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Abstract.   In order to identify damage of highway bridges rapidly, a method for damage identification 
using dynamic response of bridge induced by moving vehicle and static test data is proposed. To locate 
damage of the structure, displacement energy damage index defined from the energy of the displacement 
response time history is adopted as the indicator. The displacement response time histories of bridge 
structure are obtained from simulation of vehicle-bridge coupled vibration analysis. The vehicle model is 
considered as a four-degree-of-freedom system, and the vibration equations of the vehicle model are 
deduced based on the D’Alembert principle. Finite element method is used to discretize bridge and finite 
element model is set up. According to the condition of displacement and force compatibility between vehicle 
and bridge, the vibration equations of the vehicle and bridge models are coupled. A Newmark-β algorithm 
based professional procedure VBAP is developed in MATLAB, and used to analyze the vehicle-bridge 
system coupled vibration. After damage is located by employing the displacement energy damage index, the 
damage extent is estimated through the least-square-method based model updating using static test data. At 
last, taking one simply supported bridge as an illustrative example, some damage scenarios are identified 
using the proposed damage identification methodology. The results indicate that the proposed method is 
efficient for damage localization and damage extent estimation. 
 

Keywords:   bridge; analysis of vehicle-bridge coupled vibration; static test; damage identification; energy 
index 
 
 
1. Introduction 
 

In recent years, there has been increasing interest in methods for predicting and estimating the 
location and extent of damage in bridge structures. Generally, the existing approaches proposed in 
this field are classified as two major categories, i.e., the dynamic identification methods using 
dynamic test data and the static identification methods using static test data. Dynamic 
identification methods due to its non-destructive nature, continuous monitoring, digital processing 
and other advantages are gaining more attention of scholars. Various dynamic damage 
identification methods have been proposed by utilizing parameters as natural frequencies (Salawu 
1997, Roy et al. 2006, Mehrjoo et al. 2008), mode shapes (Roy et al. 2006, Mehrjoo et al. 2008), 
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modal damping (Curadelli et al. 2008), curvature mode shapes (Li 2010), and modal strain 
energies ( Li 2010, Lee et al. 2006, Hu et al. 2011) , etc. 

To avoid the false positives of damages in the deterministic identification method induced by 
uncertainties in measurement noise, Zhang et al. (2011) proposed a probabilistic method to 
identify damages of the structures with uncertainties under unknown input. The proposed 
probabilistic method is developed from a deterministic simultaneous identification method of 
structural physical parameters and input based on dynamic response sensitivity. A procedure for 
damage detection has been outlined using modal-based approach in finite element framework in 
reference (Dutta et al. 2004). A damage detection strategy based on the energy of acceleration 
response is proposed based on the relationship between the frequency response functions (FRFs) 
of acceleration responses and mode shapes (Xu et al. 2007). Kim et al. (2008) proposed a 
methodology for damage identification based on a time domain approach, considering the coupled 
vibration between a bridge and a moving vehicle, including the effect of roadway surface 
roughness. A damage identification approach using train-induced responses and sensitivity 
analysis is proposed for the non-destructive evaluation of railway bridges in reference (Zhan et al. 
2011). The dynamic responses of railway bridges under moving trains composed of multiple 
vehicles are calculated by a train–bridge dynamic interaction analysis and the stiffness variation of 
the bridge element is used as an index for damage identification. A method for damage detection 
of a simply supported concrete bridge in time domain is presented using the interaction forces 
from the moving vehicles as excitation (Zhu et al. 2007). The vehicle-bridge interaction forces and 
the structural damage in the bridge deck are identified from the measured responses in sequence of 
iteration without prior knowledge of the moving loads. Lu et al. (2011) proposed a method to 
identify both damages in bridge and the vehicular parameters from the structural dynamic 
responses. A dynamic response sensitivity-based finite element model updating approach is used 
to identify both the structural damages and the vehicular parameters in their method. 

Compared with the dynamic identification techniques, the static ones have been developed less 
maturely and the corresponding literature is intensive. According to the displacement continuity 
conditions, a damage identification model for the structure is established by Fu et al. (2010). By 
approaching the calculated deflection value to the measured one and making the relative rotation 
angle of the node the least, the static damage identification method based on the displacement 
continuity is proposed and the multi-objective optimization method is used to provide the solution. 

Wang et al. (2001) presented a structural damage identification algorithm using static test data 
and changes in natural frequencies. Based on the support vector machine, a new method for static 
damage identification is proposed in reference (Fu et al. 2010). This method divides the damage 
identification into three steps: the judgment of the damage occurrence, the identification of 
damage location and the recognition of the damage degree.  

Combining dynamic identification method and static identification method, a damage detection 
methodology using dynamic response of bridge induced by moving vehicle and static test data is 
proposed in the present study. The displacement response time histories of bridge structure are 
obtained from simulation of vehicle-bridge coupled vibration analysis. The vehicle model is 
considered as a four-degree-of-freedom system, the vibration equations of the vehicle model are 
deduced based on the D’Alembert principle. Finite element method is used to discretize bridge and 
finite element model is set up. According to the condition of displacement and force compatibility 
between vehicle and bridge, the vibration equations of vehicle and bridge models are coupled. A 
Newmark-β algorithm based professional procedure vehicle-bridge coupled vibration analysis 
program (VBAP) is developed in MATLAB, which is used to analyze the vehicle-bridge system 
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coupled vibration. After the damage is located by employing the displacement energy damage 
index, the damage extent is estimated through the least-square-method based model updating using 
static test data. At last, taking one simply supported bridge as an illustrative example, some 
damage scenarios are identified using the proposed damage identification methodology. 
 
 
2. Vehicle-bridge coupled system 
 

2.1 Vehicle model 
 
The vehicle used herein is modeled as shown in Fig. 1. The vehicle body is modeled as a rigid 

body having a mass m2 and a moment of inertia J around the centroid axis. Similarly, each bogie 
frame is considered as a rigid body. The mass of two axles are m1 and m3. The spring stiffness and 
damping coefficient of the connection between vehicle body and wheels are k2, c2 and k3, c3; The 
spring stiffness and damping coefficient of the interaction between wheels and the bridge are k1, c1 
and k4, c4. 

As depicted in Fig. 1, there are 8 displacement parameters in total. Among them, z1 and z2 are 
displacement of bridge in the position where wheels contact bridge, yc and θ can be expressed by 

     
llylyyc /)( 1322 

 (1)

    
lyy /)( 23 

 (2)

Thus there are four independent degrees in this model, which are expressed as vector 

     TV yyyyY 4321  (3)

Mechanical analyzing for each rigid body of the vehicle model, vehicle vibration equations are 
derived according to D’Alembert principle 

    VVVVVVV FYKYCYM  
 (4)
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Fig. 1 Model of vehicle
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.  f1 and f4 in the vector FV are the 

external loads applied on the wheels (only the weight of the wheels are considered); f2 is the 
external load acting on the mass center of the vehicle (only the weight of the vehicle body is taken 
into account); f3 is the torque acting on the mass center of the vehicle, which is assumed as 0. 
  

2.2 Roadway profile 
 
The roadway profile is usually assumed to be a zero-mean stationary Gaussian random process 

and can be generated through trigonometric series method based on a power spectral density 
function such as (Au et al. 2001) 
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where, αk is the amplitude of the cosine wave, θk is the random phase angle with uniform 
probability distribution in the interval [0, 2π], x is the global coordinate measured from the left end 
of the bridge, N is the total number of terms used to build up the road surface roughness and ωk is 
the frequency within the interval [ωl, ωu]. In the interval [ωl, ωu], the power spectral density 
function S(ωk) is defined as (Honda et al. 1982) 

    uklkkS     ,)(  (9)

where the parameter α is a spectral roughness coefficient which is assigned according to ISO 8608 
(1995) and the exponent, β, is taken to be 1.94. 
 

2.3 Analysis of vehicle-bridge coupled vibration 
 
The equations of motion for a bridge under external loads can be written as follows 

      BBBBBBB FYKYCYM   (10)
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where, BY , BY  and YB denote bridge acceleration, velocity and displacement vectors respectively. 

MB, CB and KB represent general mass, damping and stiffness matrices of bridge respectively. FB is 
the force vector acting on the bridge. 

The structure system damping assumed as Rayleigh damping (Leitão et al. 2011) is expressed 
by mass and stiffness matrix, as shown in Eq. (11) 

        BBB KMC 00    (11)

The parameters α0 and β0 are computed, respectively, by 

        01010202

011022
0

)(2








 

(12)

       010100110 2    (13)

where, ω01 and ω02 are the first and second nature frequencies of structure, ξ1 and ξ2 are the first 
and second modal damping ratios of structure. 

Assuming that wheels always cling to the deck when vehicle moving through bridge, the 
interaction forces between wheels and bridge can be expressed as 

      )()()( tctktf iiiii  
 (14)

where, subscript i indicates the ith wheel, Δi(t) is the vertical displacement of the ith wheel relative 
to the deck at time t, as shown in Eq. (15) 

      iiii rtztyt  )()()(  (15)

where yi(t) is the vertical displacement of the ith wheel at time t, zi(t) is the vertical displacement 
of bridge in the position where the ith wheel contact the bridge at time t and ri is the irregularity 
function value in the position where the ith wheel contact the bridge. 

According to the condition of displacement and force compatibility between vehicle and 
bridge, the vibration equations of vehicle model and bridge model are coupled. A Newmark-β 
algorithm based professional procedure is developed in MATLAB to solve this coupled and time-
varying second-order ordinary differential equations and the dynamic responses of vehicle and 
bridge can be obtained. Fig. 2 is the flowchart of this procedure. 
 
 
3. Damage detection algorithm 
 

3.1 Displacement energy damage index 
 
In the present study, an energy damage index is used to identify and locate damage in structure. 

This damage index is based on the energy of the displacement response time history. Dynamic 
response of the structure at its intact state is obtained from simulation of vehicle-bridge coupled 
vibration analysis, and dynamic response of the structure at its damaged state is captured through 
an array of sensors attached to the structure. The energy of the displacement response time history 
is then established by 
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Fig. 2 Simulation procedure of vehicle-bridge coupled vibration 

 
 

            
0

0

2 )(
t

dttyE
 

(16)

Then, the displacement energy damage index for each sensor is defined as 

            

%100
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(17)

where, EHealthy and EDamaged are the energy of displacement response time histories at intact and 
damaged states of bridge, respectively. The above damage index provides a scalar value, which is 
the percentage difference in the structural energies at its intact and damaged states. Once DI is 
calculated for each sensor, the relatively higher index values are identified as indicators for the 
existence of damage, thereby the existence and location of damage are identified accordingly. 
 

3.2 Damage extent estimation 
 
When the damage location is detected by employing the damage index described above, the 

estimation of damage extent is the next significant step. The mass and damping matrices of a 
bridge are assumed to be immune to the damage. It is also assumed that the damage causes a 
change in the bending rigidity to simplify the derivation. The basic idea of the estimation of 
damage extent in this study is to update the finite element model of the bridge using static test data 
and obtain parameter changes of damaged elements. Static test is carried out on bridge structure 
firstly and the number of damage determines testing times. The way of loading can be chosen from 
following ways arbitrarily: 

(1) Load at mid span and change load to carry out another static test; 
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(2) Keep the load value and change loading position to carry out another static test. 
Measure the vertical displacements at a quarter point, midpoint and three quarter point of main 

girder. Then, update the finite element model of bridge using least square method based on static 
test data to estimate damage extent. For updating the finite element model, it is an estimating 
parameter changes progress of damage elements. The least square method is selected to identify 
parameters in the present study. 

{P} is the parameter vector of damaged elements 

                niEIEIEIP T
i  2,1,21   (18)

where, i is the order number of damage element, n is the total number of damage elements, EIi is 
the bending rigidity of the ith damage element. Making every parameter unit change, the influence 
parameter αji of EIi and state variable Sj could be obtained from numerical simulation. Then, the 
influence matrix can be defined as 
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where, n is the total number of damaged elements, m is the total number of state variables. To 
ensure that all parameters can be estimated, there should be nm  . 

{St} is assumed as the measured value of state variables, and {Sa} is the calculation value of 
state variables. The difference of {St} and {Sa} can be calculated as 

                   at SSS   (20)

{ΔP} is assumed as the vector of the parameter to be estimated, then 

                   SPAs   (21)

Generally, the number of elements in {ΔP} is less than the number of elements in {ΔS}, so Eq. 
(21) is contradictory equations which could be solved by least square method. The least square 
solution of Eq. (21) is 

                        SAAAP T
ss

T
s 

1

 
(22)

A weighting matrix [ρ] is introduced to reflect the reliability of every element in {St}, and thus 
Eq. (21) can be expressed as 

                     SPAs    (23)

When [ρ] is a unit matrix, Eq. (23) is the same as Eq. (21). The least square solution of Eq. (23) is 

                               SAAAP T
ss

T
s 

 212   
(24)

After {ΔP} is calculated, one time model updating is completed. In order to achieve desired 
accuracy, it is necessary to repeat this process for several times. After model updating is 
completed, the damage extent of damage element could be calculated by 
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where, i is the order number of damage element, n is the total number of damage elements, ΔEIi is 
the total change of the bending rigidity of the ith damage element. 

In order to update model through iteration, a program named DEE (Damage Extent Estimation) 
was developed in MATLAB. Fig. 3 is the flow chart of this program. 

 
3.3 Procedure of the proposed damage detection method 
 
It is assumed that the parameters of the intact bridge and vehicle model are estimated initially 

by experiments. Then, the damage identification method proposed in the present study can be 
performed as following steps: 

(1) Measure the roadway profile at the bridge, which will be used in simulation of bridge-
vehicle coupled vibration to get the dynamic response of bridge at intact state. 

(2) Get the dynamic response of bridge at intact state through simulation of bridge-vehicle 
coupled vibration analysis. 

(3) Measure the dynamic displacement response of bridge at its damaged state at each sensor 
when the test vehicle moving through bridge. 

(4) Calculate the displacement energy damage index for each sensor and detect the location of 
damage. 

(5) Select an appropriate static test plan according to the number of damage for static testing. 
(6) Estimate the damage extent using the program DEE. 
(7) Report the result of damage identification. 
 
 

Fig. 3 Flowchart of DEE
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4. Numerical simulation 
 

4.1 Numerical model and damage scenarios 
 
The bridge used in following studies is a simply supported girder bridge as shown in Fig. 4. 

The properties of the bridge are: flexural rigidity EI = 2.5 × 1010 N·m2, linear density ρA = 5000 
kg/m and L = 30m. The first three natural frequencies of the bridge are 3.90 Hz, 15.61 Hz and 
35.13 Hz, respectively. The modal damping ratio is taken as 0.02 for the first two modes to 
calculate the two coefficients α0 and β0 in the Rayleigh damping. In the finite element model, the 
bridge deck is modeled as an Euler-Bernoulli beam with 8 elements. Seven sensors are distributed 
evenly along the beam to measure the displacement responses. The moving speed of the vehicle is 
30 km/h and class ‘Good’ road surface roughness is used in all the study cases below. The 
characteristics of the vehicle model as depicted in Fig. 1 are listed in Table 1 (Wu et al. 2010). 

The elements of the bridge are assumed to successively suffer damage of a reduction in element 
flexural rigidity with extents between 5% and 20%. Following damage scenarios are defined: 

(1) Signal damage 
Every element suffers damage with extents 5%, 10%, 15% and 20%. 
(2) Multi-damage 
For multiple damages, there are so many damage scenarios. Several scenarios are selected as 

listed in Fig. 5. The value in the Fig. 5 is the damage extent of the element. 
 

4.2 Damage detection 
 
At each damage scenario, the dynamic displacement responses of the bridge at damaged state 

taken from the simulation are assumed as measured data. Fig. 6 shows the displacements of the 
bridge when element 4 suffers different extents of damage. As shown in this figure, the 
displacements of the bridge increase when element 4 is more seriously damaged. Fig. 7 shows the 
displacements of the bridge at multi-damage scenario DM-4. The distribution of maximum 
displacements of the bridge midpoint under different damage scenarios are shown in Fig. 8. For 
the single damage scenario, the following observations can be made from Fig. 8: 

(1) The maximum displacements of the bridge increase when the damage extends. 
(2) When the damage extent keeps unchanged, the maximum displacement decreases with the 

distance between the damaged element and the midpoint. 
(3) For two elements symmetrically located to the midpoint, the same damage causes the same 

maximum displacement of the midpoint. 
 
 
             Table 1 Parameters of vehicle model 

Parameters Values Parameters Values 

m1(kg) 1500 m3(kg) 1000 
m2(kg) 17500 J(kg·m2) 1.45×105 

k1(N/m) 4.60×106 c1(N/m/s) 4.30×103 
k2(N/m) 4.23×106 c2(N/m/s) 4.00×104 
k3(N/m) 2.47×106 c3(N/m/s) 3.00×104 
k4(N/m) 3.74×106 c4(N/m/s) 3.90×103 

l1(m) 1.7 l2(m) 2.5 
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Fig. 4 Layout of the simply supported girder bridge

 

Fig. 5 Multi-damage scenarios
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Fig. 6 Displacement responses of the bridge when element 4 suffers different extent damages 
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Fig. 7 Displacement responses of the bridge at DM-4 
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Fig. 8 Maximum displacements of the midpoint under different single damage scenarios 

 

1 2 3 4 5 6 7
0.0

0.5

1.0

1.5

2.0

2.5

3.0

 De=5%
 De=10%
 De=15%
 De=20%

D
I/

%

Sensor No.
(a) Element 1 

1 2 3 4 5 6 7
0

2

4

6

8

10

12

D
I/

%

Sensor No.

 De=5%
 De=10%
 De=15%
 De=20%

(b) Element 2 

1 2 3 4 5 6 7
0

2

4

6

8

10

12

14

16

18

20

D
I/

%

Sensor No.

 De=5%
 De=10%
 De=15%
 De=20%

(c) Element 4 

1 2 3 4 5 6 7
0.0

0.5

1.0

1.5

2.0

2.5

3.0

D
I/

%

Sensor No.

 De=5%
 De=10%
 De=15%
 De=20%

(d) Element 8 

Fig. 9 Damage indices at each measuring point when elements suffer different extent damages 
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Fig. 9 shows the damage indices at each measuring point when elements suffer damage with 
different extents. From these figures, the following observations can be obtained: 

(1) At each single damage scenario, the damage indices at the sensors close to the damage are 
higher than the others, thereby the existence and location of damage are identified accordingly.  

(2) Damage index increases when element is more seriously damaged. 
Fig. 10 presents damage indices at each measuring point when bridge suffers different multi-

damage scenarios listed in Fig. 5. Compared Fig. 9 with Fig. 10, the definite differences of the 
damage indices distribution between single damage scenarios and multi-damage scenarios are 
found. Generally speaking, damage indices at multi-damage scenarios are larger than the values at 
single damage scenarios, and multiple peak values would appear corresponding to the number of 
damage location at multi-damage scenarios. One exception is shown in Fig. 10(c), there is only 
one peak value located at Sensor 4# measuring point, however, Fig. 10(c) shows damage index 
distribution at one multi-damage scenario. Also, only one peak value located at Sensor 3# 
measuring point is found in Fig. 9(c). But the damage indices distribution in Fig. 9(c) and Fig. 
10(c) are definitely different. So, it is effective to distinguish multi-damage and single damage 
though damage indices. As shown in Fig. 10(a) and Fig. 10(d), the distributions of damage indices 
in the two figures are very similar when damage locations of two figures are same and damage 
extents of them are different. So, it is feasible to identify damage location at multi-damage 
scenario using the displacement energy damage index. 

White noise is added to the calculated responses of the bridge at damaged state to simulate the 
polluted measurements with (Zhu et al. 2007) 

      
 anoisepa UNEUU 

 (26)

where, Ua and U are the polluted and the original displacements, respectively. Ep is the noise level. 
Nnoise is a standard normal distribution vector with zero mean value and unit standard deviation. 
σ(Ua) is the standard deviation of the original displacements. 1%, 5% and 10% levels noise are 
added to simulate the measured responses in the following studies in order to demonstrate the 
robustness of the presented damage index. 

Damage indices with different levels noise at some damage scenarios are shown in Fig. 11. As 
depicted in Fig. 11, through damage index values are influenced by noise the damage location can 
be identified through the distribution of damage index yet.  
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Fig. 10 Damage indices at multi-damage scenarios (The exact locations of damage are marked with arrows (↓))

86



 
 
 
 
 
 

Bridge-vehicle coupled vibration response and static test data based damage identification 

 

 

1 2 3 4 5 6 7
20

22

24

26

28

30

↓↓

D
I 

(%
)

Sensor No.
(c) DM-3 

1 2 3 4 5 6 7
10

11

12

13

14

15
↓

↓

D
I 

(%
)

Sensor No.
(d) DM-5 

Fig. 10 Continued
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Fig. 11 Damage indices at different noise levels (‘Nl’ denotes noise level) 
 
 

4.3 Damage extent estimation 
 
After damage location was identified, damage extent is estimated using program DEE. The first 

loading way described above is selected and two vehicles with weight of 15 ton and 20 ton 
respectively are used to carry out static test. Displacements at Sensor 2#, 4# and 6# are measured 
in each test and totally 6 displacement values are obtained. In the following studies, all 
displacements are calculated using ANSYS and assumed as measured data. Input load values, test 
data and damage location into the program DEE and some damage extent estimation results are 
listed in table 2. Table 2 demonstrates that the proposed method can identify damage location and 
estimate damage extent within an error of less than 3%. The accuracy of damage extent estimation 
would be influenced by the static test measuring error, thus high-precision measuring instruments 
would be better. 
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         Table 2 Results of damage extent estimation 

Damage 
scenarios 

Element No. Ex.(%) De.(%) Err.(%) 

DS-1 1 10 9.98 -0.20 
DS-2 2 20 20.39 1.95 
DS-3 4 5 4.97 -0.60 
DS-4 7 15 15.08 0.53 

DM-1 
1 20 20.41 2.03 
5 20 19.99 -0.06 

DM-2 
2 20 20.00 0.00 
5 20 20.01 0.06 

DM-3 
4 20 20.00 0.00 
5 20 20.00 0.00 

DM-4 
4 20 20.01 0.06 
7 20 20.00 0.00 

DM-5 
1 20 19.94 -0.29 
5 10 10.02 0.22 

DM-6 
4 20 20.05 0.24 
5 10 9.95 -0.53 

DM-7 
3 20 19.99 -0.03 
6 20 19.99 -0.03 

DM-8 
3 10 9.99 -0.12 
6 20 20.00 0.00 

Note: the ‘Ex.’ and ‘De.’ denote exact damage extent value and estimated damage extent value, the ‘DS’ and 
‘DM’ denote single damage scenario and multi-damage scenario respectively, whereas the ‘Err.’ is the error 
between the exact damage extent and the estimated one. 
 
 
5. Conclusions 
 

A method of bridge damage identification using vehicle-induced bridge vibration data and 
static test data has been proposed in the present study. The displacement energy damage index 
based on the bridge vibration data is used to detect the location of the damage. The dynamic 
responses of bridge at intact state are obtained from simulation of vehicle-bridge coupled vibration 
analysis and the dynamic responses of bridge at damaged state are measured through sensors 
attached on the bridge. When the damage is located, model updating method based static test data 
is used to estimate the damage extent. The above studies and observations reveal that the presented 
damage identification algorithm is effective. It provides a method for extending engineering choice 
in damage identification of bridge structures.  
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