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Abstract. Post-buckling behavior of Timoshenko beams subjected to uniform temperature rising with
temperature dependent physical properties are studied in this paper by using the total Lagrangian
Timoshenko beam element approximation. The beam is clamped at both ends. In the case of beams with
immovable ends, temperature rise causes compressible forces end therefore buckling and post-buckling
phenomena occurs. It is known that post-buckling problems are geometrically nonlinear problems. Also,
the material properties (Young’s modulus, coefficient of thermal expansion, yield stress) are temperature
dependent: That is the coefficients of the governing equations are not constant in this study. This situation
suggests the physical nonlinearity of the problem. Hence, the considered problem is both geometrically
and physically nonlinear. The considered highly non-linear problem is solved considering full geometric
non-linearity by using incremental displacement-based finite element method in conjunction with Newton-
Raphson iteration method. The beams considered in numerical examples are made of Austenitic Stainless
Steel (316). The convergence studies are made. In this study, the difference between temperature
dependent and independent physical properties are investigated in detail in post-buckling case. The
relationships between deflections, thermal post-buckling configuration, critical buckling temperature,
maximum stresses of the beams and temperature rising are illustrated in detail in post-buckling case.

Keywords: temperature dependent physical properties; thermal post-buckling analysis; total lagrangian
finite element model; Timoshenko beam; uniform temperature rise

1. Introduction

Nuclear power plants, Aerospace vehicles, thermal power plants etc. are subject to large thermal
loadings. The design of structural elements (beams, plates, shells etc.) in the high thermal
environments is very important in engineering applications. Especially, in the case of structural
elements with immovable ends, temperature rise causes compressible forces end therefore buckling
and post-buckling phenomena occurs. Understanding the buckling and post-buckling mechanism of
structural elements is very important. It is known that buckling and post-buckling problems are
nonlinear problems. In recent years, with the development of technology in aerospace engineering,
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structural enginering, robotics and manufacturing make it inevitable to excessively use non-linear
models that must be solved numerically. Because, closed-form solutions of large-deflection
problems of beams with general loading and boundary conditions using elliptic integrals are limited.
There have been a lot of studies on buckling and post-buckling of beams. Rao and Raju (1984)
investigated thermal postbuckling of columns. Global descriptions of the properties of buckled states
of nonlinearly thermoelastic beams and plates when heated at their ends and edges is investigated
by Gauss and Antman (1984). Jekot (1996) investigated the thermal postbuckling of a beam made
of physically nonlinear thermoelastic material by using the geometric equations in the von-Karman
strain-displacement approximation. Li (2000) examined Thermal Post-Buckling of Rods with
Pinned-Fixed Ends using the shooting method. Coffin and Bloom (1999) gave an elliptic integral
solution for the symmetric post-buckling response of a linear elastic and hygrothermal beam with
the two ends pinned. On the basis of exact nonlinear geometric theory of extensible beam and by
using a shooting method, computational analysis for thermal post buckling behavior of beams with
pinned-pinned, fixed-fixed and pinned-fixed ends were presented by Li and Cheng (2000), Li et al.
(2002), Li and Zhou (2001). Thermal post-buckling responses of an elastic beam, with immovably
simply supported ends and subjected to a transversely non-uniformly distributed temperature rising,
were investigated by Li et al. (2003). Thermal post-buckling response of an immovably pinned-
fixed Timoshenko beam subjected to a static transversely nonuniform temperature rise is
numerically analyzed by using a shooting method by Li and Zhou (2003). Based on the finite
element method, the analysis of heat conduction and structural stress and buckling are considered at
the same time in the design optimization procedure by Chen ef al. (2003). Vaz and Solano
(2003, 2004) investigated thermal post-buckling of rods and came up with a closed form solution
via uncoupled elliptical integrals. Large thermal deflections for Timoshenko beams subjected to
transversely non-uniform temperature rise and with pinned-pinned as well as fixed-fixed ends are
numerically analyzed by Li and Song (2006). Aristizabal-Ochao (2007) developed a new set of
slope deflection equations for Timoshenko beam-columns which includes the combined effects of
shear and bending deformations, and second-order axial load effects in a classical manner and
emphasized the great importance of shear effects on static, tension and compression stability and
dynamic behavior of elastomeric bearings used for seismic isolation. Both thermal buckling and
post-buckling of pinned-fixed beams resting on an elastic foundation are investigated by Song and
Li (2007). Vaz et al. (2007) examined a perturbation solution for the initial post-buckling of beams
resting on elastic foundation and subjected to uniform thermal load. Parente and de Sousa (2008)
investigated a simple and efficient methodology for sensitivity analysis of geometrically nonlinear
structures subjected to thermo-mechanical loading in regular and critical states. Thermal post-
buckling analysis of uniform, isotropic, slender and shear flexible columns is presented using a
rigorous finite element formulation and a much simpler intuitive formulation by Gupta et al. (2009).
Gupta et al. (2010a) investigated simple, elegant, and accurate closed-form expressions for
predicting the post-buckling behavior of composite beams with axially immovable ends using the
Rayleigh-Ritz method. Thermal post-buckling analysis of columns with axially immovable ends is
studied using the Rayleigh-Ritz method by Gupta et al. (2010b). Vaz et al. (2010) examined elastic
buckling and initial post-buckling behavior of slender beams subjected to uniform heating with
temperature-dependent physical properties by using a perturbation solution. Akbas and Kocatiirk
(2011) investigated post-buckling analysis of a simply supported beam subjected to a uniform
thermal loading by using total Lagrangian finite element model of two dimensional continuum for
an eight-node quadratic element. Kocatiirk and Akbas (2011) studied post-buckling analysis of
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Timoshenko beams with various boundary conditions subjected to a non-uniform thermal loading by
using the total Lagrangian Timoshenko beam element approximation. Akbas (2012) studied termal
post-buckling of functionally graded beams. Yu and Sun (2012) investigated large deformation post-
buckling of a linear-elastic and hygrothermal beam with axially nonmovable pinned-pinned ends
and subjected to a significant increase in swelling by an alternative method. Furthermore, Kocatiirk
and Akbas (2012) investigated thermal post-buckling analysis of functionally graded Timoshenko
beams subjected to thermal loading by using the total Lagrangian Timoshenko beam element
approximation.

It is seen from literature that post-buckling studies with temperature-dependent physical properties
has not been broadly investigated. In a recent study, Vaz ef al. (2010) investigated elastic buckling
and initial post-buckling behavior of slender beams subjected to uniform heating taking into account
temperature-dependent physical properties by using a perturbation solution. In another recent study,
Kocatiirk and Akbas (2011) studied post-buckling analysis of Timoshenko beams with various
boundary conditions subjected to a non-uniform thermal loading in the case of temperature
independent physical properties by using the total Lagrangian Timoshenko beam element
approximation.

Post-buckling behavior of Timoshenko beams subjected to uniform temperature rising with
temperature dependent physical properties are studied in this paper by using the total Lagrangian
Timoshenko beam element approximation. The considered highly non-linear problem is solved
considering full geometric non-linearity by using incremental displacement-based finite element
method in conjunction with Newton-Raphson iteration method. The distinctive feature of this study
is post-buckling analysis of Timoshenko beams under uniform thermal loading considering full
geometric non-linearity and temperature dependent physical properties by using finite element
method: As far as the authors know, there is no study on the thermal post-buckling analysis of
Timoshenko beams considering full geometric non-linearity and temperature dependent physical
properties investigated by using finite element method. Another distinctive feature of this study is
investigation of the differences of the analysis results in the case of temperature dependent and
independent physical properties in detail in post-buckling case.

The development of the formulations of general solution procedure of nonlinear problems follows
the general outline of the derivation given by Zienkiewicz and Taylor (2000). The related
formulations of post-buckling analysis of Timoshenko beams with various boundary conditions
subjected to a non-uniform thermal loading are obtained by using the total Lagrangian finite
element model of Timoshenko beam. Convergence studies are performed for various numbers of
elements. In deriving the formulations for post buckling analysis under uniform thermal loading and
temperature dependent physical properties, the total Lagrangian Timoshenko beam element
formulations given by Felippa (2012) are used. There is no retstriction on the magnitudes of
deflections and rotations in contradistinction to von-Karman strain displacement relations of the
beam. The difference between temperature dependent and independent physical properties are
investigated in detail in post-buckling case. The beams considered in numerical examples are made
of Austenitic Stainless Steel (316). The relationships between deflections, thermal post-buckling
configuration, critical buckling temperature, maximum stresses of the beams and temperature rising
are illustrated in detail in post-buckling case.
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2. Theory and formulations

The clamped-clamped beam configurations, with co-ordinate system O (X, ¥, Z) are shown in Fig. 1.

In this study, the TL Timoshenko beam element is used and the related formulations are
developed for temperature dependent physical properties by using the formulations given by
Kocatiirk and Akbas (2011) which was developed for thermal loading by using the formulations
given by Felippa (2012). In the present study, finite element model of Timoshenko beam element is
developed by using a two-node beam element shown in Fig. 2. Each node has three degrees of
freedom: Two node displacements u,; and u,,, and one rotation 6, about Z axis.

A particle originally located at P,(X,Y) moves to P(x,y) in the current configuration, as shown
in Fig. 3. The projections of Py and P along the cross sections at Cy and C upon the neutral axis are
called Cy(X,0) and C(x,y,), respectively. It will be assumed that dimensions of the beam cross
section do not change, and that the shear distortion ¥ << 1 so that cosy can be replaced by Felippa
(2012)

x = x,— Y(siny+sinycos ) = x,— Y[sin(y+ y)+ (1 —cosy)siny] = x,— Ysinf (1)

y =y.+Y(cosy—sinysiny) = y.+ Y[cos(yw+ »)+ (1 —cosy)cosiy] = y.+ Ycos @ 2)
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Fig. 1 Clamped-clamped beam subjected to a uniform temperature rise and cross-section
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Fig. 2 A two-node C° beam element
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Fig. 3 Lagrangian kinematics of the C° beam element with X-aligned reference configuration: (a) plane beam

moving as a two-dimensional body, (b) reduction of motion description to one dimension measured by
coordinate X. This figure is given by Felippa (2012)

where x, = X+uy. and y, = uy-. Consequently, x = X+uy-—Ysin€ and y = u,-+ Ycosd. From
now on we shall call uyc and wuyc simply wuy and uy, respectively, so that the Lagrangian

representation of the motion is
X+uy—Ysing
X|_ Uy—Ysin 3)
Y uy+ Ycosd

in which uy, uy and @ are functions of X only. This concludes the reduction to a one-dimensional
model, as sketched in Fig. 3(b). For a two-node C, element, it is natural to express the
displacements and rotation functions as linear in between the node displacements

Uy
X7 g 0 0 1+ 0 0

0

W= uy(X) =% 0 1-£ 0 0 1+& 0 ul = Nu “)
0(X) 0 0 1-¢ 0 0 1+& "
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in which &= (2X/L;,)—1 is the isoparametric coordinate that varies from &= —1 at node 1 to

&=1 atnode 2.
The Green-Lagrange strains are given as follows Felippa (2012)
e exy (1+uyg)cosO@+uysinf-Yo' —1 e—Yx
CEt Dl PO RO ®
e, 2eyy —(1+uy)sin@+uysinf 14
e = (1+uy)cosO+uysinf—1; y=—(1+uy)sin@+uysinf, k=46 (6)

where e is the axial strain, y is the shear strain and x is curvature of the beam, uy = du,/dX,
uy = duy/dX, 6 = d6/dX. The second Piola-Kirchhoff stresses with a temperature rise can be
expressed by inclusion of the temperature term as follows

. [SXX} _ m _ {si’wm(el—axmm} _ {s‘f} {Em 0 }[el—ax(mq o
Sxy S Sg-I-G(T)eZ 0 G(7) €

0
So

where s?, sg are initial stresses, £ is Young’s modulus and G is the shear modulus, «, is
coefficient of thermal expansion in the X direction and 7 = T,+AT, where T; is installation
temperature and AT is the uniform temperature rise. The physical properties of the material
(Young’s modulus, coefficient of thermal expansion, yield stress) are dependent on temperature 7.

The beams considered in numerical examples are made of Austenitic Stainless Steel (316). The
coefficients of temperature 7 for Austenitic Stainless Steel (316) are expressed as follows (from
Incropera and DeWitt 1985, Detail of the ITER Outline Design Report 1994, ITER Documentation
Series: No 29 1991, ASME Code Cases: Nuclear Components 1992)

E(T) =205.91-2.6913x 10" T—4.1876x 10" T° (GPa) (8)

a(T) = (11.813+1.3106x 10> T—6.1375x 10°° T)x 10~° (m/mK) )
-3 -7

o(T) = 448.69—1.193T+1.4787x 10" T"~6.3134x 10 T° (MPa) (10)

where E is Young’s modulus, ay is thermal expansion coefficient and o, is yield stress. Poisson’s
ratio is taken as v = 0.27. In this study, the unit of the temperature is taken as Kelvin (K). These
equations are valid for temperatures ranging from 300 K to 1000 K.

Using constitutive Eq. (7), axial force N, shear force V" and bending moment M can be obtained as

N = [s,dd = I[s?+E(T)(e—Y1€— a(T)AT)]dA (11)
A A

N = N"+E(T)eA—E(T)Aa(T)AT (12)

V= [s,dd = J'[ngrG(T)ez]dA =V +G(T)Ay (13)

M= [~Ysdd = j—Y[s?JrE(T)(e—YK—aX(T)AT)]dA (14)
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M= M +Elx (15)
where 4 and [, are the cross section area and second moment of inertia, respectively.

N'= [sidd, V'= [sydd, M’ = [~Ysidd (16)
4, A, A,

For the solution of the total Lagrangian formulations of TL Timoshenko beam problem, small-step
incremental approaches from known solutions are used. As it is known, it is possible to obtain
solutions in a single increment of the external force only in the case of mild nonlinearity (and no
path dependence). To obtain realistic answers, physical insight into the nature of the problem and,
usually, small-step incremental approaches from known solutions are essential. Such increments are
always required if the constitutive law relating stress and strain changes is path dependent. Also,
such incremental procedures are useful to reduce excessive numbers of iterations and in following
the physically correct path. In the iterations, the temperature loading is divided by a suitable number
according to the value of temperature. In high temperature values, the temperature loading is
divided by large numbers. After completing an iteration process, the load is increased by adding
load increment to the accumulated load.

In this study, small-step incremental approaches from known solutions with Newton-Raphson
iteration method are used in which the solution for n+1th load increment and ith iteration is
obtained in the following form

du’, = (Ky) R, (17)

where (K7)g is the system stiffness matrix corresponding to a tangent direction at the ith iteration,
du,, is the solution increment vector at the ith iteration and n+1th load increment, (R,.,)s is the
system residual vector at the ith iteration and n+1th load increment. This iteration procedure is
continued until the difference between two successive solution vectors is less than a selected
tolerance criterion in Euclidean norm given by

2

(dul —dul) (qu’ ! —au’)

; ; < ol (18)
[(cu,) (du," )]
A series of successive approximations gives
W = w, tdu,,, = u,+Au, (19)
where
Au, =" du, (20)
k=1
The residual vector R;H for a finite element is as follows
R, =f-p 1)

where f is the vector of external forces and p is the vector of internal forces given in Appendix.
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The element tangent stiffness matrix for the total Lagrangian Timoshenko plane beam element is
as follows which is given by Kocatiirk and Akbas (2011), Felippa (2012)

K; =K, +K; (22)

where K is the geometric stiffness matrix, and K,, is the material stiffness matrix given as
follows by Kocatiirk and Akbag (2011), Felippa (2012)

K, = [B,SB,dX (23)

Ly

The explicit forms of the expressions in Eq. (22) is given in Appendix. After integration of
Eq. (23), Ky, can be expressed as follows

K, = K{+K,+K), (24)

where K, is the axial stiffness matrix, Kf"l is the bending stiffness matrix, K, is the shearing
stiffness matrix and explicit forms of these expressions remain the same as given by Kocatiirk and
Akbas (2011) except for modulus of elasticity £ depends on temperature 7 in the present study. The
details of these expressions are given in Appendix.

The geometric stiffness matrix Kg, B,, and the internal nodal force vector p remains the same as
given by Kocatiirk and Akbas (2011), Felippa (2012) and given in Appendix.

After obtaining the displacements of nodes, the second Piola-Kirchhoff stress tensor components

S8, 8,, can be obtained by using Eq. (7). The relation between the Cauchy stress tensor
components oy, 0,,, 0,, and the second Piola-Kirchhoff stress tensor components S,,,S,,,S,, is

given in Kocatiirk and Akbas (2011).
The beams considered in numerical examples are elastic, with undeformed length L, rectangular
cross-section of width 4 and thickness % (see Fig. 1).

3. Numerical results

In the numerical examples, the post-buckling deflections as well as the max. Cauchy normal
stresses, thermal post-buckling configuration, critical buckling temperatures are calculated and
presented in figures for temperature dependent and independent physical properties for various
thermal loads. To this end, by use of usual assembly process, the system tangent stiffness matrix
and the system residual vector are obtained by using the element stiffness matrixes and element
residual vectors for the total Lagrangian Timoshenko plane beam element. After that, the solution
process outlined in the previous section is used for obtaining the related solutions for the total
Lagrangian finite element model of Timoshenko plane beam element.

The beams considered in numerical examples are made of Austenitic Stainless Steel (316). The
coefficients of temperature 7 for Austenitic Stainless Steel (316) are expressed as follows (from
Incropera and DeWitt 1985, Detail of the ITER Outline Design Report 1994, ITER Documentation
Series: No 29 1991, ASME Code Cases: Nuclear Components 1992). In this study, the material of
the beam is considered in the elastic range, so as not to exceed the yield stress () that is a
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Table 1 Convergence analysis for the central deflections V(L/2) of the beam
for various numbers of finite elements » for AT=35K and L/h = 80

The central deflections V(L/2) of the beam

n (L/2) (m)
20 0.2349
30 0.2596
40 0.2676
50 0.2712
60 0.2732
70 0.2744
80 0.2750
90 0.2754
100 0.2756
110 0.2757
120 0.2757

function of temperature. Hence, if the stress of the beam equals to yield stress, then the analysis is
interrupted. So, plastic buckling and plastic post-buckling cases are not considered in this study.

In numerical examples, the initial temperature (installation temperature) of the beam is assumed to
be T, =300 K. The height of the beam is # = 1 m and the width of the beam is b=1 m.
Convergence studies are also performed. In the post-buckling case, the maximum Cauchy stresses
(true stresses) can be obtained after obtaining the second Piola-Kirchhoff stresses by using the
relations between the Cauchy and the second Piola-Kirchhoff stresses tensor components given by
Kocatiirk and Akbas (2011), Felippa (2012).

In Table 1, the central deflections V(L/2) of the beam for uniform temperature rise A7 = 35 K
are calculated for various numbers of finite elements » for L/A=80, b=1m, h=1m with
temperature-dependent physical properties. Where, temperature rise AT = 35 K corresponds to
yield temperature for L/4 = 80 in the post-buckling case which is plotted in Fig. 8.

It is seen from Table 1 that, when the number of finite elements is n =120, the considered
displacements converge. Therefore, in the numerical calculations, the number of finite elements is
taken as n = 120.

Young’s Modulus and the coefficient of thermal expansion versus temperature rising are illustrated
in Fig. 4 and yield stress versus temperature rising are illustrated in Fig. 5, by using Egs. (9), (10)
and (11) respectively for Austenitic Stainless Steel (316).

It is seen from Fig. 4 that with increase in temperature, Young’s modulus decreases. Because, with
the temperature increase, the intermolecular distances of the material increase and intermolecular
forces decrease. As a result, the strength of the material decreases. Also, It is seen from Fig. 4 that,
with temperature increase, the coefficient of thermal expansion increases. It is seen from Fig. 5 that,
increase in temperature causes decrease in the yield stresses.

In Fig. 6, thermal post-buckling configuration of the beam is presented for L/2=100, b=1m,
h=1m for uniform temperature rising A7 = 25 K and also for elastic post-buckling temperature
limits for temperature dependent and independent physical properties.
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Fig. 6 Thermal Post-Buckling configuration of the beam for L/ =100, b=1 m, h=1 m for uniform

temperature rising A7=25K and elastic post-buckling temperature limit with temperature dependent
and independent physical properties
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Fig. 7 Critical buckling uniform temperature AT versus the ratio L/z with temperature dependent and
independent physical properties

It is seen from Fig. 6 that, there is a significant difference between the deformed configurations of
the beam for temperature dependent and temperature independent physical properties. Also it is seen
from Fig. 6 that the elastic limit for temperature dependent physical properties are lower than the
elastic limit for temperature independent physical properties: Because, with temperature rising, the
yield stress of the material decrease.

In Fig. 7, the critical buckling uniform temperature AT versus the ratio L/4 of the beam is
presented for temperature dependent and independent physical properties for 5=1m and 2 =1 m.

It seen from Fig. 7 that, the beam buckles at lower temperatures for higher L/4 ratios. Decrease of
the ratio L/4 of the beam causes increase in the difference between the critical buckling
temperatures for the temperature dependent and independent physical properties. Approximately
after L/h =70, the critical buckling temperatures of the temperature dependent and independent
physical properties almost coincide. In small L/4 ratios, the critical temperatures for the temperature-
independent physical properties are greater than the critical temperatures of the temperature-
dependent physical properties. Also elastic buckling limit of the beam with temperature independent
physical properties is obtained at a lower L/h ratio compared to the elastic buckling limit of the
beam with temperature dependent properties. Hence, the temperature-dependent physical properties
must be taken into account for safe design of beams and for obtaining more realistic results.
Otherwise an important error is inevitable.

In Fig. 8, the specified transversal displacement v(L/2) versus uniform temperature rising A7 is
presented for temperature dependent and independent physical properties for L/ =80, 90, 100
ratios.

It is seen from Fig. 8 that the difference of the transversal displacements of the midpoint of the
beam with the temperature dependent and independent physical properties in post-buckling case
increases with decrease in the ratio L/k. In other words, increase in the ratio L/4 of the beam causes
decrease in the difference between the transversal displacements for the temperature dependent and
independent physical properties. In Fig. 8, furcation points can be seen. As it is known, buckling
occurs at the furcation points: Actually these points are bifurcation points. As it is konown,
according to the initial arbitrary deviation from the straight position of the beam, buckling can occur
in either positive or negative directions. In this study, deviation from the straight position is always
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taken as positive for buckling analysis. The symmetrical branches according to AT axis would be
obtained if the deviations from the straight positions were taken as negative values. The transversal
displacements for the temperature-dependent physical properties are greater than those for the
temperature-independent physical properties. This situation may be explained as follows: In the
temperature-dependent physical properties, with the temperature increase, the intermolecular
distances of the material increase and intermolecular forces decrease. As a result, the strength of the
material decreases. Hence, the beam becomes more flexible in the case of the temperature-
dependent physical properties.

Also, it is seen from Fig. 8 that the material of the beam yields after certain temperatures that are
shown by circles on the figures in the post-buckling case: After the corresponding temperature,
plasticity must be considered which is out of the scope of this study.

1.4

Temperéture-lndepéndent

1.2 oo Temperature-Dependent

0.8 i D O — I— o

L/h=120 =
0.6} e

V(L/2) (m)

0.4f o o o b

0.2f v ¥ g

AT (K)

Fig. 8 The specified transversal displacment v(L/2) versus uniform temperature rising A7 with temperature
dependent and independent physical properties for the ratio L/4 = 80, 90, 100
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Fig. 9 Maximum Cauchy normal stress versus uniform temperature rising AT for temperature dependent and
independent physical properties for L/4=120, b=1mand 2=1m
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In Fig. 9, maximum Cauchy normal stresses versus uniform temperature rising AT is presented for
temperature dependent and independent physical properties for /A =120, b=1m and 2 =1 m.

The maximum Cauchy normal stresses for the temperature dependent and independent physical
properties in the post-buckling case within elastic limit are given in Fig. 9. Before the buckling
furcation point, the maximum Cauchy normal stresses increase almost linearly, but after furcation
point, the stresses increase suddenly. This situation is expected and natural in buckling phenomenon.
Also, it is seen from Fig. 9 that the yield stress for the beam with temperature dependent physical
properties is lower than the yield stress for the beam with temperature independent physical properties.

4. Conclusions

Thermal post-buckling analysis of a Timoshenko beam subjected to uniform temperature rising is
investigated for temperature dependent physical properties by using the total Lagrangian
Timoshenko beam element approximation. The considered highly non-linear problem is solved
considering full geometric non-linearity by using incremental displacement-based finite element
method in conjunction with Newton-Raphson iteration method. The difference between the analysis
results for the temperature dependent and independent physical properties are investigated in detail
in post-buckling case. The relationships between deflections, thermal post-buckling configurations,
critical buckling temperatures, maximum stresses of the beams and temperature rising are illustrated
in detail in post-buckling case. It is observed from the investigations that there are significant
differences of the analysis results for the temperature dependent and independent physical properties
in the post-buckling case. Especially, increase in temperature causes increase in the difference of the
analysis results for the temperature dependent and independent physical properties considerably.
After certain temperatures, the material of the beam yields. The yield stresses of material for
temperature dependent physical properties are lower than the yield stresses of temperature
independent physical properties. Hence, for safe design of structural elements, the temperature-
dependent physical properties must be considered. Otherwise an important error is inevitable. Also,
increase of the ratio L/4 of the beam causes decrease in the difference between the transversal
displacements for the temperature dependent and independent physical properties. It is observed
from open literature that the effect of temperature dependent physical properties on the analysis
results are not considered broadly. Taking into consideration of the temperature dependent physical
properties is very important for failure analysis and safe design of structures.
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The components of the material stiffness matrix: the axial stiffness matrix Kj,, bending stiffness matrix
K, and shearing stiffness matrix K, are as follows

cz CrSim —CVmLo 12 —c; —CpSm —CpVmbLo ! 2]
ConSim s2 ~VuLloSm 12 —CpSpm —s2 —VmLoSy, 12
K4, _E(M) Ay | ~CnVmbo /2 ~VnLos, 12 R4 e yale /2 vaLys, 2  yiIa/4 (AD)
Ly —c —CpSpm CpVmlo /2 cl CrSim CuVmlo 12
—CpySpm —s2 VnLoSy 12 CouS s VnLoSm 2
oVl 12 “Vulosw 2 vaLg !4 cu¥ule!2 Vulos, /2 valol4 |
[0 0 0 0 0 i
0 0 0 0 0
Klj)u _EM™M)I, 0o 0 1 0 0 -1 (A2)
L, 0 0 0 0 0
60 0 0 0 O
00 -1 0 0 |
| s> -y —0yLgs,, /2 —s2 CouS -y Lys,, / 2
—CySp c,zn coqLy /2 CriSm —ci ¢ oqly /2
K, - G(T)Ay | ~anLys,, 12 cuonly /2 ofLi/4  oyLys, /2 —c,oLy /2 ofLi/4 (A3)
Ly —s2 CorS o Lys,, /2 s2 —CpSp o Lys,, /2
CSim —c2 —c,oLy /2  —c,s, e —c,onLy /2
|~ Lys,, 12 c,onlyl2  ofLy/4 alys, /2 —c,oly/2  ofLyl4 |

where m stands for beam midpoint, £=0, and 6,=(6,+6)/2, ®,=06,+¢, c,=cosw,, s,=Ssno,,
e, =Lcos(6,—w)/Ly—1, a;=1+e,, and y, = Lsin(y—6,)/L, (See Fig. Al for symbols). The axis of the
considered beam initially is taken as horizontal, therefore ¢ = 0. The matrix S is defined as follows

E(T)4, 0 0
S=[ 0 G(T) 4, 0 (A4)
0 0 Io4,
B,, matrix is as follows
—c —s —lL c s —lL
m m 2 0/ m m m 2 0V m
B, =B|. = LL 5, -y %L0(1+em) Sy —Cy %L0(1+em) (A3)
0
0 0 -1 0 0 1



124

Yy

Xx

7]

Fig. Al Plane beam element with arbitrarily oriented reference configuration (Felippa 2012)

The geometric stiffness matrix Kg is given as follows

Nm
Koy
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[0
0

N

1(x,,p)

7y C,

1(x,.7)

0 s, 0 0 s, ]
0 —-C,, 0 0 —C,,
-, —-—Ly(1+e,) -s, c¢, ——L,(1+e,)
0 —S,, 0 0 =S,
0 Cp 0 0 Cp
-, ——Ly(+e,) -s, c, —=Ly(+e,)
2 2 J
0 C, 0 0 cp |
0 Sy, 0 0 S,
1 1
Sm _ELoym “Cm TSm _ELoym
0 —-C,, 0 0 -,
0 =S, =S,
1 1
Sm _ELOJ/m Cm TSm _§L07m_

(A6)
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in which N,, and V), are the axial and shear forces which are evaluated at the midpoint. The internal nodal
force vector is as follows Felippa (2012)

1 1 !
Cm TSm ELOVm Cm Sm ELO Vm
T 1 1 % (A7)
p=LyB,z=| s, -c, —5L0(1+em) Sy —Cp —5L0(1+em)
0 0 -1 0 o0 1
where z' = [N V M]. The external nodal force vector can be expressed as follows
[1-¢ 0 0 [1-¢ 0 0
0 1-&§ 0 0 1-4 0
0 0 1-g |’ o o0 1-g|" (A8)
f=n || fy |axay +b | ty |dx
Wi, 1-& 0 0 0 i -4 0 0 ”
0 1-4 0 0 1-&4 0 ’
0 0 1-& | . 0 0 1-&]

where fy, fy are the body forces, ty, ty, m; are the surface loads in the X, Y directions and about the Z axis, 4,

is the thickness, /4 is the height.





