wall or cantilever retaining wall. Two 

types of sliding and overturning failure mechanisms were considered for the analyses. 

5. Surcharge was static. It was applied at a certain distance from the end of the wall. 

 

 

4. Proposed formulation for calculating yield acceleration coefficient 
 

In order to calculate yield acceleration coefficient, three different conditions were considered 

with regard to the location of surcharge: 

1. Surcharge was completely located inside the failure wedge. 

2. A part of surcharge was inside the failure wedge and the rest of it was located outside. 
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(a) Incipient velocities (b) Hodograph of the velocity 

Fig. 1 Initial single-block failure mechanism for the first case (surcharge completely inside 

the failure wedge) 

 

 

3. Surcharge was completely located outside the failure wedge. 

The used mechanism as well as applied forces for the first condition where the surcharge was 

completely located inside the failure wedge is illustrated in Fig. 1. 

In Fig. 1, V1 and V2 are velocity vectors of the failure wedge and retaining wall, respectively, 

and V12 is the relative velocity between the wall and failure wedge. Based on the associated flow 

rule, the sliding vector, V1, makes the angle of φ with the failure surface. Also, the sliding vector, 

V12, makes the angle of δ with the direction of wall, and the sliding vector, V2, makes φb angle with 

the wall's direction and the soil underneath the wall.  

Rate of internal work or dissipated energy )(D  is determined by Eq. (2) 

(2) 
      




cos V
sin

cH
1D  

where c is soil cohesion which is assumed to be zero. 

In this condition, rate of external work due to body forces including weight of the failure 

wedge, weight of the wall, and rate of the work done by external forces due to surcharge (traction) 

can be obtained by Eqs. (3), (4), and (5), respectively. 

     
))sin()(1()cos(K 11h   VWkVWW svss

  (3) 

     
)sin()(1()cos(K 22h bwvbww VWkVWW    (4) 

     
)sin()1()cos(K 11h1   qbVkqbVQ v

  (5) 
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Based on the upper bound theorem of limit analysis and Eq. (1), rate of the internal work must 

be greater than or equal to the external work. 

     1)( QWWD ws
   (6) 

With regard to Fig. 1(b), it can be written 

)cos(

)cos(

2

1








 b

V

V
d  (7) 

Assuming that the ground acceleration reached the yield acceleration at the time of failure 

(ky=kh), the following can be written 

(8) 
     1)( QWWD ws

   

Considering the following parameters, yield acceleration coefficient can be obtained by Eq. (9). 

(9) 
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where Ww is weight of wall and Ws is weight of failure wedge.  

In conventional analyses, inclination angle, α, is usually given. In order to obtain the best 

estimation (i.e., the least upper bound), failure angle has to be calculated which leads to the 

minimum yield acceleration in the structure. Therefore, yield acceleration coefficient is maximized 

with regard to . Therefore, the following can be written 

(13) 
       

0






yK
 

Solving Eqs. (9) and (13) simultaneously using trial and error method leads to obtaining the 

angle of critical failure wedge and minimum yield acceleration coefficient. It should be noted that 

identical solutions have been obtained by closed-form analytical formulations derived in the 

framework of limit equilibrium in previous studies (e.g., Caltabiano et al. 2000, 2012). 

As shown in Fig. 2, in the second condition, only a part of surcharge was inside the wedge. In 

this case, rate of the work done by body forces was the same as the previous condition. However, 

the work done by traction forces due to the loading can be obtained by Eq. (14). Also, yield 

acceleration coefficient can be obtained by Eq. (15). Similar to the previous case, solving Eqs. (13) 

and (15) simultaneously led to the angle of critical failure wedge and minimum yield acceleration 

coefficient. 
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Fig. 2 Initial single block failure mechanism and incipient velocities for the second condition 

(a part of surcharge inside the failure wedge) 
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In the third condition, where the surcharge was outside the failure wedge, rate of the work done 

by body forces was similar to the previous cases. However, the work done by traction forces due to 

the loading was equal to zero. In this case, yield acceleration coefficient was obtained by Eq. (18). 

Minimum yield acceleration coefficient can be obtained by simultaneously solving Eqs. (13) and 

(18). 
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Fig. 3 Algorithm for calculating the yield acceleration coefficient for a retaining wall based on 

the proposed method 

 

 

In order to calculate ky, numerical methods using the algorithm shown in Fig. 3 can be used. 

Therefore, by writing codes in a programming language, minimum yield acceleration coefficient 

can be obtained for various conditions of surcharge. 

 

 

5. Results for yield acceleration coefficient 
 

In this section, behavior of the retaining walls for various conditions of wall and backfill as 

well as intensity and location of surcharge is studied. Considering the proposed formulation, 

length of the failure wedge and location of surcharge were the effective parameters for minimizing 

yield acceleration. Fig. 4 shows the effect of the distance of surcharge from the wall edge on the 

yield acceleration coefficient. By increasing the distance of the surcharge from the wall, the 

surcharge effect finally disappeared and the wall performed as the case without the surcharge. 

Also, Fig. 5(a) and (b) shows the variations in angle of failure wedge and length of failure wedge 

versus the distance of surcharge from the wall edge. With regard to these figures, variations of 

yield acceleration with regard to failure wedge were obvious. 
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Fig. 4 Variations of the yield acceleration coefficient with regard to the distance of surcharge 

from the wall end for different widths of surcharge 

 

 
(a) 

 
(b) 

Fig. 5 (a) Variations of angle of failure wedge, (b) Variations of length of failure wedge with 

regard to the distance of surcharge from the wall end for different widths of surcharge 
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(a) (b) 

Fig. 6 (a) Variations of yield acceleration, (b) Variations of the length of failure wedge versus the 

surcharge intensity for various geometries of surcharge 

 

  
(a) (b) 

Fig. 7 (a) Variations of the yield acceleration, (b) Variations of the length of failure wedge along the 

height of wall for different distances of surcharge from the wall 

 

 

Variations of the yield acceleration coefficient against the surcharge intensity are illustrated in 

Fig. 6)a(. Based on the obtained results, an increase in the intensity of surcharge caused a decrease 

in the yield acceleration coefficient to the point that, for the surcharges with high intensity, ky was 

zero. Condition ky=0 meant the wall was at static limit equilibrium. 

According to the Fig. 6(b), as the intensity of surcharge is increased, the length of failure 

wedge in uniform surcharges and limited surcharges becomes greater and smaller, respectively. In 

fact, as the intensity of surcharge is increased, the tendency to fail from the ends of the width of 

the surcharge is increased too. 

Variations of the yield acceleration coefficient and length of failure wedge against the distance 

of surcharge from the wall edge are shown in Fig. 7(a) and (b) for different heights. As can be 

observed, higher walls demonstrated greater yield acceleration in short distances of surcharge from 

the wall.  

Fig. 8(a) shows the variation of internal friction angle of soil versus the yield acceleration 

coefficient for different distances of surcharge from the wall edge. As can be observed in the  
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(a) (b) 

Fig. 8 (a) Variations of yield acceleration, (b) Variations of angle of failure wedge versus different 

distances of surcharge from the wall for different internal friction angles of soil 

 
Table 1 Variations of vertical force of earthquake on the yield acceleration for various distances of surcharge 

from the wall                                                             

H=10 m, ww=756 kN/m, b=3 m, q=60 kN/m
2
, =30, 𝒃=25.8, =20, wall=24 60kN/m

3
, soil=2160kN/m

3
 

Yield Acceleration Coefficient, Ky 

λ=−0.1 λ=0 λ=0.1 Distance from wall, a (meters) 

0.0438 0.0436 0.0434 0 

0.0438 0.0436 0.0434 2 

0.0609 0.0605 0.0602 6 

0.0801 0.0795 0.0789 8 

0.0954 0.0945 0.0936 10 

0.0954 0.0945 0.0936 12 

0.0954 0.0945 0.0936 14 

 
Table 2 Variations of vertical force of earthquake on the angle of failure wedge for various distances of 

surcharge from the wall 

H=10 m, ww=756 kN/m, b=3 m, q=60 kN/m
2
, =30, 𝒃=25.8, =20, wall=24 60kN/m

3
, soil=2160kN/m

3
 

Angle of Failure Wedge,  (degrees) 

λ=−0.1 λ=0 λ=0.1 Distance from wall, a (meters) 

59.41 59.41 59.41 0 

59.41 59.41 59.41 2 

48.01 48.01 48.01 6 

44.51 44.51 44.51 8 

50.84 50.84 50.84 10 

50.84 50.84 50.84 12 

50.84 50.84 50.84 14 

 

 

figure, an increase in the internal friction angle of the soil caused an increase in the yield 

acceleration. Also, considering Fig. 8(b), an increase in the internal friction angle of the soil led to 

an increase in the length of failure wedge. 
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Considering =Kv/Kh and trying different values of  it can be observed in Tables 1 and 2 that 

the effect of vertical force of earthquake on the yield acceleration coefficient and angle of failure 

wedge was very limited and almost negligible.  
 
 

6. Comparing the results with those reported by other researchers 
 

Among the studies conducted by other researchers, effect of surcharge on the yield acceleration 

and displacements of the wall has been rarely evaluated. Therefore, in this paper, first, a 

comparison was made between the results of the proposed method and other works for the 

condition with surcharge outside the wedge. Indeed, this case behaved like the condition with no 

surcharge. 

Among the analytical techniques, two methods of limit equilibrium and limit analysis were 

used to obtaine yield acceleration and permanent displacements of retaining walls. Tables 3 and 4 

show a comparison between the yield accelerations obtained by limit analysis methods including 

the studies by Mojallal and Ghanbari (2012), Michalowski (2007), Li et al. (2010), the results of 

which were very satisfactory. Characteristics of Northridge earthquake are given in Fig. 15. Table 

5 shows a comparison between the yield accelration obtained by Caltabiano et al. (2012) using 

limit equilibrium theorem. There was a good agreement between the results presented in Table 5. 

Table 6 shows a comparison between the angle of failure wedge obtained by Zarrabi-Kashani 

(1979), Mojallal and Ghanbari (2012), and the proposed method in the current research, 

representing good consistency between the results. Also, Tables 7 and 8 demonstrate a comparison 

between the angles of failure obtained by Li et al. (2010), Caltabiano et al. (2012), and the method 

proposed in this research. 

 

 
Table 3 Comparing the ky obtained by the suggested method and those by Mojallal and Ghanbari (2012), 

Michalowski (2007) 

wall=24kN/m
3
, s=20kN/m

3
, =30, b=30, =20, Tw=0.3 m, Bw=0.6H

 
Yield Acceleration Coefficient, ky

 Height of wall 

H (m) 

km
 

Northridge 

Earthquake
1 

Michalowski 

(2007) 
Mojallal and Ghanbari 

(2012) 
Proposed 

method 

0.180 0.181 0.187 3 

0.344g 
0.169 0.169 0.175 5 

0.163 0.163 0.169 7 

0.159 0.159 0.164 10 
1
http://peer.berkeley.edu/smcat/search.html (Fig. 15) 

 
Table 4 Comparing the ky obtained by the suggested method and that by Li et al. (2010) 

H=8 m, ww=556.8kN/m,wall=24kN/m
3
, s=20kN/m

3
, =0, =0 

ϕ (Degrees) ϕb (Degrees) Proposed method Li et al. (2010) 

25 25 0.0000 0.0000 

30 30 0.1119 0.1100 

35 35 0.2243 0.2210 

40 40 0.3405 0.3400 
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Table 5 Comparing the ky obtained by the suggested method with the one by Caltabiano et al. (2012) 

wall=24 kN/m
3
, =0, =0, Tw=0.3 m, Bw=0.6 H 

Yield Acceleration Coefficient, ky 
b (Degrees)  (Degrees) s (kN/m

3
) H (m) 

Caltabiano et al. (2012) Proposed method 

0.0910 0.0901 30 30 21 3 

0.1371 0.1351 32 32 19.5 6 

0.2020 0.2030 35 35 19 9 

 
Table 6 Comparing the angle of failure obtained by the suggested method, Mojallal and Ghanbari (2012), 

Zarrabi-Kashani (1979) 

H=10 m, wall=24kN/m
3
, soil=20kN/m

3
, =0, ww=756 kN/m

 
Angle of  Failure Wedge,  (degrees) 

 (Degrees)
 

 (Degrees) kh
 

Zarrabi-Kashani (1979) Mojallal and Ghanbari (2012) Proposed method 

45.80 46.10 44.8 21.33 32 0.2 

44.20 44.78 43.05 22.67 34 0.25 

42.60 43.51 41.2 24 36 0.3 

 
Table 7 Comparing the angle of failure wedge obtained by the suggested method with the method by Li et 

al. (2010) 

H=8 m, ww=556.8 kN/m, wall=24kN/m
3
, soil=20kN/m

3
, =0, =0 

Angle of  Failure Wedge,  (degrees) 
b (Degrees)  (Degrees) 

Li et al. (2010) Proposed method 

57.90 57.46 25 25 

55.20 56.64 30 30 

52.02 52.01 35 35 

49.50 49.47 40 40 

 
Table 8 Comparing the angle of failure wedge obtained by the suggested method and that by Caltabiano et 

al. (2012) 

wall=24kN/m
3
, =0, =0, Tw=0.3 m, Bw=0.6 H 

Angle of  Failure Wedge,  (degrees) b 

(Degrees) 
 

(Degrees) 

s 

(kN/m
3

) 
H (m) 

Caltabiano et al. (2012) Proposed method 

55.80 55.81 30 30 21 3 

54.80 54.73 32 32 19.5 6 

53.21 53.18 35 35 19 9 

 

 

With regard to the above tables, it can be concluded that the proposed formulation of this 

research can predict ky and angle of failure wedge with a satisfactory precision for the condition 

with no surcharge. 

In the studies conducted by previous researchers, effect of surcharge on the yield acceleration 

and displacements of wall has been rarely investigated. One of these studies was conducted by 

Caltabiano et al. (2012) using the limit equilibrium method. 

In order to compare the results of the proposed method with those of Caltabiano et al. (2012),  
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Table 9 Three models used for the purpose of comparison between the suggested method and that by 

Caltabiano et al. (2012) 

H=10 m, wall=24 kN/m
3
, soil=18.9 kN/m

3
, =0, =0,  ww=756 kN/m 

b (Degrees) (Degrees) q (kN/m3) b (m) Type of Surcharge model 

30 30 20 10 Uniform Surcharge 1 

30 30 60 6 Uniform Surcharge 2 

35 35 189 1 Limited  Surcharge 3 

 

  
(a) (b) 

Fig. 9 Comparison between: (a) Yield acceleration ky, (b) Angle of failure wedge in the first model 

between the suggested method and that by Caltabiano et al. (2012) 

 

  
(a) (b) 

Fig. 10 Comparison between: (a) Yield acceleration ky, (b) Angle of failure wedge in the second model 

between the suggested method and that by Caltabiano et al. (2012) 

 

 

three models with the properties mentioned in Table 9 were considered. Figs. 9 and 10 show the 

angle of failure wedge and yield acceleration coefficient obtained by the two mentioned methods 

for the condition with uniform surcharge. Fig. 11 shows a comparison between the results of the 

suggested method and those reported by Caltabiano et al. (2012) for the condition with the 

surcharge with limited width and limited distance from wall so that the whole surcharge was 

resting on the plastic wedge of soil. A good agreement can be also observed between the two 

methods of limit equilibrium and limit analysis. 
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(a) (b) 

Fig. 11 Comparison between the proposed method and that by Caltabiano et al. (2012) (a) Yield 

acceleration ky, (b) Angle of failure wedge in the third model 

 

 

 

(a) Sliding mechanism 
(b) Hodograph of the acceleration 

of sliding mechanism 

Fig. 12 Single-block sliding mechanism for surcharge located within the failure wedge 
 

 

7. Calculations and results of permanent displacement of wall 
 

Once the acceleration of earthquake exceeds the acceleration of structure (kh>ky), two 

mechanisms are likely to occur. In the first mechanism as shown in Fig. 12(a), the wall only 

experiences sliding failure and moves with ü2 
acceleration.  The block of soil also moves with the 

acceleration of ü2 in this mechanism. In the second mechanism, the wall experiences both sliding 

and rotational displacements (Fig. 13(a)) and thus the wall and soil block start moving with ü2 and 

ü1 accelerations, respectively. It is assumed that the overturning failure is an outward rotation of 

the wall. . According to the hodographs of Figs. 12 and 13, the kinematic compatibility is satisfied. 

In order to calculate the permanent displacement of wall, similar to the calculation of yield 

acceleration coefficient, three different conditions were considered for the location of surcharge.  
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(a) Overturning mechanism 
(b) Hodograph of the acceleration of 

overturning mechanism 

Fig. 13 Single-block overturning mechanism for surcharge located within the failure wedge 
 

 

The used mechanism and forces applied for the condition with surcharge completely inside the 

failure wedge are shown in Figs. 12 and 13. 

In the sliding mechanism, assuming the incompressible wall foundation, the dilatancy angle 

became zero. This assumption was made because, in granular soils, dilatancy is typically less than 

that predicted by the associative law (Michalowski 2007). However, in the overturning 

mechanism, the dilatancy angle became equal to the friction angle. 

Rate of the work done by the forces applied to the block interface for the sliding mechanism 

can be written as 

(21) 
         

       1111 sin1cos VumVWKVWKW ssvshs
    

(22) 
          

       bwbwvbwhw VumVWKVWKW  cossin1cos 2222
   

(23) 
         

      11111 sin1cos Vu
g

qb
qbVKqbVKQ vh

    

(24) 
        

  QWWD ws
   

With regard to Fig. 12(b), the following can be written 

          
)cos(

1

2

1

 


u

u
d




 (25) 

where D  can be obtained from Eq. (8). By combining Eqs. (21) and (25), the wall acceleration 

can be obtained from Eq. (26). For simplicity, a part of the equations was denoted by Csliding. 
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(26) 
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In the case of overturning mechanism, forces and the movement direction of soil wedge were 

similar to the previous case and the difference was in the wall movement and accordingly the 

direction of the inertial force applied to the wall. Therefore, rate of the work done by the forces 

applied to the failure wedge and the external force due to the surcharge can be obtained by Eqs. 

(21) and (23), respectively. Rate of the work done by the forces applied to the wall can be obtained 

by Eq. (27). Eventually, combining all the equations, acceleration of the wall movement for the 

overturning mechanism can be written as Eq. (29). For simplicity, a part of the equations was 

denoted by Coverturning. 

(27) 
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where mw and ms are the mass of wall and mass of failure wedge, respectively, Csliding and Coverturning 

are the constants which depend on the wall’s geometry, properties of material, and location and 

intensity of surcharge. 

In the condition where only a portion of surcharge was inside the failure wedge, rate of the 

work done by body forces was similar to the previous case. But, rate of the work due to loading 

was obtained from Eq. (30). In this case, the wall acceleration can be obtained by Eqs. (31) and 

(32) for the sliding and overturning mechanisms, respectively. 
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For the sliding mechanisms 
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For the overturning mechanisms 
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(32) 
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For the case with surcharge located completely outside the failure wedge, rate of the work done 

by body forces was similar to first case. Rate of the work done by traction forces due to loading 

was equal to zero. In this case, the wall acceleration can be obtained by Eqs. (34) and (35) for the 

sliding and overturning mechanisms, respectively. 

(33) 
       

03 Q  

For the sliding mechanisms 
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For the overturning mechanisms 

(35) 
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Eventually, by integrating the wall acceleration twice, the permanent sliding and overturning 

displacements of wall can be obtained from Eqs. (36) and (37), respectively. 

(36) For sliding mechanism V > 0 
        

   dtdtKKCu yhsliding2
 

(37) For overturning mechanism V > 0 
        

   dtdtKKCu yhgoverturnin2
 

In order to calculate the permanent displacement of retating walls, a numerical algorithm (as 

shown in Fig. 14) can be used. Minimum yield acceleration coefficient and permanent wall 

displacement for various conditions of surchrage can be calculated by writing a code in a 

programing language. 

Using the proposed formulation, the wall displacement under Northridge-1994 earthquake (Fig. 

15) was calculated. The maximum displacement due to two sliding and overturning mechanisms 

was also considered. 

Based on the results illustrated in Fig. 16, the wall displacement for the uniform surcharge and 

the surcharge with 6 m width were almost equal. Also, in the distances shorter than 4 m from the 

wall edge, the uniform surcharge and the surcharge with 6 m width underwent large 

displacements, which led to the wall failure. By making the surcharge distant from the wall edge 

and exiting the wedge, the displacements became constant. 
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Fig. 14 The algorithm for obtaining permanent displacement of the retaining wall based on the 

suggested method 

 

 
Fig. 15 Northridge earthquake accelerometer  (http://peer.berkeley.edu/smcat/search.html) 
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Fig. 16 Variations of permanent displacement of the wall against the distance of surcharge 

from the end of the wall for different widths of surcharge 

 

 
Fig. 17 Variations of permanent displacement against intensity of surcharge for various 

conditions of surcharge geometry 

 

 

Fig. 17 shows the trend of increase in the permanent wall displacement against the increase of 

surcharge. As can be observed, the wall displacement increased by increasing the intensity of 

surcharge. Also, in the 10 m and 3 m width of the surcharge, with increasing the intensity of 

surcharge by greater than 150 kN/m
2
, the wall underwent static failure and experienced static 

failure regardless of any earthquakes. 

Fig. 18 demonstrates the effect of variations in the height of retaining wall on the permanent 

displacement of wall for various distances of surcharge from the wall edge. Based on this figure, 

higher walls showed a greater yield acceleration and smaller displacement for short distances of 

surcharge from the wall end. In this figure, at the height of 5 m for the surcharges closer than 2.5 

m to the wall, the displacements were larger than the allowable values and/or experienced static 

failure. Therefore, they were plotted as dotted lines. For higher walls, the relative effect of the 

surcharge (of constant intensity and width) with respect to the wall weight was small; thus, smaller 

walls for the small values of distance “a” were characterized by smaller ky (compare with Fig. 7(a))  
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Fig. 18 Variations of permanent displacement of wall against the height of wall for different 

distances of surcharge from the wall 

 

 
(a) 

 
(b) 

Fig. 19 (a) Lomaprieta earthquake accelerometer, (b) Hyogoken-Nambu earthquake 

accelerometer (http://peer.berkeley.edu/smcat/search.html) 

 

 

and underwent larger displacements than high walls.  

Among the studies conducted by other researachers, effect of surcharge on the displacement of 

retaining walls has been rarely evaluated. Thus, a comparison was made here between the resutls  
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Table 10 Properties of the two models used for analyses 

b 

(Degrees)
 

ww
 

(kN/m)
 

soil
 

(kN/m3)
 

 
(Degrees)

 
wall 

(kN/m3) 


(Degrees)

 
H 

(m) 


(Degrees)

 model 

23.3 130.08 21.6 33 24 0 4 22 1 

25.8 669.16 19 30 24 0 8.1 15 2 

 
Table 11 Comparing the obtained permanent displacements with the results of other researchers 

Whitman 

and Liao 

(1985) 

Richards 

and Elms 

(1979) 

Wu 

(1999) 

Mojallal 

and Ghanbari 

(2012) 

Proposed 

method 

Wu 

(1999) 

Mojallal 

and 

Ghanbari 

(2012) 

Proposed 

method 
 

_____ _____ Sliding Sliding Sliding 
Sliding 

and Rocking 
Overturning Overturning Mechanism 

   
 

  
 

 ky 

        Displacement 

 

  
(a) (b) 

Fig. 20 Comparing the permanent displacement obtained by the suggested method and the method 

by Huang (2006) (a) For Hyogoken-nambu earthquake, (b) For Loma prieta earthquake 

 

 

obtained from the suggested method in this research and those reported by other researachers for 

the condition with the surcharge located outside the wedge.  

In order to compare the displacements obtained from the proposed method with those reported 

by other researchers, two models were considered. Properties of these models are shown in Table 

10. The two models were analyzed and permanent displacement of the retaining wall under 

different accelerometers (Figs. 19 and 15) was calculated.  

Table 11 shows the permanent displacements of the first model obtained by the proposed 

method and the displacements obtained by Wu (1999), Richards and Elms (1979), Whitman and 

Liao (1985), and Mojallal and Ghanbari (2012) under the Northridge-1994 earthquake. The 

displacements obtained by the suggested method and the method by Mojallal and Ghanbari which 

was based on limit analysis demonstrated a great agreement compared to the results by other 

techniques which were based on limit equilibrium. The obtained results were an upper bound for 

the results reported by other researchers. 
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Fig. 20 shows a comparison between the permanent sliding and overturning displacement of the 

retaining wall in the second model obtained by the suggested method with the method by Huang 

(2006). In this case, there was no surcharge on the backfill behind the wall and this model was 

analyzed under the accelerometers shown in Fig. 19, the acceleration of which was scaled to 

different values of peak acceleration (e.g., 0.2g, 0.3g, 0.4g, 0.5g, 0.6g, and 0.624g). It can be 

observed that the results of the proposed technique were somehow greater than those reported by 

Huang (2006). 

Table 12 compares the permanent displacement values obtained by Stamatopoulos et al. (2006) 

and the proposed method. Good agreement was found between the results of the two methods. The 

displacements of walls were investigated under the parameters of the El-Centro earthquake (1940, 

ML=6.5, PGA=0.35 g, fundamental period=0.6 s, NS component, http:// www.vibrationdata.com). 

 
Table 12 Comparing the obtained permanent displacements with the results of Stamatopoulos et al. (2006) 

soil=17.7 kN/m
3
, =3, =0, Bw=5 m 

permanent displacement 
b 

(Degrees) 
 

(Degrees) 

Ww 

(kN/m
3
) 

H (m) Stamatopoulos et al. 

(2006) 

Proposed method 

overturning Sliding 

1.6352 1.5159 1.7792 18 26 700 9 

0.0066 0.0075 0.0084 34 26 700 9 

0.0001 0.00009 0.00012 46 26 500 9 

0.0044 0.0035 0.0037 25 26 700 6 

0.0043 0.0051 0.0058 45 26 700 12 

0.0067 0.0076 0.0082 27 40 700 9 

 

 
Fig. 21 Design chart of yield acceleration for different distances of surcharge from the wall end 

with width of surcharge equal to 0.1 H and b=30 
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Fig. 22 Design chart of yield acceleration for different distances of surcharge from the wall end 

with width of surcharge equal to 0.1H and b=40 

 

 
Fig. 23 Design chart of yield acceleration for different distances of surcharge from the wall end 

with width of surcharge equal to 0.3H and b=30 

 

 

8. Design charts based on the proposed method 
 

Design charts with dimensionless parameters are presented in Figs. 21 to 29. The dimensionless 

parameters were already expressed in Eqs. (38) and (39). 
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In these equations,  is the dimensionless weight of the wall and is dimensionless surcharge 

factor. Investigating the formulations presented in Section 3, it can be proved that the yield 

acceleration was a function of dimensionless parameters ,, b/H, a/H. By obtaining ky and  

from the following charts, the permanent displacement of wall can be calculated by the maximum 

values of Eqs. (36) and (37) with considering the special earthquake record. 

 

 

 
Fig. 24 Design chart of yield acceleration for different distances of surcharge from the wall end 

with width of surcharge equal to 0.3H and b=40 

 

 
(a) b=30 

Fig. 25 Design chart of angle of failure wedge for different distances of surcharge from the wall 

end with width of surcharge equal to 0.1H and (a) b=30, (b)b=40 
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(b)b=40 

Fig. 25 Continued 
 

 
(a) b=30 

 
(b)b=40 

Fig. 26 Design chart of angle of failure wedge for different distances of surcharge from the wall 

end with width of surcharge equal to 0.3H and: (a) b=30, (b) b=40 
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Fig. 27 Design chart of yield acceleration for different distances of uniform surcharge from the 

wall end, b=30 

 

 
Fig. 28 Design chart of yield acceleration for different distances of uniform surcharge from the 

wall end, b=40 

 

 

If the mentioned ratios were equal for two arbitrary walls, those walls would have equal yield 

accelerations. If a part of the surcharge was outside the failure wedge, then that surcharge would 

act like a uniform surcharge. In other words, the width of surcharge had no effects on the solution. 

Therefore, the b/H ratio was not effective for uniform surcharges. In plotting the design charts, 

first, a limited surcharge was studied and then the charts for uniform surcharge were presented. For 

the condition with limited surcharge inside the failure wedge, two widths of 0.1H and 0.3H were 
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(a) b=30 

 
(b)b=40 

Fig. 29 Design chart of angle of failure wedge for different distances of uniform surcharge from 

the wall end: (a) b=30, (b) b=40 

 

 

presented. For the surcharges with the widths greater than the mentioned values, the wall behavior 

was similar to the condition with uniform surcharge and thus the design charts for uniform 

surcharge can be used. For the case not reproduced in the design charts, the proposed algorithms or 

the closed-form solutions presented by Caltabiano et al. (2000, 2012) can be applied. 
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9. Conclusions 
 

In this paper, using the upper bound theorem of limit analysis and presenting a new 

formulation, permanent displacement, critical angle of failure, and yield acceleration were 

obtained for the cantilever and gravitational retaining walls in the vicinity of a surcharge. In this 

method, soil properties such as dilation angle, associated flow rule, geometry of the model as well 

as intensity and location of surcharge with regard to the wall were considered in calculating 

displacements. In calculating the permanent displacement of retaining wall, two sliding and 

overturning mechanisms were considered. 

The results obtained from the proposed method showed that, if the surcharge was close to the 

wall edge, higher walls showed greater yield accelerations and smaller displacements. Also, an 

increase in the intensity of surcharge caused a decrease in yield acceleration and increase in the 

wall displacements. However, by increasing the intensity of surcharge, the angle of failure wedge 

can both increase or decrease, depending on the width of surcharge and surcharge location. This 

research showed that, by making the surcharge away from the wall edge, the yield acceleration 

increased and angle of failure wedge and permanent displacements decreased. With increasing the 

distance of the surcharge from the wall, the surcharge effect finally disappeared and the wall 

performed as the case without the surcharge. 

The results obtained from the proposed method represented that, by increasing the internal 

friction angle of soil, the yield acceleration increased and the permanent displacements of the 

retaining wall decreased. Variations in the vertical force of earthquake did not have a significant 

effect on the wall displacements. Finally, design charts were presented for the quick estimation of 

yield acceleration and angle of failure wedge. 
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Nomenclature 
 

height of the retaining wall H angle of the slip plane to the horizontal  
Distance of Surcharge  from wall A slope angle of the retained soil  
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Width of  Surcharge B soil unit weight s=soil 

Length of  Failure Wedge X wall unit weight wall 

weight of the soil plastic wedge Ws friction angle between soil and wall  
weight of the wall Ww Internal friction  angle  

Mass of the soil plastic wedge ms 
friction angle between the foundation soil 

and the wall base 
b 

Mass of the wall Mw cohesion of the soil c 

Surcharge Q horizontal seismic coefficient kh 

The rate of internal work D  vertical seismic coefficient Kv 

the rate of external work for 

weight of the soil sW  Yield  Acceleration Coefficient Ky 

the rate of external work for 

weight of the wall wW  
The ratio of vertical  to  horizontal 

seismic coefficient 


the rate of external work for 

the Surcharge in one status 1Q  velocity vector of the failure wedge V1 

the rate of external work for 

the Surcharge in two status 2Q  velocity vector of the retaining wall V2 

Yield  Acceleration Coefficient 

in one status 
Ky1 

relative velocity between the wall 

and failure wedge 
V12 

Yield  Acceleration Coefficient 

in two status 
Ky2 acceleration vector of the failure wedge ü1 

Yield  Acceleration Coefficient 

in three status 
Ky3 acceleration vector of the retaining wall ü2 

Sliding Constant coefficient Csliding 
relative acceleration between the wall 

and failure wedge 
ü12 

Overturning Constant coefficient Coverturning Top wide of the wall Tw 

dimensionless weight of the wall Γ Bottom wide of the wall Bw 

dimensionless surcharge factor   
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