Structural Engineering and Mechanics, Vol 5, No. 1 (1997) 85-104 85
DOI: http://dx.doi.org/10.12989/sem.1997.5.1.085

Effect of lateral restraint on the buckling behaviour of
plates under non-uniform edge compression

Osama K. Bedairt
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Abstract. The paper investigates the influence of lateral restraint on the buckling behaviour of plate
under non-uniform compression. The unloaded edges are assumed to be partially restrained against
translation in the plane of the plate and the distributions of the resulting forces acting on the plate
are shown. The stability analysis is done numerically using the Galerkin method and various strategies
the economize the numerical implementation are presented. Results are obtained showing the variation
of the buckling load, from free edge translation to fully restrained, with unloaded edges simply supported,
clamped and partially restrained against rotation for various plate aspect ratios and stress gradient coeffi-
cients. An apparent decrease in the buckling load is observed due to these destabilizing forces acting
in the plate and changes in the buckling modes are observed by increasing the intensity of the lateral
restraint. A comparison is made between the buckling loads predicted from various formulas in stability
standards based on free edge translation and the values derived from the present investigation. A difference
of about 34% in the predicted buckling load and different buckling mode were found.
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1. Introduction

The traditional stability analysis of plates under combined compression and in-plane bending,
is based on the assumption that the plate is free to move laterally and, hence, the restraints
imposed by the attached elements against this motion are ignored. Such plates are encountered
in webs of beam columns, channel sections, box sections under eccentric loading, stiffened plates,
..etc. The applied moment in this case causes the load to vary linearly in the transverse direction.
The attached stiffeners or plate elements normally restrain the plate itself against both rotation
and in-plane translation along the unloaded edges. The intensity of these restraints depends
upon the geometric proportions of the plate and those of the attached elements. If, for example,
the plate is attached to flange stiffener elements, as in the weBs of I-sections, the torsional rigidity
of the flanges determine the amount of rotational restraint and their cross sectional area determi-
nes the amount of lateral restraint and in-plane bending rigidity. The latter controls the freedom
of the unloaded edges of the web to deform in-plane. Therefore, the stability analysis of plates
requires three types of boundary conditions, namely; rotational, in-plane translation and bending
of the unloaded edges. The first two are merely required for buckling analysis; however, all
three are necessary to describe post-buckling.
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The two extremes of rotational restraint are the rotationally free, (i.e. simply supported), and
the rotationally clamped conditions. In the first case, the attached element is assumed to offer
no resistance to rotation and the second case assumes that the attached clement fully restrains
the plate against rotation. The lateral restraint describes, on the other hand, the freedom of
the unloaded edges to translate in-plane. If the plate is assumed to be free to translate (the
classical assumption) the attached elements offer no resistance to this movement. If the plate
is assumed to be fully restrained against lateral expansion the unloaded edges, in this case,
are immoveable and destabilizing forces appear to lower the buckling stress. The third type
of restraint describes the freedom of the unloaded edges to bend in the plane of the plate and,
therefore, depends upon the in-plane bending rigidity of the attached element. In practice, the
plate elements are partially restrained against rotation, in-plane translation and bending and,
therefore, the buckling load and post-buckling stiffness fall between these limiting conditions.

Several expressions for the prediction of the buckling load of plates under compression and
in-plane bending are available in design handbooks. Gaylord and Gaylord (1990) presented
an approximate formula for the computation of the buckling coefficient for simply supported
plates which forms the basis of the German specification, DIN4114, given by
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Where f is the plate aspect ratio and ¥ is the stress gradient coefficient. Beedle (1991) presented
an alternative formula for the buckling coefficient of simply supported plates based on West
European standard given by

_ 16
k= VAT YYH0I2(1—- Y)Y+ T ¥) )

The Structural Stability Research Council, SSRC (Galambos 1988) presented numerical results
for simply supported and clamped infinitely long plates.

It should be mentioned that expressions (1-3) are based on the assumption that the plate
is free to translate in its plane and hence the lateral restraint imposed by the attached elements
is ignored. To illustrate the influence of lateral restraints on the stability of plates under compres-
sion and in-plane bending, consider the plate shown in Fig. 1, compressed by a linearly varying
load in the transverse direction. The distribution of the force is given by

N=N[1-¥m+¥] @)

where n=y/b.

If, in the analysis, the plate is considered to be laterally restrained against in-plane translation
by the attached elements, a set of “interactive” forces, N, and N,,, appear due to this restraint
having the distribution shown in Fig. 2. The normal force, N,, varies linearly across the plate
width and the shear forces are uniform along the loaded edges and vary linearly along the
plate length. These distributions are obtained by solving the equilibrium equations
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Fig. 1 Plate under combined compression and in-plane bending,
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Fig. 2 Interactive forces due to lateral restraint.
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N=avN,[1-¥)n+ Y] ™)
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where {=x/a. As shown in Fig. 2, the vertical shear force (Ny),=o and (Vy),=; are self equilibrated
and the shear forces (N)e=o and (Ny)e: are in equilibrium with the normal forces N,. The
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induced forces are function of Poisson’s ratio (v), stress gradient (¥) and the lateral restraint
coefficient a=(A4/br)/[1+(A4/br)], where A is the cross sectional area of the attached elements
at 7=0,1, b and ¢ are the width and thickness of the plate. Therefore, a varies from 0 (as
A/bt=0) to 1 (as (A/bty> o). If the plate is free to translate in its own plane, the usual assumption
of a=0 eliminates these forces. This assumption is inherent in the analyses and in the expressions
available in the literature (e.g, Schuette and Mculloch 1947, Johnson and Noel 1953, Bulson
1967, walker 1968, Rhodes and Harvey 1977, Maeda and Okura 1984, Usami 1982, Lau and
Hancock 1986, Galambos 1988, Bradford 1989, Beedle 1991, and Okura, yen and Fisher 1993).
If the plate is fully restrained against in-plane motion, a will have a value of unity. If the
plate is uniformly compressed, i.e.,, ¥=1, and orthogonally fully restrained, the shear forces disap-
pear and the plate is under uniform bi-axial compression. The magnitude of the transverse
force in this case N,=vN,. If the stress gradient, ¥, equals zero, ie., the applied force is triangular,
the normal force (V,),-o disappears and (VN,),= is equilibrated by shear forces (V,,)e=0 and (V,)e=1
only. The presence of these forces destabilizes the plate resulting in a lowered buckling stress
and a possibly different buckling mode from the free motion case.

Previous papers Bedair (1996) investigate the buckling and post-buckling behaviour of plates
under identical loading conditions. The in-plane boundary condition for the unloaded edges
was free in-plane motion and the lateral restraint was not considered. The main objective of
this paper is to snow the influence of lateral restraint on the buckling behaviour of plates under
compression and in-plane bending. The Galerkin method is applied to evaluate numerically
the buckling load of plates and results of plates with unloaded edges rotationally free, clamped
and partially restrained against rotation are discussed. In addition, the reduction in the buckling
load caused by the destabilizing forces is presented for various plate aspect ratios. These results
show that the buckling mode might also be different from the usual assumption of free in-plane
motion.

2. Theoretical analysis

The differential equation of this, elastic, isotropic plates subject to in-plane forces can be
expressed in non-dimensional from as

~ ﬁw a*w 2§4w b ’w N *w
B e T2 gmon T [N<a§2>+2ﬂz\’xy<afan>+ﬂ (dn >] ©)

where B is the plate aspect ratio =a/b, D is the flexural rigidity =Er/12(1—-v?), E is Young’s
modulus, v is Poisson’s ratio and ¢ is the plate thickness.
The out of plane displacement function can be expressed in separable form as

W (& 1)= Z Z A H, (E) C, (M) (10)

m=I1n=

where the functions H, (&) and C,(n) should satisfy the kinematic boundary conditions at
=0, 1 and n=0, 1, respectively. Using the Galerkin method, an approximate solution to Eq.
(9) is obtained which results, after substituting from Eq. (10), in the following set of equa-
tions
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2222 f 0 f O[ﬂ*ZHA‘,“(f)c,,(n)+2H>n\(f)c;(n>+ﬁ2Hm(f)c;'(n)

1 j=1lm=1n=1

!

- %Z(NXH))(@Cn(U)+ 2BNy Hy(&)C, (M) + BN, H,, CJ)] (D

H(§)G(m)dgdn=0

where the prime (') and the dot (") denote differentiation with respect to & and 7, respectively.
Substituting Eqgs. (4), (7), (8) into (11), the following eigenvalue problem is obtained

N N N N
V4 Z Z A [Qmmj—Aanij]Amm'j:O (12)
Where the Q,.; is given by
1 1
[Qni]= f f (B*ZH,‘,‘,“@)C,,(n)+2H,‘£(f)c;(n)+ﬂ2Hm(f)c:"'(n>)Hn(é)q<n>d§dn (13)
0s 0
and
2
A=A (14

For convenience of the computational procedure, the force matrix F,,; is partitioned into three
sub-matrices, E,,j, Ry and K,,; such that

[Fonis] = 1* (1= ¥) Epng+ 22V B* Ry} + ¥ Koy (15)
where
Ei]=— f f ;(H,‘,‘,(é) C.(m+avp’H, (fa;(n)) NH/(¢&)C(mdédn (16)
Ron]= 2 f | ;(:— 1)@ O G in) g (17
and
(K] = — f f ;(H,\,i(f) C.(+avp’H, (fc;m)) H(&) G(m)dédn (18)

The sparsity of the Q,uj, Ennj, R and K,,,; matrices depends upon the assumed form of H(&)
and C(n). In the following sections two boundary conditions for the unloaded edges are inves-
tigated, rotationally free and clamped. The loaded edges are treated in both cases as simply
supported.

2.1. Rotationally free condition

The displacement functions H,(¢) and C,(7) need to satisfy the following conditions
H,(0)=H,,(1)=0, Hu(©0)=H(1)=0 (19)
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and
C.(0)=C,(1)=0, CLO)=C(1)=0 (20)
Choosing H,(£) and C,(n) of Eq. (10) as
H,(&)=sinmn), C,(M)=sin(n ) (21

and substituting Eq. (21) into Eq. (13), Q,.,; becomes

Q=4 (B m*+ 2mzn2+52n4)f J’] sin(mn &) sin(in ) sin(nrn) sin(jmrn)dédn (22)

a4 m?

where 8, is the kronecker delta defined as §,,=1 if m=i and zero otherwise. The E,,,; matrix
of Eq. (16) is given by

I 1
LE,.i]=(m*+ avB*n?) f j nsin(mn &) sin(iné) sin(nrn) sin(jrn)dédn (24)
0J 0
1
= §(m2+ avP’n®) 8,6, (25)
2 a s nj : :
——?(m +avpin )6,"[(—].5:72)—2 if n+j odd (26)
=0 elsewhere 27)
R,y 1s given by
1 1
[R,i]l=mn f f ( E— %) cos(mn &) sin(iné) cos(nn) sin(jrn)dédn (28)
0J 0
2 ij . . . .
= (mz—;’;’zyjz—nz) if m+i even, m#i, n+j odd (29
1 .
=37 o S i n4j odd (30)
=0 elsewere 3D

Finally, K,..; is given by

(K i} = (m*+ av Fn?) f f sin(fmr &) sin(in&) sin(nrn) sin( jrn)dédn (32)
= %(m2+ avBn?) 8,8, if m+i odd, n+j odd (33)
=0 elsewhere (34)

2.1.2. Computational procedure

The solution of the eigen-value defined by Eq. (12) requires the evaluation of five matrices
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each of order (mXn)X(iXj). To illustrate the propertics of these matrices that can be taken
into account in the computational procedure, consider a typical matrix [B], which may represent
any of Quij, Enjy Kony O R,,; partitioned, by fixing m and i/ and varying » and j into the
following system of sub-matrices

- b bt b=y bun bon t ban - = bt by bmnlm

by b ot bun by boiy 0 bun bz bz = by
bui bz bin by by 0 boms e bz booiz =0+ By
buwy buy by = T by buy ctr o buy T = boy bmay by T
- b1t byttt bioim b2z byt by - ~ Do byt *** bo2r -
b1122 b1222 o bun 172122 bzzzz ot b2n22 bm122 bm222 vt bmn22
bun byt bin by b+t bops e bmizs bz by (35)
[B]=

- biy byt by ™ T by bay by by byt by ™

by b+ b bai by bonit bmlil Dot bmm'l

bup buo * bun bun bno *** bup b bz by
buis bz bun bas buni *** bun e bmiz bwaiz *** by
bl]ij blZij ot blmj b21ij b221_‘/‘ vee b2m'j bmlij bm2ij v bmnij

Each of the sub-matrices is of order (nXj), (n and j=1, 2, ---, N). Note that n varies through
the columns and j through the rows. The matrix [B] can be written in compact from as

[Blnlj] [B2nlj] [B3nlj] e [anlj:l
[Banj] [BZnZJ] [ij] e [anzj]

B= [Bl.n}j] [B%:ﬂj] [B?:n3j:| [Bn.m3j:] (36)

[Blm'j] [any] [B3nij] ot [anij]

The evaluation of Q,..; and K.,.; requires only the computation of the diagonal terms of these
matrices, i.e., bii, biziz 13z, ***s by (for i=m and n=j), of the B matrix as shown schematically
in Fig. (3). It can be observed that the K,,; matrix is a function of  and a which are variable
parameters for each eigen-value problem. A convenient automation process is to first generate
a diagonal matrix with diagonal terms of 1/4. By inputting 8 and @, modification factors (m*+ av
n?) are calculated and multiplied by the associated entries. Because of the partitioning scheme
used, each sub-matrix will have a constant m and a variable n. For example, if =2, v=03
and @=0.5 the modification factors for {B),;, By, By} are {(1+0.6n?), (4+0.6 n?), (9+0.6 nd)},
respectively.
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Fig. 3 Property of Qm,; matrix. Fig. 4 Property of E,,; matrix.

The generation of E,,,; requires only the computation of the diagonal sub-matrices, By, B2y,
-+, B,,,; (for m=1i), shown by the shaded area in Fig. (4). The remaining sub-matrices are zero.
The matrix 1s also a function of B and a; therefore, a convenient way is to generate first a
“basic” sub-matrix, B’, containing the following entries

S,
(B"]=—%' 37)
2 nj o )
__P(_jf‘_‘—n—z)_z if n+j odd (38)

where the first and the second equations represent the diagonal and off diagonal entries, respecti-
vely, of the sub-matrix. Note also that the sub-matrix is symmetric about the diagonal. Because
of the partitioning scheme used, all the diagonal sub-matrices of the assembled basic matrix

[B"] are identical and need not be re-generated, ie.

(Bjroy o] - - - [o]
foj[saro] - - - fol
po-| W D10 - - ®

(o] fo] fo] - - - [B]
Then, for a given B an a, the modification factors (m*+ avpB’n®) are computed and multiplied
by the corresponding sub-matrix, as illustrated for the computation of the K,,; matrix.
A similar procedure can be followed to generate R,.; The basic sub-matrix, B® in this case
is given by

(B)=—2—TL—  if n+j odd (40)

=0 elsewere 41)
and the modification factors for the sub-matrices are

mi

2
-

MF'= 5 if m+i even, m#i 42)
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MF 22—‘1; it m=i 43)
The diagonal sub-matrices are all multiplied by a factor of 1/4 and sub-matrices of m+i=even

are multiplied by MF', ie.

MF?*[B"] [0] MF'[B’] - - - MF[B]
(0] MF*[B] (0] - - - MF[B]
MF'[B"] (0] MF[B"] - - - MF[B]

Rmnij = (44)

MF*[B’] MF‘[B’] MF[B’] - - - MF’B]
where MF* (k=1 or 2) depends upon the number of m and i chosen in the truncated series,
noting that, if m+i is odd, the sub-matrix is zero and does not need to be generated.

2.2. Clamped-clamped condition

The unloaded edges in this case need to satisfy the zero deflection and slope conditions;
C.(0=C,()=0, G, (0)=C,(1)=0 (45)

and the loaded edges satisfy the conditions given by Egs. (19). A set of displacement functions
that satisfy these conditions is assumed to be

H,(&)=sin(mn{), C,(n)=sin’(nmn) (46)
Substituting these functions into Eq. (13), the Q,.; matrix is given by
[anyJZN“j:) ;[ﬂ‘zm“sinz(nﬂn) sin’( jmn)—4n’m’*+2B’n*) cos2nmn) sin’ (n7n)]
sinmm &) sinin&)dédn @7
=B O+ P 20 ) 6, B @)

where 6, is given by

3

an: § 8nj 49)

_1 . . ,
=% if n#j (50)

The components of the force matrices, E,j, R and K,,.,; of Eq. (15) are obtained by substituting
Egs. (21) into (16)-(18)

1 1
LE pini ] :f f nLm?sin’(nn)—2avp*n*cos(2nrn)] sin?(jnn) sinGnr ) sin(iné) dédn (51

= %(m2 0,+ —é—azvﬂzn2 6,,}-) i (52)
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[Rmi]=m*mn f j (6— —;—) cos(mn &) sin(iné) sinRrn) sin(jrn)dédn (53)

=0 (54)

1 i
(K it :f J [m?sin®(nn)—2avp*ncosnmn)] sin’(jrn) sin(ma &) sin(in &) dédn (55)
0s 0

= %(mz 6,+ —é—avﬂzn%@i) S (56)
Combining Eqgs. (52, 54, 56), the force matrix F,,; becomes
4
(F i) = % (1+¥) (m2 6,+ %avﬂznz 5,,,.) Sni (57)

2.2.1. Computational procedure

In this case, the diagonal sub-matrices of Q,,; are the only non-zero ones. The diagonal
entrics of the sub-matrices are given by

_ 113 m* 2.2 402 .
b= 2[8 12 +m*n+2np for m=i, n=j (58)
and the off diagonal terms are given by
1 m .
bmnjz’zg ﬂz for m=i (59)

Since each sub-matrix contains a fixed m value, all the off diagonal terms of the sub-matrix
are equal and the off-diagonal terms are variable. If, for example, =2, B,,, is given by

w11 1
4 2 2 2
1 291 1 1
2 4 2 2
[BM].]: . . e e e e . (60)
ir i 1 . (3,, 2
> 7 3 <42n(1+2n)>

4
The force matrix, F,,; also possesses a similar property, being diagonal and having identical
off-diagonal terms in the sub-matrices. The diagonal terms of the matrix in this case are given

by

bmn[/:_gl_tﬂ[%mz..*_%avﬂznz] for m:i’ n:j (61)
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and the off-diagonal terms of the diagonal sub-matrices are given by
bug=1cm(1+¥)  for m=i ©)

Note that only the diagonal terms are functions of § and a. A convenient way to generate
the matrix is to generate a basic sub-matrix with diagonal terms equal to 1/4 and off-diagonal
terms equal to 1/16. For given values of 8 a and ¥, modification factors of m*(1+ ¥) for the
off-diagonal terms and (1+ ¥)0.735m?+0.5avB*n?) for the diagonal terms are computed and
pre-multiplied by the proper sub-matrix.

3. Numerical results

Computer programs were developed to investigate the buckling behaviour of the plate stress
gradient. In all cases Poission’s ratio was taken to be 1/3. The structure of the program for
the simply supported case is shown in Fig. (5) and the basic components are summarized as
follows;

(1) Input data are the plate aspect ratio (f) the initial values of the lateral restraint (a°),
the stress gradient coefficients (¥°) and their increments (I and L) and number of increments
(I and LL). If only one value of ¢ and ¥ need to be analyzed, ] and LL should be set equal
to L.

(2) Generate the diagonal entries of the Q,,; matrix.

(3) Generate the basic sub-matrices of Kumj, Enn; and R,,; of the force matrix.

(4) Compute the modification factors for the given B, ¢, and ¥ and pre-multiply them by
the corresponding sub-matrices in the assembled K,.; E..; and R,,; matrices.

(5) Solve the resulting eigen value problem to obtain the buckling load and its associated
mode.

(6) Increase a by the prescribed I increment I times.

(7) Go to step (4)

(8) Increase ¥ by the prescribed L increment LL times.

9) Go to step 4)

In the case of the clamped condition, the numerical algorithm is very similar; however, in
stage (2) the diagonal sub-matrices are generated for the Q,..; matrx, instead, and the load
sub-matrix is generated in one stage.

The programs were verified for the simply supported and clamped conditions for the free
in-plane translation (¢=0) condition. A comparison is made in Table 1 with the numerical
results available in Bulson 1967, Column Research Committee of Japan (1971). The upper part’
of the table compares the simply supported case with numerical values reported in Bulson (1976).
The lower part is a comparison of numerical values obtained for the clamped condition with
values available in Column Research Committee of Japan (1971). As can be seen they are both
in close agreement.

3.1. Simply supported condition

Results are presented for this boundary condition for three aspect ratios, =1, 2 and 3. Sixteen
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Read B, o7, ¥, I, L, I, LL
Generate Q,;

Generate Basic Submatrices
Y=¥+L

Compute Modification Factors

Eigen Problem Solver

o=0+]

Stop

Fig. 5 Flow chart of numerical algorithm.

terms of the series were chosen. For a fixed value of ¥, the initial value of a=0 was chosen
and an increment of 005 was selected to find the buckling load and the associated buckling
mode for the full range of a from 0-1. The increments in ¥ were variable for some aspect

ratios.
Fig. 6 shows the variation of the buckling load factor, K, with the lateral restraint coefficient,

a, for =1 and ¥=0, 02, 04, 08, 1. The plate buckles into single half-sine waves for all values
of stress gradient ¥. As can be observed, a pronounced reduction in the buckling coefficient,
K, results by increasing the lateral restraint coefficient, ¢, from 0 to 1. Typically, the K value,
for example, reduces by almost 27% from the free translation case, =0, to the fully restrained
situation, @=1, for ¥=0. Similar behaviour is observed for other values of ¥. For example,
a reduction by 26%, 25.5%, 25.6%, 25%, for ¥=02, 04, 08, 1, respectively, is attained when a
varies from 0 to 1.

Figs. 7 and 8 show the variation of K and a for other aspect ratios, =2 and 3. The solid
triangles represent the bimodal points. For =2, Fig. 7, the plate changes its buckling mode
from a full-sine wave to a half-sine wave at @=0.73. In Fig. 8, the buckling mode changes
from three half sine-waves to a full-sine wave at a~0.5. For these aspect ratios, the reduction
in the buckling load by changing a from 0 to 1 was within 39%~33%, showing the importance
of defining the in-plane boundary condition for the prediction of the buckling load of the plate.

Table 2 shows a comparison between the predictions of the buckling coefficient, K with the
German specification, DIN4114, Eq. (2), as presented by Gaylord, E. H and Gaylord, C.N. (1990),
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Table 1 Numerical verification of K for simply supported and
clamped conditions, for =0

a) Simply supported Condition

' 4 B Refs. [10, 16] Present
-1 25.6 255
—1/3 11 11.01

0 7.8 7.81
1/5 6.6 6.59
1/3 1 5.8 59

1 4 4
—1 24.1 24.1
—-1/3 115 11.48

0 84 8.37
1/5 1.5 71 7.11
1/3 6.1 6.3

b) Rotationally clamped condition
0.7 13.7 13.9
0 0.8 14.3 142
1 15 152
1 1 7.7 7.69
2 7 6.99

Fig. 6 Variation of K with a for simply supported condition, =1, ¥ is variable.

and the expression presented by Beedle (1991) and given by Eq. (3) for plate aspect ratio, f=4.
Noting that all these cases involve free translation, a=0. The fourth and fifth columns of the
table show the numerical predictions obtained from the present investigation for the free and
fully restrained condition, =0 and 1, respectively, for ¥=04, 0.6, 0.8. The quantity in the brackets
representing the number of half-sine waves in the buckling mode. As can be seen, the numerical
values for @=0, are in good agreements with the values of Gaylord, E. H. Gaylord, C. N. (1990),
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Fig. 8 Variation of K with a for simply supported condition, f=3, ¥ is variable.

Beedle (1991). The numerical values for a=1, on the other hand, is less by 34% for ¥=04,
by 33.3% for ¥=0.6 and by 33.1% for ¥=0.3. The predicted buckling modes also differ indicating
that these code expressions are valid only in the case of free edge translation. They seriously
overestimate the buckling load if the plate in restrained against this motion.

3.2. Clamped-clamped condition

The variation of buckling coefficient, K with lateral restraint coefficient, ¢ and =1, 3, §

under various stress
For =1, Fig. 9, the

gradients ¥ for the clamped condition are shown in Figs. 9,10 and 11.
buckling mode changes from a full-sine wave to a half-sine wave at «

0.35 for all ¥. The average decrease in K by increasing a from 0 to 1 is about 20%. For =3,
Fig. 10, the plate buckling mode changes from m=35 to m=4 at @=~0.07 and the average reduction
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Table 2 Comparison of K for free translation and fully restrained

condition
¥ DIN 4114 Beedle Numerical Numerical
(1990) (1991) (a=0) (a=1)

04 5.6 5.68 571 375
@ @ 4 “4)

0.6 494 499 5 333
@ @ @ (2)

0.8 442 444 444 297
@ O 4 )

1 4 4 4 2.7
“) 4 @ )

4 I} b [ 1 -

Fig. 9 Variation of K with a for clamped condition, f=1, ¥ is variable.

in K is about 18%. For =5, Fig. 11, the changes in the buckling mode is from four sine
waves to seven half-sine waves at @x094. The average reduction in K is about 17.5%.

3.3. Partially restrained against rotation boundary condition

The previous sections showed the influence of lateral restraints for the limiting conditions
of plates simply supported and clamped boundaries. In this section, the investigation is extended
to show the influence of this restraint for the general case of unloaded edges partially restrained
against rotation. Introducing I' as the rotational restraint coefficient that varies from 0 (simply
supported condition) to co (rotationally clamped condition), the variable parameters now are
the stress gradient coefficient (¥), strategy for the graphical presentation, is to fix f and ¥
and show the variation of the buckling coefficient, K, versus I, and various lateral restraints,
a. To illustrate this effect, a schematic is shown in Fig. 12. Usually by increasing I, the change
of the buckling mode, if it happens, is upward, ie., from mode (i) to ((+1) to (G+2) - etc.
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Fig. 11 Variation of K with a for clamped condition, f=5, ¥ is variable.

To maintain clarity of the curves, only the active part of the mode will be shown and will
have the same legend, i.e., the solid part of the schematic curve of Fig. 12. Also, the intersection
between the modes, ie., the bimodal points, will be denoted by solid triangles as shown in
the figure.

Fig. 13 shown the variation of the buckling coefficient, K, with the rotational restraint coefficient
(I'), for =1, ¥=02 and various degrees of lateral restraint (=0, 04, 0.8 and 1). The number
in the brackets denotes the number of half-sine waves in the buckling mode. For free in-plane
motion, (i.e., the solid curve), the plate buckles into a single half-sine wave for the pinned condition
(I'=0). Increasing I results in a rapid increase in the initial value of K. The plate buckling
mode then changes to a full-sine wave at I'~23. Beyond this value, the rate of increase gradually
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Fig. 12 Schematic of typical K-I' curve for plate under stress gradient.
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Fig. 13 Variation of K with I, for partially restrained against rotation condition,
B=1, ¥ =02, a is variable.

diminishes as K becomes asymptotic to the clamped condition at K=129. For the laterally
restrained conditions, ie., a#0, the K-I" curves possess similar characteristics, (i.e., much of the
increase in K occurs at the start of the curve). However, the magnitude of K decreases by increasing
the lateral restrain intensity, @ This decrease can be measured by drawing a vertical line from
a fixed value of I' The intersection of this decrease can be measured by drawing a vertical
line from a fixed value of I' The intersection of this line with each curve gives the value of
K for the given lateral restraint value. Note also that for this particular aspect ratio, unlike
the free in-plane motion, a=0, where the buckling mode changes from a half to a full sine
wave, the plate maintains the half-sine wave buckling mode throughout the transition from
pinned to clamped for all values of a#0.

Fig. 14 shows the K-I" curves for a larger aspect ratio, =5, ¥=08 and =006 and 1.
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B=1,¥=0.2

Fig. 14 Variation of K with I for partially restrained against rotation condition, f=5, ¥=08, a is
variable.

The numbers in the brackets above each curve represent the active buckling mode changes
throughout the entire range of pinned to clamped edges, (ie., I'=0—>c). For example, for the
free translation case (@=0), the plate buckles into five half-sine waves when it is pinned; the
bucking mode then changes to three sine waves, or six half-sine waves when it is pinned; the
buckling mode then changes to three sine waves, or six half-sine waves, at I'~1.2, to seven
half-sine waves at I'~8 and finally to four sine-waves at I'~¥140 and maintains this buckling
mode to the clamped condition. The solid triangles on the arrows indicate that a change in
the buckling mode occurs at values of I' larger than 120. For the laterally restrained condition,
beside the decrease in the K values, the initial and final buckling modes are different; for a=0.6
the buckling mode changes from four to seven half-sine waves and for a=1 from three to
six half-sine waves. To give insight to the reduction in the buckling load and mode, if I is
fixed at 10, the K value and number of half-sine waves for g=0 are 629 and 7, respectively,
for a=0.6 are 5.53 and 6, and for a=1 are 49 and 5. Note also the that the buckling modes
change in the early stages of the K-I" curve. This rapid change of the buckling mode was also
observed for other cases studied as the plate aspect ratio increased.

4. Conclusions

The usual prediction of the buckling loads and associated buckling modes for plates under
combined compression and in-plane bending ignores the lateral restraint imposed by the attached
elements, (e.g. flange of I-section, web of box or channel section, -*- etc.). As a result of this
restraint, however, a set of interactive forces come into play that destabilizes the plate resulting
in a lower buckling load and possibly a different mode over the case of free edge translation.
The normal forces, in this case, N,, very linearly in the transverse direction equal awN; along
the heavily loaded edge and av¥N, along the other. The difference in these forces is equilibrated
by uniform shears, acting along the loaded edges, each of magnitude
0.5avB(1— ¥)N,. The shear forces along the unloaded edges, on the other hand, varies linearly
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and is of magnitude —avA1— ¥)E—0.5)N,. These forces are functions of the lateral restraints
coefficient (@) which describes the freedom of the unloaded edges to move laterally and varies
from 0 to 1, the stress gradient coefficient, ¥, which causes the imbalance in the normal forces,
N,, and the plate aspect and Poisson’s ratios. If the plate is considered as free to move, as
if there were no attached restraints to this movement, the lateral coefficient equals zero and
all these forces disappear. If the plate is in uniform compression, ie., ¥=1, all the shear forces
disappear and the plate is under bi=axial compression.

The paper has investigated the influence of the lateral restraint on the buckling behaviour
of non-uniformly compressed plates. The Galerkin method was used to perform the analysis.
While the loaded edges were treated as simply supported, three boundary conditions for the
unloaded edges were analyzed, simply supported, clamped and partially restrained against rotation.
The numerical implementation was illustrated and various automation strategies, based on the
properties of the resulting matrices, were suggested to economize on computation. Results were
presented showing the variation of the buckling load and the associated buckling mode for
the full range of lateral restraint, @ from edges free to move, =0, to fully restrained edges,
a=1, for various plate aspect ratios and stress gradient coefficients. The investigation showed
the importance of defining the in-plane boundary condition in the buckling analysis of plates
under this type of loading. A reduction up to 39% was obtained in some cases by changing
the in-plane boundary condition from free to translate to fully restrained. Moreover, the buckling
mode, which is an important quantity in estimating the pose-buckling reserve, was also changed.
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Notations

a length of the plate

A cross sectional area of the stiffeners
B typical (mXn)X(#X;) matrix

Donnij entries of the B matrix

width of the plate

torsional rigidity of the stifteners

plate bending rigidity per unit width, =Er/12 (1—v?)
elastic modulus

2 (E) Ca(M) displacement functions

TEmobas

Fomijy Enmmiy Romis Ky 1oad matrices
K buckling coefficient
m number of half waves in the longitudinal direction

MF', MF? modification factors

compressive forces per unit length in the x direction
thickness of the plate

plate aspect ratio

torsional restraint coefficient

non-dimensional width, =y/b

SN T2
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v Possion ratio
& non-dimensional length, =x/g; and
b 4 stress gradient coefficient
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