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Abstract. As a new type of vibration reduction, the ladder track system has been successfully used in
engineering. In this paper, a numerical model of the train-track-viaduct system is established to study the
dynamic responses of an elevated bridge with ladder track. The system is composed of a vehicle submodel, a
track submodel and a bridge submodel, with the measured track irregularities as the system self-excitation.
The whole time histories of a train running through an elevated bridge with 3x27m continuous PC box girders
are simulated. The dynamic responses of the bridge such as deflections, lateral and vertical accelerations, and
the vehicle responses such as derailment factors, offload factors and car-body accelerations are calculated.
The calculated results are partly validated through the comparison with the experimental data. Compared to
the common slab track, adapting the ladder sleeper can effectively reduce the accelerations of the bridge
girder, and also reduce the car-body accelerations and offload factors of the train vehicle.
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1. Introduction

The emergence and development of elevated rail transit has delivered us a rapid and convenient
traffic medium, while at the same time caused some new problems. Since the elevated rail transit
systems run in urban regions, and often through city downtowns and residential areas, they may
induce serious environmental vibrations and noises (Takemiya and Bian 2007, Lombaert and
Degrande 2009). In recent years, the consideration of the environmental influences of traffic-borne
vibrations becomes more and more important in designing and planning traffic systems (Xia et al.
2007). Problems concerning the vibration influence of elevated railway and rail transit system on the
environment have been considered by Chen et al. (2007), Andersen et al. (2007), Ju and Lin (2008),
He et al. (2010), Kawatani et al. (2010), Yang and Yau (2011).

The dynamic behavior of railway bridges subjected to moving trainloads is one of the important
problems in bridge design and maintenance. Fundamental theories for the dynamics of bridge
structures under moving trains have been developed by a number of researchers, such as the
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analytical solutions by Fryba (1999), Yau and Fryba (2007), Xia et al. (2011), and the stochastic
solutions by Li and Zhu (2010). Numerical models of coupled train-bridge dynamic systems
together with experimental validations and engineering applications in high-speed railways and
elevated urban rail transits have been studied by Tanabe et al. (2003), Yang and Lin (2005), Wang et
al. (2010), Martinez-Rodrigo (2010), Yang et al. (2010), Au et al. (2011), Shih et al. (2011), Romero
et al. (2012), Rezvani et al. (2013), Guo et al. (2013), Zhai et al. (2013a, b) among others. Based on
these studies, the vertical and lateral dynamic responses of bridge structures, and the safety and
stability of train vehicles during transit, have been studied and many useful results were obtained
and reported. However, most of the studies were carried out for structures with common tracks,
whereas little research has been done for structures with vibration mitigation tracks.

Many kinds of reduction measures have been studied for railway tracks in China and abroad,
such as the floating slab track (Hussein etal. 2006, Hui and Ng 2009), the ballast mats (Alves Costa
et al. 2012), the isolated track (Guigou-Carter et al. 2006, Auersch 2008), the tuned mass dampers
(Wang et al. 2003), and others (Xin and Gao 2011, Galvin etal. 2010). The effects of these isolation
measures have been studied by theoretical analysis, numerical calculations and field experiments.
The ladder track, as a new reduction track which has been used in Japan and America, is one of them
(Wakui and Matsumoto 2002, Tahira and Miyahara 2003). Several theoretical analyses and
engineering applications proved that the ladder track system, with properties of light-weight,
sufficient and effective elasticity, low maintenance and low cost, is an ideal track system that can
effectively reduce vibration and noise of the track while keeping good train running safety and
stability (Wakui etal. 2002, Okuda et al. 2003, Xia etal. 2010).

In this paper, a dynamic analysis model is developed for the coupled train, ladder track and
elevated bridge system, based on the authors’ previous work (Xia et al. 2010, 2011). The
train-track-bridge model is composed of the vehicle submodel with each 2-bogie 4-axle vehicle
27-DOFs, the ladder track submodel with rails, fasteners, ladder sleeper and elastic isolators, and the
bridge submodel with girders, piers and foundations. By applying the measured track irregularities
as the self-excitations for the train-track-bridge system, the equations of motion are established and
a computer code is developed. The proposed framework is then applied to a real elevated bridge with
3x27 m continuous PC girders. The full time histories of the train traversing the bridge are
simulated, from which the dynamic responses of the vehicle, the ladder track and the bridge are
obtained and discussed.

2. Elastically-supported ladder track system

The Elastically-supported ladder track is a new type of low-noise and low-vibration track system,
which consists of ladder sleepers, L-shaped reinforced concrete bases, resilient isolators and buffer
pads made of polyurethane damping materials. The ladder sleeper, as shown in Fig. 1, is a
ladder-shaped structure consisting of twin longitudinal PC beams and transverse steel-pipe
connectors. The transverse steel-pipe connectors are rigidly connected with the longitudinal beams,
which ensure the required track-gauge.

The ladder sleeper is supported through the resilient isolators and the transverse buffer-pads by
the L-shaped RC bases to reduce the vibration spreading on the bridge girder and to mitigate the
structure noise, as shown in Fig. 2. The transverse buffer-pads are also meant for keeping the
transverse stability of the sleeper. The longitudinal forces of the sleeper are resisted by the slots on
the vertical arms of the L-shaped RC bases, through the convex stoppers on the longitudinal beams
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Fig. 1 Ladder sleeper with longitudinal PC beams and steel-pipe connectors
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Fig. 2 Formation of the elastically-supported ladder track system
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Fig. 3 The trial section of elevated bridge with ladder track on Metro Line 5 in Beijing

and longitudinal buffer-pads, to prevent the sleepers from creeping. The longitudinal PC beams can
be regarded as the secondary longitudinal beams in addition to the rails, thus the rails together with
the longitudinal PC beams are bearing the train load, so forming a composite track with high
stiffness, and thus increasing the performance of load dispersion (Deng et al. 2007).

The ladder track system has been successfully used in several subways and elevated bridges in
Japan and has been installed in trial sections in America. In China, a ladder track trial section with a
full length of 171 m has been established on the elevated bridge of the Beijing Metro Line 5. The
trial section crosses two straight lined continuous PC box girders, with a 3x30m span and a 3x27m
span, as shown in Fig. 3. On the bridge, the down-line (to the Taipingzhuang North Station) adopts
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Fig. 5 The train-ladder track-bridge system model

the common slab track, and the up-line (to the Taipingzhuang Station) adopts the ladder track, as
shown in Fig. 4.

3. Dynamic analysis model of coupled train-ladder track-bridge system

The dynamic model for the train-track-bridge interaction is a system composed of the train
submodel, the ladder track submodel and the bridge submodel, as shown in Fig. 5 (left). In the track
model, the stiffness and damping of rail-pad are modeled by springs k, and dampers c,, and the
buffer-pad and isolators of the ladder sleepers by ks and dampers cs, with the subscripts v and h
representing the vertical and lateral direction, respectively, as shown in Fig. 5 (right). The track
irregularities are considered as the internal self-excitation for the system.

3.1 Vehicle model
The vehicle model is a train composed of a series of cars. Each car is a multi-DOF

(Degree-of-Freedom) vibration system composed of car-body, bogies and wheel-sets. Each car-body
or bogie considers five DOFs of lateral, rolling, yawing, floating and pitching movements, and each



Dynamic analysis of coupled train - ladder track - elevated bridge system 665

Nv i 1

o——x — =

( O OO OO |

dx T WL
Fsvi 'Fsv2  Fsv3 Fsvk Fsv(k+1) FsyN

l vaij

Fwhij
—

J Fshk
FSV

Fig. 6 Forces acting on the rail

wheel-set considers three DOFs of lateral, rolling and floating. For a rail transit car with two bogies
and four wheel-sets, there are 27 DOFs considered in the calculation.
The dynamic equations of the vehicle system can be expressed in matrix form as

M, X,+C X, +K X, =F, €))

where M,, C, and K, are the mass, damping and stiffness matrices, X, is the displacement vector,
and F, the force vector acting on the train vehicles, respectively. Details of the vehicle model can be
found in Xia et al. (2011).

3.2 Track model

For the ladder track system consisting of rails, fasteners, ladder sleeper and transverse
connectors, the vibration model of the system is composed of the rail on which the train moves and
the ladder sleeper with a large mass. The dynamic equations of the track system can be expressed in
matrix form as

Mtxt +Ctxt+Ktxt:Ft 2

where M,, C,and K are the mass, damping and stiffness matrices, X; is the displacement vector, and
F. the force vector acting on the track system, respectively.

3.2.1 Rails

The real rail is supported on sleepers via rail-pads, which is modeled as an Euler beam with
infinite length discretely supported by springs and dampers. Suppose there are N, cars moving along
the rail with a speed V, the forces acting on the rail is illustrated in Fig. 6, where o-x represents the
rail coordinate, and o'-x' the moving coordinate of the cars.

For the rail, owing to its small cross section, only the vertical and lateral movements Z, and Y, are
considered, as shown in Fig. 6. The motion equations of them can be expressed as
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Fig. 7 Forces acting on a ladder sleeper element
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where El,y and El,, are, respectively, the vertical and lateral bending stiffnesses, m, is the mass per
unit length, and c; is the damping coefficient of the rail; N= NgxN,, Ns is the number of ladder
sleepers considered, N, is the number of rail-pads on each ladder sleeper; Fuyij and Fyuij are,
respectively, the vertical and lateral forces acting on the rail by the j-th wheel-set of the i-th car; and
Foxand Fqy are, respectively, the vertical and lateral forces reacting on the rail of the k-th rail-pad.

3.2.2 Ladder sleeper

According to its isolation principle, the ladder track belongs to two-level-isolation system: the
rubber rail pad (elastic fastener) isolation between the sleeper beam and the rail, and the resilient
isolator between the sleeper beam and the L-shaped base. In the analysis model, both the rubber pad
and the resilient isolator are regarded as spring-damper elements. For the ladder sleeper, the two
longitudinal PC beams are modeled as Euler beams in the vertical plane, while in the lateral
direction the twin longitudinal PC beams and the transverse steel connectors form a frame.

Illustrated in Fig. 7 are the forces acting on the ladder sleeper. In the figure, F.x and F are,
respectively, the vertical and lateral forces of the k-th fastener rubber pad on each longitudinal beam
caused by the relative displacement between the rail and the sleeper. F,, and Fy, are, respectively,
the vertical and lateral forces of the I-th resilient isolator on each longitudinal beam caused by the
relative displacement between the sleeper and the base (bridge deck). Fyy, is the resistance of the
m-th transverse buffer-pad caused by the lateral relative displacement between the sleeper and the
base (bridge deck).

The degrees-of-freedoms considered for the i-th ladder sleeper are the vertical movements of the
two longitudinal beams Z&5 and Z %, the lateral movement Y and the yawing movement ¢; of the

whole sleeper frame. Thus, the motion equations of the i-th ladder sleeper can be written as

O'ZE(XN) |, o P25 | FZE(XY)
S

E.l
ox* N & oot

S

ZuFrvké‘(x_xik)_zdevlé‘(x_Xil) (5)
k=1 1=1
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(6)

(7

(8)

where M, Js and I are, respectively, the mass, yawing moment of inertia and length of each ladder
sleeper; N, Ny and Ny, are, respectively, the numbers of rubber pads, resilient isolators and transverse

buffer-pad on each ladder sleeper.

3.3 Bridge model

Illustrated in Fig. 8 are the forces acting on the bridge girder induced by the moving train

vehicles. No external forces are considered.

In the figure, Fg; and Fpi represent, respectively, the vertical and lateral forces from the I-th
isolator of the i-th sleeper on the bridge girder, which are opposite to Fy and Fyy. They are

expressed as follows

E @ _

=Ko [ Z8 06,0 = Zy Ot V) + €+ 00)6, [+ € | Z8 01, ) = Zy (X 1) + (6 + )6, | (92)

R =Ko [ 28 06, 0) = Z, (i 1) + (€ =08, [+, [ 287061, 0) = 2y (ki D) + (€= )6, | (9b)
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where k, and c,, are the stiffness and damping coefficients of girder bearing, ks and c; are the stiffness
and damping coefficients of buffer pad under ladder sleeper, with subscripts v and h representing the
vertical and lateral direction, respectively. The other symbols can be found in the figure.

The motion equations of the bridge girder can be expressed as

0z (xb,t) 0%z (xb,t) azb(xb,t)

El
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Fig. 9 Power spectra of measured vertical (left) and alignment (right) rail irregularities of ladder track

where El,, El, and GK are, respectively, the vertical, lateral and rotational stiffnesses of the girder;
m, and Jy, are, respectively, the mass and rotational mass moment of inertia per unit length of the
girder; c, is the damping coefficient of the girder; N, is the number of piers. The other symbols can
be found in the figure.

The dynamic equations of the bridge can be expressed in matrix form as

M, X, +C, X, +K X, =F, (16)
where My, and K, are the mass and stiffness matrices, X, is the displacement vector, and Fy, the force

vector acting on the bridge, respectively. C, is damping matrix of the bridge structure, which is
determined with Rayleigh’s damping as follows (Clough and Penzien 1993)

C=aM+ pK an

where, o and £ are coefficients for the mass matrix and stiffness matrix, respectively. When any two
natural frequencies f; and f, are known, the two coefficients can be calculated by

2 2
a=4n ‘);:l fl 1;22 ié.:fZZfl fZ ; ﬂ:% é:foZZ __ flzfl (18)
2 1 2 1

where, & and & are damping ratios related to the two natural frequencies, which are often taken a
same value in practice, namely, &=¢,.

3.4 Track irregularities

Track irregularities refer to the deviations of the rails that support and guide the wheels from the
ideal rails of perfect geometry. These irregularities are regarded as one of the main self-excitations
of the interacting train-track system. A measurement was performed on the track irregularities of the
ladder track and the slab track at the trial section of the Beijing Metro Line 5. The lateral and vertical
track irregularities of the rails on the ladder track were measured with theodolite and level
instruments, from which the vertical, alignment, rotational and gauge irregularities were obtained.

Shown in Fig. 9 are the power spectra of the vertical and alignment rail irregularities of the ladder
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track. One can see that the shorter the wavelength is, the smaller the amplitude will be. Besides, the
peaks in the power spectra show that there are many periodic wave components in the observed
random track irregularities of this section.

3.5 Dynamic equilibrium equations for the train-track-bridge system
By combining the vehicle subsystem Eq. (1), the track subsystem Eq. (2) and the bridge

subsystem Eqg. (16), the dynamic equations of motion for the coupled train-track-bridge system can
be obtained and expressed as

M, 0 o07X%,]Tc, c 07X K, K, 07X, [F, R
0 M, O Xt +1Cy Cu Cy Xt + Ky Ky Ky || X 5| Ry +F [+ R | (29)
0 0 M, X, 0 Cy Cu | X, 0 Ky Kyl X, Fot R

where: M, C and K are the mass, damping and stiffness matrices, respectively; X is the displacement
vector; F is the force vector. The subscripts v, t and b represent the train, track and bridge, vt and tv
represent the interaction between the train and the track, and bt and tb between the track and the
bridge, respectively. The vector [F:,F°,F 1" represents the external forces acting on the train, track
and bridge, respectively.

In the analysis, the track and bridge models can be established by ANSYS or other software,
which are combined with the train model developed by the authors (Xia et al. 2011).

When the train runs on the bridge, the positions of the interacting forces between the bridge, track
and train vehicles are always changing, which makes Eq. (16) become a second-order linear
nonhomogeneous differential equations with time-varying coefficients. In this study, these equations
are solved using the Newmark implicit step-by-step integral algorithm with $=1/4. Based on the
formulation derived above, a computer code is written for the train-track-bridge system, which is
used in the next case study.

4. Case study

4.1 Parameters

The case study on the dynamic responses of train-track-bridge system concerns a 3x27m
elevated continuous bridge with ladder tracks. The bridge locates on the ladder track trial section of

the Beijing Metro Line 5, as shown in Fig. 3. The bridge spans are PC box girders with uniform
depth. The cross section and the main dimensions of the girder are shown in Fig. 10.

10m

‘ 0.25m ‘
£
~ &‘% /
—
0.3m ﬁ—/
| 3.6m |

Fig. 10 Cross-section of the continuous PC box girder
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Table 1 Main design parameters of the ladder track

Parameter Resilient isolator  Transverse buffer-pad  Longitudinal buffer-pad
Stiffness /(MN/m) 17.8 425 25
Damping coefficient /(kNs/m) 60 80 80

Table 2 Main parameters of train vehicle.

Parameter Value Parameter Value

Full length of vehicle L /m 225 Mass moment of inertia of Jeo 155

Distance between two bogies 2s /m 15.6 2 J 1959
car-body /(t-m ce

Wheel-base 2d /m 25 y/(tm) J., 1875

Mass of car body m, /t 40.99 N . Jio 5.07

Mass of bogie m; /t 4.36 Mass momen/t(tci ir:%ertla of bogie Jio 1.47

Mass of wheel-set m,, /t 177 Jiy 3.43

Suspension stiffness of Vertical 2976 Mass moment of mezrtla of Jw 0.92

rimary spring /(kN/m) wheel-set /(t-m’)

primary spring Lateral 20000 h 0.98

Suspension stiffness of Vertical 1060 Vertical distance /m h, 0.36

secondary spring /(KN/m)  Lateral 460 (Ref. Fig. 5) hs 0.07

Damping coefficient of Vertical 15 hy 1.25

primary dashpot /(kN.s/m) _ Lateral 15 Transverse distance /m a 0.98

Damping coefficient of Vertical 30 (Ref. Fig. 5) b 1.12

secondary dashpot /(kN.s/m)  Lateral 30 e e 2.05

The substructure of the bridge includes the concrete solid piers with rectangular section and the
concrete pile foundations. The piers are 6.4 m high, and neoprene bearings are mounted on the piers
to support the spans.

For the ladder track on the bridge, the main dimensions are shown in Fig. 11. The length of each
track unit is 6.25 m long, and the mass is 2800 kg. The width of the longitudinal PC beam is 580 mm
and the height is 165 mm. The thickness of the L-shaped RC base is 90 mm. The stiffnesses and the
damping coefficients of the resilient isolators and buffer pads are listed in Table 1. During the design
of the ladder track on the elevated bridge in Beijing Meitro Line 5, these dominant factors were
determined via optimization by theoretical analysis and lab test (Deng et al. 2007).

The train consists of six vehicles, with the total length of 135 m. Each vehicle has two bogies and
four axles, with the axle-weight of 132 kN, and the natural frequencies 1.04 Hz in vertical and 0.68
Hz in lateral. The other main parameters of the train vehicle are listed in Table 2.
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Fig. 13 Vertical (left) and lateral (right) acceleration time histories of bridge deck at side span

4.2 Calculation results

The ANSY'S software was used in establishing the finite element model of the bridge, with the
girders and piers being discretized by using beam elements, and the secondary loads (including
track, baluster, and other facilities on the deck) of the bridge distributed on the girders as a
supplementary mass.

In this analysis, the damping ratio of the bridge structure is assumed be 2%, and the two lowest
natural frequencies are 4.64 Hz and 5.82 Hz, respectively, thus the Rayleigh’s damping coefficients
are calculated by Eq. (18) as « =0.6489 and /=6.091x 10,

According to the design train speed for the ladder track trial section of the Beijing Metro Line 5,
the dynamic responses of the train-track-bridge system are calculated with the train speed range of
40-100 km/h. The integration time step is taken as 0.001s.

4.2.1 Responses of elevated bridge

Shown in Fig. 12 are the time histories of the vertical mid-span displacements of the bridge at the
side span and the middle span, when the train runs on the bridge at 80 km/h. It can be seen that the
vertical dynamic displacements are similar to the static influence line under a running train, and that
the maximum deflections are, respectively, 1.75 mm for the side span and 1.02 mm for the middle
span. This shows that the vertical deflection of the bridge under the train is mainly induced by the
gravity loading of the moving train vehicles.

Shown in Fig. 13 are the vertical and lateral mid-span acceleration time histories of the bridge
deck at the side span, when the train runs on the bridge at 80 km/h. It can be seen that the vertical



Dynamic analysis of coupled train - ladder track - elevated bridge system 673

250 150
ié 150 Sleeper Ng 100 Sleeper
< S 50
5 % s o
g S0y € 50 |
g -150 g -100 }
250 - - - - < 150

0 2 4 6 8 10 0 2 4 6 8 10
Time /s Time /s
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acceleration of the bridge is bigger than the lateral one: the maximum vertical and lateral
accelerations of the bridge are, respectively, 23.2 cm/s® and 45.06 cm/s?.

Shown in Fig. 14 are the acceleration histories of the sleeper at the mid-span position of the
bridge. Compared to Fig. 13, one can find that the sleeper vibrates much more intensively than the
bridge girder, showing a very good vibration mitigation effect.

Shown in Fig. 15 are the maximum vertical acceleration levels at the side span, when the train
runs on the bridge at 40 to 80 km/h, in which the scattered symbols * and o represent, respectively,
the maximum acceleration levels at the ladder sleeper and the bridge deck measured at the elevated
bridge on the Beijing Metro Line 5 (Xia et al. 2010). The acceleration levels at the bridge deck are
25 dB to 35 dB lower than the ones at the sleeper.

To further demonstrate the vibration mitigating effect of ladder track, the maximum acceleration
levels of the bridge deck when the train runs on the ladder track and the common slab track at speeds
of 40 km/h to 100 km/h are calculated, as shown in Fig. 16. In the figure, the scattered symbols o and
+ represent, respectively, the maximum acceleration levels of the bridge deck measured at the
elevated bridge on the Beijing Metro Line 5 when the train runs on the ladder track and the common
slab track (Xia et al. 2010). The results show that within the train speed range of 40 to 100 km/h, the
maximum acceleration levels of the bridge deck increase with the train speed. When the train runs
on the ladder track, the acceleration levels of the bridge deck are 6 to 10 dB lower than the train on
the common slab track, showing the good vibration mitigating property of the ladder track.
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Fig. 18 Time histories of vehicle off-load factor (left) and derailment factor (right)

ladder track (departing from the station) and 50 km/h on the common slab track (arriving to the
station). Both Figs. 15 and 16 show a good accordance between the calculated acceleration levels
and the measured data.

4.2.2 Responses of train vehicles

Shown in Fig. 17 are the time histories of the vehicle car-body accelerations when the train runs
on the bridge at a speed of 80 km/h. It can be found that the vertical car-body acceleration is slightly

larger than the lateral one, and has a higher frequency. The maximum accelerations are, respectively,

24.59 c¢m/s?in vertical direction and 17.88 cm/s? in lateral, which are well below the allowable

values related to human comfort.
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There are two important evaluation indices considered for the running safety of train vehicles,
which are the derailment factor Q/P (defined as the ratio of the lateral wheel-rail force to the vertical
wheel-rail force) and the offload factor AP/P (defined as the ratio of the offload vertical wheel-rail
force to the static vertical wheel-rail force). Fig. 18 shows the time histories of these two indices of
a vehicle as the train runs on the ladder track of the bridge, in which the maximum offload factor is
0.45 and the maximum derailment factor is 0.493.

Shown in Figs. 19 and 20 are, respectively, the distributions of the maximum vehicle car-body
accelerations, offload factors and derailment factors versus the train speed. It should be noticed that
the maximum values are extracted form the corresponding whole histories of the train running
through the bridge at each train speed, and normally they do not always appear at the same moment.
The results show that within the train speed range of 40 to 100 km/h, the dynamic responses of train
vehicles can satisfy the running safety and stability requirements. The car-body accelerations and
the offload factors of the vehicle running on the ladder track are smaller than on the slab track, and
the derailment factors are very similar to the ones of the slab track.

5. Conclusions

A framework for performing dynamic analysis of the coupled train, ladder-track and bridge
system has been established and applied to an elevated bridge as a case study. The full time histories
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of the dynamic responses for the bridge, track and train traversing the bridge have been computed
with reasonable computational effort, from which the following conclusions can be drawn:

» The analysis model of train-track-bridge system can well simulate the dynamic responses of the
train, ladder track and bridge, which are verified partly with the field measurement results. The
proposed method is able to assess the dynamic behavior of bridges with ladder tracks and the
running vehicles.

* The calculated results and the measured data show that for the bridge with ladder track, the
sleeper vibrates much more intensively than the bridge girder, the acceleration levels at the deck are
25 dB to 35 dB lower than the ones at the sleeper, showing a very good vibration mitigation effect.

» Owing to the elasticity and damping effects of the resilient isolators and the transverse
buffer-pads, and the good load dispersion performance of the longitudinal beams, the ladder track
can effectively reduce the impact of the train loads on the bridge girder.

 The calculated results show that compared to the common slab track, adopting the ladder
sleeper can also reduce the car-body accelerations and offload factors of the vehicle.
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