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Crack-tip constraint analysis of two collinear cracks 
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Abstract. The higher-order asymptotic C(t) − A2(t) approach was employed to investigate the crack-tip
stress of two collinear cracks in a power-law creeping material under the plane strain conditions. A
comprehensive calculation was made of the single crack, collinear crack model with S/a = 0.4 and 0.8, by
using the C(t) − A2(t) approach, HRR-type field and the finite element analysis; the latter two methods
were used to check the constraint significance and the calculation accuracy of the C(t) − A2(t) approach,
respectively. With increasing the creep time, the constraint A2 was exponentially increased in the small-
scale creep stage, while no discernible dependency of the constraint A2 on the creep time was found at
the extensive creep state. In addition, the creep time and the mechanical loads have no distinct influence
on accuracy of the results obtained from the higher-order asymptotic C(t) − A2(t) approach. In comparison
with the HRR-type field, the higher-order asymptotic C(t) − A2(t) solution matches well with the finite
element results for the collinear crack model. 
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1. Introduction

Multiple cracks associated with corrosion and welding flaws frequently occur in high temperature

components of aerospace structures, pressure vessels and nuclear reactors. In practical condition, the

presence of multiple cracks may seriously degrade damage tolerance of structures. The stress state

at the crack-tip field would be abruptly intensified due to strong interaction of the closely spaced

multiple cracks, resulting in the accelerated crack growth. Accordingly, rapid prediction of the stress

and deformation state at the crack-tip field of the interacting multiple cracks is of considerable

significance to structure integrity evaluation of high temperature components (Liu et al. 2008).

Numerous numerical efforts have sought to understand the influence of the interacting multiple

cracks on the crack-tip stress field. By using the finite element method, Si et al. (2008) performed

creep analysis of two interacting semi-elliptical cracks, yielding an empirical rule of evaluating the
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interacting cracks. Chen et al. (2009) evaluated T-stress of the interacting cracks by using complex

variable function method. Kamaya (2008) employed finite element analysis to determine the growth

of the interacting multiple surface cracks by calculating the stress intensity factor. Xuan et al. (2009)

developed a closed form solution to evaluate the interaction of two cracks in plates under tension. In

addition, some fitness of service codes were developed for safety assessment, e.g., ASME Boiler and

Pressure Vessel Code Section X1 (2004), API579 (2007), BS7910 (2005) and R6 (2006).

The crack-tip stress and strain rate fields under the creep condition are normally determined as the

function of the time-dependent contour integral C(t). At the steady state or under extensive creep

condition, the time-independent contour integral C* is used for the value of C(t) (Kim et al. 2002,

Assire et al. 2001, Fookes and Smith 2003). However, the dominant zone of the HRR-type method

based on the C(t)-integral theory is highly limited in the spatial scale, which is attributed to the fact

that the stress constraint under the plane strain condition was not taken into account (Yang et al.

1996). This means that careful consideration of the crack-tip constraint is needed in a view to

enlarge the dominant zone. Toward this end, a few two-parameter approaches on the basis of

elastic-plastic mechanics were proposed to rapidly evaluate the constraint effect on the crack-tip

field, e.g., J-T approach (Betegon and Hancock 1991), J-Q approach (O'Dowd et al. 1991) and J-A2

approach (Yang et al. 1993, Chao and Zhu 1998); these approaches are mainly developed for the

situations at room temperature. As for the creeping materials at the elevated temperature, the C(t)-

Q(t) (Shih et al. 1993, Sharma et al. 1995) and C(t) − A2(t) (Chao et al. 2001, Hutchinson 1968)

approaches were mainly developed to evaluate the constraint effect on the crack-tip field. However,

the C(t) − Q(t) approach (Shih et al. 1993) was derived from the J-Q approach, which is

unfortunately only applicable under small-scale yielding condition in comparison to the J-A2

approach. Subsequently, Chao et al. (2001) extended the J-A2 approach for the elastic-plastic

materials to the higher-order asymptotic C(t) − A2(t) approach for the creeping materials. A

comparative study of the crack-tip constraint of the single edge notched tension specimen

demonstrated that the dominant zone of the C(t) − A2(t) approach is obviously larger than that of the

approach based on HRR solution (Chao et al. 2001). In recent years, the constraint parameter Q and

a new constraint parameter R (Wang et al. 2010, 2012, Sun et al. 2011) are used to study the

constraint at the crack tip for different cracked models, such as compact tension (CT) specimen,

middle-cracked tension (MT) specimen, single edge-notched bend (SENB) specimen and single

edge-notched tension (SENT) specimen. For the aspect of the research on crack growth rate, some

experimental and theoretical evidences have shown that constraint can also affect creep crack

growth rate under creep conditions (Budden and Dean 2007). For the 316H austenitic steel, the

deviation of the crack growth rate between the middle-cracked tension (MT) specimen and the

compact tension (CT) specimen (Bettinson et al. 2002) have been found. However, few literature

survey on the constraint analysis at the crack tip by using the higher-order asymptotic C(t) − A2(t)

approach was found. Accordingly, investigation of the constraint parameter at the crack tip by using

the higher-order asymptotic C(t) − A2(t) approach is highly desirable. 

In the present study, the higher-order asymptotic C(t) − A2(t) approach was employed to rapidly

predict the crack-tip stress fields of two collinear cracks at the elevated temperature. The material

investigated in the present paper is Cr-Mo rotor steel. The influence of the material hardening

exponent n, horizontal distance between two cracks, and mechanical load on the crack-tip constraint

A2 was evaluated. The results demonstrated that the higher-order asymptotic C(t) − A2(t) solution

matches well with the finite element analysis, whereas a large deviation was found for the

calculations by using the HRR-type field. 
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2. Mathematical method

In calculation, the main attention was directed to the two-dimensional stationary crack problem

under the plane strain condition. In the present study, the higher-order asymptotic C(t) − A2(t)

approach was employed to investigate the influence of material hardening exponent, horizontal

distance between two cracks, and mechanical load on the constraint at the crack-tip field. The

calculations by using the HRR-type approach and finite element method were provided for

comparison. Hereafter, the mathematical fundamentals of the higher-order asymptotic C(t) − A2(t)

approach are briefly introduced.

In the current study, mechanical properties of low alloy Cr-Mo steel are used. The deformational

behavior of the material under the plane strain condition is governed by the elastic-nonlinear

viscous constitutive relation. Under the uni-axial tension, the total strain rate is related to stress in

terms of the Norton power-law creep relation  

 (1)

where  is the uni-axial strain rate,  is the uni-axial stress rate, E is Young’s modulus, n is the

creep exponent,  is the yield stress, and  is the creep strain rate. Note that the combined creep

coefficient  is often used. The material properties (Si et al. 2008) were listed in Table 1.

To describe the strain rate of the material under the multi-axial stress state, the uniaxial creep

relation is rewritten as 

 

 (2)

where v is the Poisson ratio,  is the Kronecker delta,  is the strain rate tensor,  is the stress

tensor, Sij is the deviatoric tensor of stress , and  is the Mises effective stress.

To describe the stress and strain states at the crack-tip field, the HRR-type singularity field

(Hutchinson 1968, Rice and Rosengren 1968) for the power-law creep material is determined to

 (3)

where r and θ are the polar coordinates. In Eq. (3), the dimensionless constant In and normalized

function  are functions of the creep exponent n. The time-dependent contour integral C(t)

(Bassani and McClintock 1981) is defined as

  (4)

in which the notation Γ is the integral path enclosing the crack tip, nj is the unit outward vector, 

is the displacement rate vector, and the strain energy rate density is .

As mentioned earlier, the dominant zone of the HRR-type singularity field is highly limited in the
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Table 1 Material constants used in analysis

E (MPa) v B(MPa-n/h) n
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spatial scale. To increase the dominant zone, the higher-order asymptotic solution, which

characterizes the stress field near the crack tip in the creeping material (Chao et al. 2001), is given

by

 (5)

where,  and .

At the steady state or under extensive creep condition, the time-dependent contour integral C(t)

and the constraint parameter A2(t) approach to the time independent contour integral C* and A2
*,

respectively. Hence, the higher-order asymptotic solution is reduced to

  (6)

where, .

3. Finite element model

The geometry and the finite element model of the two collinear cracks are shown in Fig. 1. The

length of the crack is 2a = 5 mm, for the two collinear crack model, the horizontal distances

between the two cracks are S = 0.4 * 2a and 0.8 * 2a, respectively. Dimensions of the planar

material in length and width are large enough to avoid the boundary effect of the model. For all

cases, 20 contours were modeled for calculating the C(t)-integral at the crack-tip field.

For comparison, the finite element analysis of the small-scale and extensive creep was carried out

by using ABAQUS. The eight-node isoparametric element with reduced integration (CPE8R in

ABAQUS) were introduced to avoid the problems associated with incompressibility; a total of 4288

elements and 13116 nodes were constructed in the finite element analysis. To enhance the
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Fig. 1 Geometry (a) and finite element model (b) of two collinear cracks
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calculation convergence at the crack-tip region, a sufficiently fine mesh as shown in Fig. 1(b) was

used in the crack-tip region; the ratio of the finest element size around the crack-tip field to the

crack length is reduced to 0.002. In addition, the 1/4 node elements were introduced at the crack tip

to resolve singularity of the stress field. With increasing the distance from the crack tip, the grid

gets coarser. 

In all calculations, as shown in Fig. 1(a), a constant mechanical load, which was kept at 100 MPa

if without declaration, was applied to the model in the small-scale and extensive creep stages. The

C(t)-integral ,which obtained from the value of four contour was extracted from the built-in

procedures of the software ABAQUS for comparison with the values determined from the Riedel

and Rice’s short estimation formula (Riedel and Rice 1980), and the Ehlers and Riedel’s

approximate interpolation formula (Ehlers and Riedel 1981). The constraint A2 in the higher-order

asymptotic C(t) − A2(t) solution was determined by using the point matching technique (Chao et al.

2001).

4. Numerical results and discussion

Prior to show calculation results of the two collinear cracks, the C(t)-integral for a single crack

along different paths was determined. Time-dependent variations of four different C(t)-integral

contours at the crack tip were shown in Fig. 2. With the increase of time, the C(t)-integral contour

decreases exponentially at t < 10 h and is then parabolically reduced at t < 20 h, which is in the

coverage of the small-scale creep stage. With further increase of time, no distinct variation of the

contour C(t)-integral can be detected for all curves, which gradually approach to the constant value

0.0011 N/mm·h at t > 80 h. Hereafter, the time tT = 90 h is defined as the transition time between

the small-scale and extensive creeping stages in the following computations, which is in favorable

agreement with the approximate calculation  by Li et al. (2007).

To precisely determine the parameter C(t)-integral for subsequent analysis of two collinear cracks,

variations of the C(t)-integral contours in the small-scale and extensive creep stages were calculated

by using the finite element analysis and two empirical C(t)-integral definitions, e.g., the Riedel and

Rice’s short estimation formula (Riedel and Rice 1980) and the Ehlers and Riedel’s approximate
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Fig. 2 Evaluation of C(t)-integral along different
paths for single crack model 

Fig. 3 Variation of C(t)-integral with time for single
crack model 
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interpolation formula (Ehlers and Riedel 1981). As shown in Fig. 3, the C(t)-integral determined by

the finite element analysis decreases rapidly at t/tT < 1 and is then slowly reduced to a constant

value with the increase of the creeping time. A comparative view shows that the calculation results

by the Riedel and Rice’s short estimation formula match well with that of the finite element

analysis, while large deviation was found for the results by the Ehlers and Riedel’s approximate

interpolation formula. Accordingly, the C(t)-integral is determined from the Riedel and Rice’s short

estimation formula in the following computations by using the higher-order asymptotic C(t) − A2(t)

approach.

Fig. 4 displayed variation of the time-dependent constraint A2(t) in the higher-order asymptotic

solution along different paths (r/a = 0.013, 0.041, 0.102) in the single crack model. As indicated in

Fig. 4, at the small-scale creep stage t/tT < 0.5, the constraint A2(t) increases rapidly with the

increase of the creeping time for all paths around the crack tip; with increasing creep time from

t/tT = 1 up to 5, no discernible variation of the constraint A2(t) is detected, which is almost kept

constant to −0.96, −1.04, −1.1 for the paths r/a = 0.013, 0.041, and 0.102, respectively. This

confirms the fact that the constraint A2(t) in the three-term asymptotic solution of the power-law

creeping material (Chao et al. 2001) is approximately independent of the creeping time at the

extensive creep stage. Accordingly, if without special declaration, the constraint A2(t) in computation

is hereafter denoted as the time independent constraint A2
* at the extensive creep stage. In the

majority of the subsequent discussion, the main concern would be placed on the stress state of the

crack tip at t/tT = 1.

Detailed information regarding spatial variation of the constraint A2 at the creeping time t/tT = 1

for the single crack model is displayed in Fig. 5. As shown in Fig. 5, with increasing distance from

the crack tip, the constraint A2 increases, and then the value of the constraint A2 approaches to a

constant as the distance far away from the crack tip, so the constraint A2 is independent on the

position ahead of the crack tip as the distance far away from the crack tip, and the constant value of

the constraint A2 is defined as the level of the constraint at this condition. 

To see the significance of the crack-tip constraint analysis, a comparative view of the calculation

results determined from the HRR-type field and higher-order asymptotic C(t) − A2(t) solution were

supplied in reference to that from the finite element analysis. Fig. 6 shows the distributions of σθθ/σ0

in the crack tip region for the collinear crack models S/a = ∞ (single crack), 0.8 and 0.4 at the

creeping time t/tT =0.4, 1 and 10. It is obvious that the results of the higher-order asymptotic C(t) −

Fig. 4 Variation of constraint A*
2 (t) with time along

different paths for single crack model 
Fig. 5 Variation of constraint A*

2  at crack tip for
single crack model
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A2(t) solution are in favorable agreement with that of the finite element analysis for the crack tip

region up to r/a < 0.20, while the calculation of the HRR-type field results is in a significant

deviation for all configurations. For the single crack model as shown in Fig. 6(a), the difference

between results of the HRR-type field and the higher-order asymptotic C(t) − A2(t) solutions

slightly decrease with increase of the creeping time. Moreover, the event of stress relaxation at the

crack-tip field with increase of the creeping time is observed. For the collinear crack model with the

distance S/a = 0.8 as shown in Fig. 6(b), similar tendency of crack-tip σθθ /σ0 in response to the

creeping time is found. However, for the collinear crack model with the distance S/a = 0.4 as shown

in Fig. 6(c), under the condition of creeping time t/tT = 0.4, the value of σθθ /σ0 at the crack-tip field

is small compared with that obtained from the single crack model and the collinear crack model

with distance S/a = 0.8. And the creeping time has little influence on the value of σθθ /σ0 at the

crack-tip field. 

Now we turn to influence of the mechanical load on the crack-tip constraint analysis of two

collinear cracks under creep condition. Distributions of crack-tip σθθ /σ0 with different mechanical

loads (P = 100 MPa, 200 MPa and 300 MPa) were plotted in Fig. 7. A global view of all cases in

Fig. 7 shows that the calculations by using the higher-order asymptotic C(t) − A2(t) solution result in

a good prediction of the crack-tip stress state, which agrees well with the finite element analysis.

For the single crack model as shown in Fig. 7(a), the difference between results of the HRR-type

field and the higher-order asymptotic C(t) − A2(t) solutions increases with increasing the mechanical

loads, indicating the decreasing constraint. It is similar to the results of the collinear crack model

Fig. 6 Variation of σθθ /σ0 with distance from the crack tip at different creep time (t = 0.4tT, t = tT, t = 10tT,) (a)
single crack model, (b) collinear crack model with S/a = 0.8, (c) collinear crack model with S/a = 0.4 
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with the distance S/a = 0.8, as shown in Fig. 7(b), the difference between results of the above-

mentioned two methods increases with increasing the mechanical load. For the collinear crack

model with the distance S/a = 0.4, similar tendency of crack-tip σθθ /σ0 in response to the

mechanical load can also be found as shown in Fig. 7(c).

This gives a hint of the decreasing constraint for both of the single crack model and the collinear

crack model with increasing the mechanical load.

5. Conclusions

In the present study, the higher-order asymptotic C(t) − A2(t) solution was introduced to investigate

the crack-tip stress state of two collinear cracks, which occur in a power-law creeping material

under the plane strain conditions. The results by using the HRR-type field and the finite element

analysis were provided to check the constraint significance and the calculation accuracy of the

higher-order asymptotic C(t) − A2(t) solution, respectively. A favorable agreement of the time-

dependent contour integral C(t) between the results obtained from the present finite element analysis

and the Ehlers and Riedel’s approximate interpolation formula was determined. The influence of the

horizontal distances between two cracks on the constraint A2 at the crack-tip field was analyzed. In

comparison with the HRR-type field, the stress component σθθ obtained from the higher-order

Fig. 7 Variation of σθθ /σ0 with distance from the crack tip at different mechanical loads (P = 100 MPa,
200 MPa, 300 MPa) (a) single crack model, (b) collinear crack model with S/a = 0.8, (c) collinear crack
model with S/a = 0.4 
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asymptotic C(t) − A2(t) solution agreed well with that of the finite element analysis. The calculations

shows that no discernible difference of the constraint A2 was found at t/tT 

≥ 1, and the creep time

and the mechanical loads have no distinct influence on accuracy of the results obtained from the

higher-order asymptotic C(t) − A2(t) solution. 
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