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Abstract. This article studies the secondary resonances of a clamped-clamped microresonator under
combined electrostatic and piezoelectric actuations. The electrostatic actuation is induced by applying the
AC-DC voltage between the microbeam and the electrode plate that lies at the opposite side of the
microbeam. The piezoelectric actuation is induced by applying the DC voltage between upper and lower
sides of piezoelectric layer. It is assumed that the neutral axis of bending is stretched when the
microbeam is deflected. The drift effect of piezoelectric layer (the phenomenon where there is a slow
increase of the free strain after the application of a DC field) is neglected. The equations of motion are
solved by using the multiple scale perturbation method. The system possesses a subharmonic resonance of
order one-half and a superharmonic resonance of order two. It is shown that using the DC piezoelectric
actuation, the sensitivity of AC-DC electrostatically actuated microresonator under subharmonic and
superharmonic resonances may be tuned. In addition, it is shown that the tuning domain of the
microbeam under combined electrostatic and piezoelectric actuations at subharmonic and superharmonic
conditions is larger than the tuning domain of microbeam under only the electrostatic actuation.

Keywords: microresonator; electrostatic actuation; piezoelectric actuation; perturbation method; super-
harmonic resonance; subharmonic resonance

1. Introduction

Low weight, small size, low consumption energy and high durability of microelectro-mechanical
systems (MEMS) have increased the use of microresonators as a key component of pressure
sensors, gyroscopes and RF systems (Liu and Paden 2002). The microresonators usually include a
microbeam that is excited by an electrostatic or piezoelectric actuation. In microresonators under
electrostatic actuation, an AC voltage is applied between the microbeam and the electrode plate. In
microresonators under piezoelectric actuation, an AC voltage is applied between the upper and
lower sides of a piezoelectric layer deposited on a part of microbeam. A DC electrostatic or
piezoelectric actuation is often combined with AC voltages in order to tune the sensitivity and
natural frequency of the microresonator. Many researches have been performed to study the
mechanical behavior of the microresonators under electrostatic and piezoelectric actuations.
Mahmoodi and Jalili (2007, 2009) studied the nonlinear vibration of a clamped-free microresonator
under AC piezoelectric actuation at primary resonance. In another work, they studied the
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superharmonic and subharmonic resonances of system under piezoelectric actuation (2010). Li ef al.
(2006), Dick et al. (2007) studied the oscillations of a clamed-clamped microresonator under AC
piezoelectric actuation. The primary resonance of clamped-clamped microresonators under
combined AC-DC electrostatic actuation has been studied by Younis and Nayfeh (2003). Zamanian
et al. (2010) considered the effect of structural viscoelastic damping on the primary resonance of
clamped-clamped microbeam under AC-DC electrostatic actuation. The subharmonic and
superharmonic resonances of this configuration have been studied by Abdel-Rahman and Nayfeh
(2003), Nayfeh and Younis (2005). The primary resonances of a clamped-free microresonator under
combined AC-DC electrostatic actuation has been studied by Zhang and Meng (2005), Lizhong and
Xiaoli (2007). For the tuning of microresonator under AC-DC electrostatic actuation, the natural
frequency of microbeam is changed using the DC electrostatic actuation. It has been shown by
Abdel-Rahman et al. (2002) that in systems under AC-DC electrostatic actuation the natural
frequency of microbeam about static position decreases due to the softening effect of electrostatic
actuation and increases due to the midplane stretching. It means that the increase of natural
frequency about static position by an increase of DC electrostatic actuation is restricted due to the
system parameters. It has been shown that usually by increasing the value of DC electrostatic
actuation, the softening effect overcomes to the stretching effect, and so the natural frequency
decreases. It has been shown that even if in a special domain of DC electrostatic actuation the
stretching effect overcomes to the softening effect, this domain is restricted. Zamanian et al. (2008),
Rezazadeh ef al. (2006) showed that using a combination of DC piezoelectric and DC electric
actuations, the static deflection and natural frequency of system about static position may be
increased or decreased. It means that the tuning domain of the microbeam under combined
electrostatic and piezoelectric actuation is larger than the tuning domain of a microbeam under only
the electrostatic actuation. The effect of this combination on the mechanical behavior of
microresonator under AC piezoelectric actuation has been studied by Zamanian et al. (2009). In
another work they studied the effect of this combination on the mechanical behavior of
microresonator under AC electrostatic actuation (Zamanian and Khadem 2010). They showed that
when the piezoelectric layer is deposited on the full length of microbeam layer, the nonlinear shift
of resonance frequency may be increased or decreased using a combination of DC piezoelectric and
DC electrostatic actuations. In the previous work, Zamanian and Khadem (2010) considered the
effect of DC piezoelectric actuation on the primary resonance of electrostatically actuated
microresonator. In some conditions, such as filtering application, the system is oscillating at
subharmonic or superharmonic resonances. The effect of piezoelectric layer in this condition has not
been considered, and the present paper studies this topic.

2. Modeling and formulation

The system model as shown in Fig. 1 is a clamped-clamped microbeam with a piezoelectric layer
whose left and right ends are at distance /; and /, from the left end of the microbeam, respectively.
A DC voltage equal to P, is applied to the upper and lower sides of the piezoelectric layer. An
clectrode plate lies at distance d from the microbeam, and an AC-DC voltage equal to
v, Vv, .cos(Qr) is applied to the microbeam and the electrode plate. In this actuation, v, and Q are
the amplitude and frequency of the AC part, respectively. Here, v, is the magnitude of DC part, and
t is time. It is assumed that one end of microbeam is stretched equal to € in the axial direction due
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Fig. 1 The configuration of system under combined electrostatic and piezoelectric actuations

to the existence of axial load. It must be noted that the microbeam is not free to deflect in axial
direction, but its right end is maintained to remain in the constant position which is obtained by
applying the axial load.

It is assumed that E,(E,), n,(h,) and p,(p,) are the module of elasticity, the thickness and the
mass per unit volume of microbeam (piezoelectric layer), respectively. The parameter w,, is width of
microbeam and piezoelectric layer. The parameter z, shows the distance between bending neutral
axis and midline of microbeam where the piezoelectric layer is deposited. Also, the parameter ¢ is
the viscous damping per unit length of microbeam, and g, is the dielectric permittivity in vacuum.
As shown in Fig. 1 s and z are the axial and lateral direction, respectively and W is the lateral
deflection. It must be noted that the drift effect of piezoelectric layer (the phenomenon where there
is a slow increase of the free strain after the application of a DC field) will be neglected in
derivation of equation. The equation of motion for the considered microbeam using the Newton's
second law is written as (Zamanian and Khadem 2010).

0’ o*w o*w ow o*w
H + >+c— (o' (w,w)+ N —a,P,)— =
axz ( (x) axzj m(x) afk 62‘ ( 1 (W W) 3% d ) &xz
a,(v, + v, cos(Qr))’ ap, dzH:l/, ~ d2H212/1 ’
(1-w) dx’ dx
ow ow
wlx:O =0 ¥ =0, wlle =0, By =0 (1)

where

/4 s t pyhyw, I 1 of, of.
= —, = —, = —, T = M’ r‘ , — .._I.___z_d
YR T Ty \ L, Bof)= | o
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H,, = Heaviside function= i=12 2

In Eq. (1) the terms including H(x),m(x) and c are the term of bending stiffness, mass inertia,
and viscous damping, respectively. These terms are (Zamanian and Khadem 2010)

p.h el
m(x) =1+=F p(H/,//_H/Q//)a c=
Py, E T
]_b E I,
H(x):(l‘“Hll/l)“Ll_(H/,/z _H12/1)+H(H11/1 _H/2/1)+H12//
b

b b

— Eh(h +h
I, = wah,f, I, = iwbh,f +hbwhEnZ, zZ, =—= ”( I )
12 12 2(E,h, + Ephp)
— w 5 _
4, = Tb(h‘; +h,h, —2hz,)

1 3 3 2 3 2 =2 2 =
I =w, [gﬂhp + i+ thhbj FhE (4 hphb)sz

3)

In Eq. (1) the term including N is due to the axial load, and the term including ¢; is due to
stretching effect. These terms are (Zamanian and Khadem 2010)

1+ E,h, _
N = Nb Ebtb ) Nb = Eﬁ'l" Ab = hbwb
(1+Ephp](l_12_llj+12_ll I,
Ebhb / /
E h
1+ Ephp J 2
a =aq, e , Q, = 6(———] “
1+Ephp (l_lz_llj+lz_ll hb
Ebhb / /

In addition, in Eq. (1) the term including 5P, is due to the axial effect of piezoelectric layer
and the terms including o, and ¢y are due to the lateral effect of electrostatic and bending effect of
piezoelectric actuation, respectively. These terms are (Zamanian and Khadem 2010)

)z
I )E, 2P,

as =

1+Ephp [1_12_l1j+lz_ll 7 h;
E,h, I I
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By equating the terms including v, or the differentiation of w with respect to time to zero in
Eq. (1), the differential equation of static deflection w, is obtained as bellow

2

aZ

H(x ) = (I'( )+ N )62 %Y
al(w,w)+ N —a,P
o . AT ox? (1 -w )
d*H H, d*H dw aw
p g9 Hy _ L _ S
% d°£ dx? x> ) Wil =0, de "0 O Wl =0, dx "7 0 (6)

The displacement of system is the sum of static deflection w,, and the dynamic deflection u(x, 7),
SO

w(x,7) =u(x,7)+w, (7

By substituting Eq. (7) into Eq. (1), and expanding the electrostatic actuation about the static
position, and by using Eq. (6), it is found

82 2u ou 0u

2

2, (w, u) + o' (u, u)d it

2
+ ZaIF(WS,u)a—L; +

2 20,7 3057 4057
a,T(u,u) 0 th + 2Py o+ u’
ox

. u
(I-w)  (A-w) (1 s)

20,v v, cos(Q7)  4a,v,v,. cos(Q7) a,(v,, cos(Q7))’
+ + <

p_ac p ac u
(1-w) (1-w) (1-w,)
ou ou
=t =0, 2 =2 =0 ®

If one set v, and ¢ in Eq. (8) equal to zero, and keep its linear terms, the linear equation of free
vibration of undamped system about the static position will be

2 2 2 2 2
a’) a l;l m(x a L’f 1 Ws’wv)+N_a3Pdc)a_];{_2a1F(ws7u)d v:}s_
Ox” ox” ot~ ‘ ox” dx”
2a,v, ou Ou
(1 W ) ———su=Y, u x=0 u x=1 — 0’ g x=0 — a x=1 — 0 (9)
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Here, if the system oscillates about the static position by nth natural frequency, then the vibration
of the system may be assumed as

u=g, (e (1)
where @,(x) is the nth linear mode shape and w, is nth natural frequency of vibration of the
deflected microbeam about the static position. By substituting Eq. (10) into Eq. (9), and multiplying
it by e ", the differential equation governed by linear mode shapes of system will be

a’2 d’w
de ¢ 2 r( ¢n)d—75_

;:2 (H(x) a;fi”} —(I'(w,w,)+ N —a,

dg,
0=0, —*

s o 4
X

dx

x=0 = 0’ ¢n x= = 0 (11)

x= x=1

(1-w,)’
Zamanian et al. (2008) studied the static deflection, mode shape of vibration about static
deflection and natural frequency of system, i.e. the solutions of Egs. (6) and (11). Also, the solution
of Eq. (8) at primary resonance has been studied by Zamanian and Khadem (2010). Here solutions
of Eq. (8) at subharmonic and superharmonic resonances are considered.

[ 2057v2 J
L=+ m(x)o;, |4, =0, ¢,

3. Subharmonic resonance

By considering Ty = 7, T, = ¢t and T, = &1, where ¢ is small non-dimensional bookkeeping
parameter, the solution of Eq. (8) is assumed as follows (Abdel-Rahman and Nayfeh 2003)

u(x,z,&) = au,(x,T,,T,,T,) + &u,(x,T,, T, T,) + &u, (x,T,,T,,T,) +.... (12)

In order to balance the nonlinear terms with the terms of air damping ¢ and excitation v, these
terms are considered as order & and &, respectively. The following equation is obtained by
substituting Eq. (12) into Eq. (8), and equating the terms with the same power of &'.

order (&)
du az 8 u
L) = 1 —(a'(w,,w,)+ N — P, )—+ —
2 20:7
2051F(wq,ul)d v;/ ,
‘ dx 1-w )
ou ou
Ul =0, ﬁ—xl w0 =0, ., =0, a—xl w1 =0 (13)

The solution of Eq. (13) is
u, = AT, T,)e" " p(x) + A(T,, T, e " p(x) (14)
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where @(x) and @ are the first normalized mode shape and first natural frequency of the system,
respectively. Also, A(7T,,T,) is a complex function obtained by imposing the solvability condition.
If one assumes the frequency of AC voltage as Q = 20+ &0, then a secular terms will be
appeared in the equation obtained by equating the terms with same power of &. It means that
system has a subharmonic resonance frequency at Q=2 ®. In this condition the term v,.cos({27)
will be presented as a excitation term in order (&), so

order (&)
2 dzw o*u 3a,v,’
L(u,) = —m(x + o, T(u,,u, +2a,T(w + P_y?
() ()aTa )+ 20 On) b+ 2
2a ou ou,
m » V.. COS(QT) I/lz‘x:o = O, 8—)(;2 =0 = O, Uyl = O, =l = 0 (15)
order (&)
2 2 2
L) = 2m() -2 (o T4 4 22| 2 ) L
oT, 8T oT’ 8ToaT2 o7, T odx”
2 2 6a,v’
20T (w,,u,)—5- O, + 2T (w,,u, )8 Ly o' (uy,u, )8 u’ 2V T, +
‘ ox’ ox’ (1 -w,)
4052 0 4a,v,
+ ——V,. cos(QT})u,,
A-w) (1-w,)
ou ou
Us|ieo = 0, —873 w0 =0, uyf,, =0, a_; w1 =0 (16)

By substituting Eq. (14) into Eq. (15), it is found

L(uy) = (A" + 244 + A2 " )h(x) + 2 £ (x) cos(QT, ) -

syt ATT o, _OATLL) o .
o7 oT,
where
d’w do 3y, a,v v
h(x) = a,I'(o, 4+ 20T (w,, + L_o?,  f(x)= =L« (13
(x) L(e,9) 0 T(w, go)d : (1—ws)4(p 7(x) oy

If A depends only on 75, then the secular term does not arise in Eq. (17). By using this
assumption, the particular solution of Eq. (17) is as follows

u, =y, (x)A%e™" + 2y, () A4 +y, (x)A%e "+, (x) (e +e70) (19)

where, v, v, and s are obtained by solving the following equations
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d? 7l// 2 2 26{2‘;2
0 ( J —4m(x) "6,y ; — 6;; (m(x)Q + m}/’j -
dzl// deY 2“7
(@ 0nw,) + N = )= 5 = 2l 0w, ) = w”)3 v, = h(x)3,
h(x)52 S+ (0, J =123
dy . dy .
l//j x=0 — O’ d—x/ x=0 — O’ l//j x=1 — O’ dxj x=1 = 0 (20)

In the above equations Jj, i,j = 1,2,3 is Kronecker delta function. The solution of Eq. (20) may
be obtained by using the linear symmetric mode shapes of vibration of the microbeam about the
static position as comparison functions in Galerkin method. So, it is assumed that

M
W_/ :zckwk (21)
k=1

where ¢ shows kth linear symmetric mode shape of deflected microbeam about static position, and
¢, are coefficients that must be obtained by using the Galerkin method. Substituting Eq. (21) into
Eq. (20), multiplying the results by ¢,, n =1,2,..., M, and integrating the results from x = 0 to
x = 1, one obtains

d’ L
j ch (H(x) ‘Pk )g, dx — 405, IOch m(x)p, ¢, dx —
k=1
1 20621/’ 1 M dz(/)
J;; Io ;Ck O ¢, (m(x)Q* + m)dx - »[o Z;Ck (T (w,w,)+ N - a3Pdc)d—2kq)n
1 d*w, 0o, QD
20, [ Y e, D0 w,)0,~ 54y = 2, [ zck -
k=1

I 1
[ (s, - Io(h(x)é'u — f()8,)9,dx =0, j=12 (22)
By substituting Eq. (19) into Eq. (16), and considering that Q = 2@+ &0, one may find

L(uy) = |:—20)l' %m(x)qo(x) — iwA(cp(x)) + y(x)A° A + AL, (x)ei"Tz}ei’“T° + cc + NST

2
(23)
where

(//3 2a.vv,0  6a,v,
+ +
a-w)  (1-w)
2 =20+ 10 +a +xl (24)

dw. do
¢ (x) =21 (o, '//3)?; +20 0w, p5)— P + Za]F(wY,q)) 7 PV
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and

d*w d> dw.
28 = QaTW,,0) + 4aT(y,,0) —== + | 2a, =21 + 4a, =22 |T(w,,0) +
dx dx dx

)

dop
(zalr(ws’l/ll) + 4a1F(WS,l//2))K

2

d*o
2

22 (x) = 3a.T(9,0)
dx

2
E 6a,v

W(%pt//z +oy,)

2
Rayy, |

E _
Zc - (1 _ WS)S (p (25)

In Eq. (23), NST stands for non-secular terms and cc denotes the complex conjugate terms. The
left side of Eq. (23) is §elf-adjoint, so the solvability condition is obtained by multiplying the right
side of Eq. (23) by ¢ “"°¢(x) and integrating the result from x = 0 to x = 1. So

sio| i L HA) L gsa2 T A de ™ = 0 (26)
dT. 2

2

where
[
M= J.OCq)“dx
§¢ = -1[ y%0a
q ——g oAq POX
SGz—lr “odx
c 3 A ?
E 1 1 E
S, :—gjolqgodx
SE ——-I—J.] Eodx
c 8 Olc(p
__J"l 2
m = Om(x)(p x

A, = [

S=8°+8°+8F+8F (27)
q c q c
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By substituting 4 = (1/2)ae’” ™" into Eq. (26) and separating the real and imaginary parts, it
results that

_ da H  Aa

m— =—-——a—-——siny =
ar, = 2% e M
3
%a—cgl = —amo + 25a_ _ MCOS?’ =& (28)
drT, @ @

By substituting Eqgs. (14) and (19) into Eq. (12), and considering that Q =2w+ &o, and
substituting £ = 1, the solution of Eq. (8) at subharmonic resonance will be

u(x,r) = acos%(Qr + V) () + %az[t//z(x) +cos(Q7 + y)w, ()] +
2Acos(Qr)y,(x) (29)

By letting da/dT, and dy/dT, be equal to zero in Eq. (28), one can obtain the equilibrium point
(ay, 7o) as

28a;
(0]
2 2
_Ajag

)= (30)

2

A, A, _
—siny = ——, —-cosy, = —mo +

H
20 2

2
allu” + (o - 22y

This equation has a trivial solution i.e., @, = 0 and the two nontrivial solutions as follow

@ A}
a, = —|om+ |—- -y’ (€29
‘ ZSL 0 Y J
The stability of the trivial solution may be studied by substituting 4 = (1/2)(17+l.q)eo—rz/z into
Eq. (28), and computing the Jacobian matrix. So
_ ., pu _gmo Ag S
mp'=-—p-"—+—=+=(p*+q")q = [,
2 2 20 o
_, pmo u Ap S 32
mg' =——--q+-'=——(p’+q)p=g, G2
2 2 20 o

Considering Eq. (31), the characteristic equation and its roots at the trivial solution p, = g, = 0
are

2 4
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Instability condition occurs when one of the eigenvalues of the system gets a positive value. So,
Eq. (33) demonstrates that the threshold for unstable trivial solution is
A2l >;12a)2 +olwim? (34)
The bifurcation point occurs when one of the eigenvalues is equal to zero. So
2—2

ﬁz o m
) +(—4

(35)
A, =y’ +o’m’

where A = A, is the bifurcation point. Since at the trivial solution (p,q) = (0,0) Eq. (32) results
in

A2
__Az)zo
4

90
i{fz} _ 20 :{0} (36)
ON| g5 |p=p0 | Do 0
q9=4, P
20

Since the rank of matrix, which is resulted from multiplying Jacobian matrix of Eq. (32) by
matrix of Eq. (36), is not equal to 2, the bifurcation point is not a saddle-node bifurcation point
(Nayfeh and Balachandran 1995). It is resulted from center manifold theorem that this bifurcation
point is a pitchfork bifurcation point.

Now, the stability of the non-trivial solution is studied by computing the Jacobian matrix by using
Eq. (28). The characteristic equation and its roots on the nontrivial solution are

2Scm , 4S’a;

A7+ pld - a;+—=2L=0
w w
4S8°a, 2Som

—,ui\/,uz—4( 2a°— Gmaéj (37)

[0 w
A=
2
This equation demonstrates that for existence of an unstable solution, it must
a2 < 2" (38)

28

In the bifurcation point, one of the eigenvalues of system is equal to zero, so by considering
Eq. (37), one may obtain

_ 2Som + 4S‘:15 ~0 (39)
w @
By taking derivative from Eq. (30) with respect to the variable g, it is resulted that
28ag dA
— 4So(om - 220y —op L0 (40)

(4] da,,
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Comparing Eqgs. (40) and (39) shows that by altering A; as a control parameter, a bifurcation
occurs when dA,/da, is equal to zero as shown in Fig. 8 (below). Also, it is resulted by taking
derivative of Eq. (28) with respect to o

i 99

o | ———siny, [0

oA | &1 cos 7 %0 1)
a V=Y )

Since the rank of the matrix which is resulted from multiplying Jacobian matrix of Eq. (28) by
matrix of Eq. (41), is equal to 2, the bifurcation point is a saddle-node bifurcation point (Nayfeh
and Balachandran 1995). Same as the above process must be performed for o as a control
parameter, and so for sake of brevity, it is not given here.

4. Superharmonic resonance

The system has a resonance frequency at Q = w/2+ & c. In order to balance the nonlinear
terms with the terms of air damping ¢ and excitation v,., these terms are considered as order
0(5) and 0(5 ) respectively. In this condltlon the term 2a,v,v,.cos(Q7)/(1- w) would be
realized as a excitation force by order O(g ) It is not possible to balance this term with the
terms including order O(&") or 0(5 ). Therefore, for solving this problem the solution of Eq. (8)
is assumed as

u(x,7)=v,, cos(Qr)w, (x) +1(x,7) (42)

By substituting Eq. (42) into Eq. (8), and equating the terms including power one of v,.cos(Q27),
one obtains

d? d’y 20{2\/2 dy
F( 2“}—(m(x)Q2 +m)y/4 —(aIF(wS,ws)+N—a3PdL,)d—74—
dzw av,
2T (w,, = —_—"2pr
) Sh = (). g = (l 2
d d
l//4|x=0 = 0’ % x=0 = O’ ‘//4 x=1 = 0’ ;X;‘ x=1 = 0 (43)

The solution of Eq. (43) may be obtained using the Galerkin method, similar to the process which
has been performed for obtaining the solution of Eq. (20). The only difference is that y; must be
replaced by w4, the right side of Eq. (20) must be replaced by g(x) and the terms including 6,
and &;; in left hand side of Eq. (20) must be replaced by (m(x)Q +2a2v /(11— S) )w, . Now, by
substituting Eq. (42) into Eq. (8), and eliminating the terms of Eq. (43) from the resulted equation,
one obtains
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0? o™ ou 0™
v [ l(x) J Py P =[a'(w,w,)+ N - 0‘33&]@
2 2 2
2a F(ws,u)d e v a0 x T 4 TG, Y +
dx~ ox”
2 d dZW
v,. cos(Qz‘))‘PalF(ws,t//“) d;’”“ +al(y,v,) dxzy +
a 4052\/,71//4:1 . 3a2vit//% 2a,v;, i+ 3a,v; e 4a,v’ pe
I-w)” A-w) A-w) | (A-w) (1-w)* (1—W)
u x=0 — u x=1 — 0’ % x=0 — 'a_u =1 — 0 (44)
ox ox

By considering T, = 7,7, = ¢t and T, = &1 the solution of Eq. (44) may be assumed as
(Abdel-Rahman and Nayfeh 2003)

uA(xsng) = éul(xaTosnst)+82u2(x9T09Tl:T2)+g3u3(x9TOaTer2)+"" (45)

The following equations will be obtained by substituting Eq. (45) into Eq. (44), and equating the
terms with same power of &

order (&)
0’u 82 0’u 8 u
2 2a,v,
ZaIF(wS,ul)d f
dx 1-w )
ou ou
7/[1 x=0 = 0’ a_xl x=0 = O’ ul x=1 = O’ a_xl x=1 = 0 (46)
order (&)
: 3a7v
L) = a0 22+ 2T, ) 280 2 2m(x) 2L
(1 - ws) T, 0T,
ou ou
Uyl =0, "é;z‘ w0 =0, uy|,, =0, "a“j' w1 =0 47)
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order (&)
o’u, 0’u 0’u Ou d*w
L(u,) = 2m(x 2 L —c—L +2aT(u,,u,)—>+
ws) ( )aTaT m(x )[aT2 aTOaTJ T, L Gntt) dx>
2u 82147 azu
20511“(ws,u2 1 ) axf + alF(ul,ul)K;Jr
(Yo} v 4o WV, 3 ( Qr ))2
— —" —u’+ (v, cos X
(1 —w ) 2 (1 —w ) 1 ac 0
d*y d*w a da,v w, 3aviy,
ZOZFW, 4+0!F R s 4+ 2)_}_ ~Pﬂ+ p ,
) g ) g oy Ty )
ou ou,
Us|,o =0, _a’;‘ w0 =0, us| ., =0, ”5;“ v =0 (48)

Eq. (46) and Eq. (13) are identical. Also, Eq. (47) without considering the external force is similar
to Eq. (15). So, the solution of Egs. (46) and (47) is similar to Egs. (14) and (19) without
considering the external force. By substituting the solution of Egs. (46) and (47) into Eq. (48), and
introducing the excitation frequency by detuning parameter o as Q = w/2+ &0, and keeping only
the terms that produce secular terms, it results that

L(us) = [_20”' j—?m(x)(/ﬁ(x) — iwA(ch(x)) + y(x)A*4 + vchg’z(x)ez’”Tz} X

2

e + cc + NST (49)
where, y(x) is obtained from Eq. (25), and
d 2w 1 a av 3a2v2
gz(x)——alr(W4,W4) +— o T(wg, Wy )yl + - 7t p3 Wy + p4‘//§ (50)
2 Al-wy)” (1-wy) 41-wy)

The left hand side of Eq. (49) is self-adjoint, so the solvability condition is obtained by
multiplying its right hand side with ¢“"°@(x) and integrating the result from x = 0 to x = 1. So

2ia)(md—; + ”—;j +8S4°A —A v Ae™ " = 0 (51)
2

where, 4, m and S are same as the obtained expression in Eq. (27), and

= [ ¢(dx (52)

By substituting 4 = 112a¢ """ into Eq. (52) and separating the real and imaginary parts, it

results that
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_ da Y7, A2

m— = —-—a+——%siny =
ar, - 2T Ty =S )
_dy _ Sa® Ayl
m——=20m———+——"cosy = g,
dT, 1) aw

By substituting Egs. (14) and (19) into (45), and then substituting the result into Eq. (42) and
substituting &= 1, the solution of Eq. (8) at superharmonic resonance is

u(x,t) = v, cos(Q)w,(x) + acos(RQt + y)d(x) + %az[wz(x) +¢c0s2(4Q7 + 2y) ¥ (¥)]
(54)

By letting da/dT, and dy/dT, being equal to zero in Eq. (53), one can obtain the equilibrium
point (a,, 7,) as

2
a

2 22 442
a % +(20'n_1— Sa()] Ve A (55)
(4]

This equation shows that the amplitude a, is maximum, when the expression in the parenthesis
vanishes. So, it results that

20,0 A
9= ou

2
_ Sa,

 om

o (56)

Also, by considering that o= Q— £w/2 and combining it with the obtained results, the nonlinear
resonance frequency is obtained as

4,2
02 25V A (57)
The characteristic equation of Jacobian matrix of Eq. (53) is

2 2 2
AP+ uA+ {% + (Grﬁ _ 3% j(arﬁ _ 54 H =0 (58)
) )

Considering Eq. (58), the eigenvalue of Jacobian matrix will be as follows

2 2
Ay = =4y £ \/—4(0'71_1 _ 354, j(oﬂ _ 54, j (59)
o w

Instability condition occurs when one of the eigenvalues of the system gets a positive value, and
the bifurcation point occurs when one of the eigenvalues is equal to zero. It is obtained from
Eq. (58) that
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2 2 2
B T
4 w 0]

By taking derivative from Eq. (60) with respect to the variable g, it is resulted that

2 2 2
Ay [oﬁ - Sﬂj(aﬁ _ 354 j
do | 4 @ @ (61)

da, ; (0' ~ Saéj
0

[

Comparing Egs. (61) and (60) shows that by altering o as a controller parameter, the bifurcation
point occurs when do/da, is equal to zero as shown in Figs. 12-13, below. It is also resulted by
taking derivative of Eq. (53) with respect to o

D, |:f3 (a, 7/):} _ lio_} (62)
g (a,y)| [2m
The rank of matrix resulted from multiplying jacobian matrix of Eq. (53) by matrix of Eq. (62) is

equal to 2; therefore the bifurcation point is a saddle-node bifurcation point (Nayfeh and
Balachandran 1995).

5. Results and discussions

Egs. (30) and (55) show that the equilibrium solution of system at subharmonic (superharmonic)
resonance depends on the values of S,w,m,u and A,(A,). The value of S depends on the
nonlinear geometric and electrostatic terms, m depends on the mass distribution, & depends on the
damping factor, and @ is natural frequency. Also, A; and A, are resulting from the terms including
the AC voltage. The solution of this paper may be validated by comparing the obtained nonlinear
coefficients S and A; for the microbeam using 4,/h, = 0 with previous works. The validation of
coefficient S shown in Fig. 2 has been performed in previous work. The comparison between the
value of A; and A, obtained in this work by Galerkin method and the value obtained by Abdel-
Rahman and Nayfeh (2003) using numerical shooting method is shown in Table 1. It shows an
excellent agreement between the values of this paper and previous work. It must be noted that that
the coefficient S is same as the values obtained by Zamanian and Khadem (2010). Here the
variations of new coefficients A; and A, against to the variation of system parameters are studied. It
is assumed that in all figures o, = 3.7, E,/E, = 1. This study is necessary for better understanding
of the variations of response which is studied after this part.

Figs. 3 and 4 show the wvariations of A; and A, with respect to the variations of system
parameters. These figures show that the variation range of A; and A, is at order 10°. Fig. 3 shows
that if the value of v, is assumed constant, then by increasing the absolute value of asP, from
osPy. = 0 to asP,. = -2, the value of A; increases. Also, it shows that by increasing the value of
azvf, , from 35 into 55, the values of A; increases more, and by increasing the value of V), from 8.7
to 20, its value decreases. Fig. 4 shows that if the value of azvf, is assumed constant, then by
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Fig. 2 Variations of S with respect to azvi for a microbeam without piezoelectric layer, N = 8.7, and a, =
3.7; the square points belong to Younis and Nayfeh (2003), the solid lines belong to Zamanian and
Khadem (2010)

Table 1 Comparison between the values of A; obtained in this paper and numerical values obtained
by Abdel-Rahman and Nayfeh (2003)

Numerical method Galerkin method System parameters
=37, =39, vp—308

N2 8T v = 0083, b~ 1y = Ay =242 A, =242
o, =37, a=39,v,=34,
N =87, v, =0.038,l,— 1, =0 A =252 A =2.52
4 4
3.5 Ny=8.7, &5P ;. =0, “zV,Z;:35 is — ,-1,=], N,=8.7 |

—_— 12—1120.4 , Nb:8'7

n N :847,01 P :-2, (x v2:35 n

o
K

0 0.02 0.04 0.06 0.08 0.1
Y
vac OLZ p
Fig. 3 Variations of A, with respect to the variations  Fig. 4 Variations of A, with respect to the variations
of v, for different values of system parameters, of @V, for different values of system
where, &p = 2.95, hy/hy, = 0.1, vee = 0.02, u = parameters, where v,. = 0.5, h/h, = 0.1, u =

004, 12 - 11 =04/ 0045 o = 295’ aSPdc =-2
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decreasing the length of piezoelectric layer from [,—/, =1 to [,—/, = 0.4/, the value of A,
increases, and by increasing the value of N, from 8.7 to 60 its value decreases. Also, Fig. 4 shows
that the variations A, against to the variations of azv; when [,—[, = 0.4] are larger than its
variations when /,—/, = /. The main reason of all above variations lies in the calculation of ¢{;(x)
and & (x). Egs. (24) and (50) show that the variations of £;(x) and &,(x) are mainly depend on
the variations of terms including 1/(1—w,)", which have been multiplied by &, or v, It is clear
that these terms increase by increasing the value of w,. So, the variations of system parameters that
induce a large increase in the value of w, cause a large increase in the value of A; and A,. The
previous work showed that if the DC electrostatic and piezoelectric actuations is not zero to zero
then by increasing the value of azvf, or decreasing the length of piezoelectric layer from /,—1, =/
to [,—1,20.25/, the value of w, increases (Zamanian et al. 2008). They showed that when
0.25/<1,—1,<0.81, then increasing the value of asP,. increases the value of w,. Also in previous
work, it has been shown that increasing the value of axial load N, decreases the value of w;.

The variations of equilibrium solution as a function of system parameters at subharmonic and
superharmonic conditions are studied in Figs. 5 to 8. In these figures o, = 2.95, hyh, = 0.1, u =
0.04, and /, — [, = 0.4/. Figs. 5 and 6 show the variations of equilibrium points gy as a function of
detuning parameter o at the subharmonic condition. In the first system a,v, = 35, S > 0 and in the
second system a,v, = 55, § < 0. These figures show that the system has two nontrivial branches
which are approximately parallel. The branches are inclined to the right side for S > 0, and inclined
to the left side for S < 0. It shows that the lower branch of nontrivial solution is unstable. Also,
these figures show that the trivial solution is unstable for all values of o in interval [0, o,], where
[0y o,] is the distance between the cross points of trivial solution by nontrivial solution. These
figures show that when § > 0 and > 0 (§ < 0 and o < 0), and the response of system is on the
stable trivial branch a, = 0, then by decreasing (increasing) the value of o slowly, the amount of a,
moves to stable trivial branch until it arrives to o,(0;), then it jumps to the upper nontrivial
branch. It demonstrates that when S > 0 (S < 0) and the stationary solution is on the upper branch,

02 0.2
0.15 0.15
SR S 0
0.05 0.05
0 0
-0.05 ‘ -0.05
-0.1 0 0.1 0.2 0.3 0.25 02 0.15 01 005 0 0.05 0.1
o o
Fig. 5 Variations of a, with respect to the variations  Fig. 6 Variations of a, with respect to ;[he variations
of o for system with azvf, =35, v, = 0.06, of o for the system with a,v, =55, v, =
S§>0. Solid lines belong to stable solution, 0.06, S<0 Solid lines belong to stable
and dashed lines belong to unstable solution solution, and dashed lines belong to unstable

solution
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Fig. 8 Variations of a, with respect to the variations
of A; for system with azvf, =35, o= 0.05.
Solid lines belong to stable solution, and
dashed lines belong to unstable solution

Fig. 7 Variations of g, with respect to the variations
of A, for the system with v, =35 and o=
—0.05. Solid lines belong to stable solution,
and dashed lines belong to unstable solution

then, by increasing (decreasing) o, the value of a, increases until it arrives o,(0o;), then it may
jump to the lower trivial branch. By more decreasing (increasing) of o, the value of @y decreases on
the upper branch.

Fig. 7 shows the variations of ¢, with respect to the variations of A; for o < 0, § > 0. It shows
that for values of A; smaller than A, system has only stable trivial solution, and for the values
higher than A, the system has unstable trivial solution and stable nontrivial solution. Also, by
considering Eq. (30), it may be resulted that a similar behavior would occur for the system with
c>0,5<0.

Fig. 8 shows that the system has only stable trivial solution at A > Ap, unstable nontrivial
solution, stable nontrivial solution and stable trivial solution at Az < A < Ay, unstable trivial solution
and stable nontrivial solution at A > Ay. It shows that if A < Ay, then a, will be equal to zero. By
increasing the value of A; until it reaches to A = A, the value of g, will be equal to zero. By more
increase of A; from Ay, the value of gy jumps on the stable nontrivial branch, and by more increase
of A; the value of aq increases according to stable nontrivial branch. If A > A,, by decreasing the
value of A; until it reaches to bifurcation point Az the value of ay decreases on stable nontrivial
branch. By more decrease of A from Ag, the value of @, jumps to stable trivial branch. Considering
Eq. (30), it may be resulted that a similar behavior would occur for the system with o< 0, § <0.

Concisely, Figs. 5-8 show that depending on the value of parameters o; and A,, the response of
system may be zero or a non-zero value. This behavior is useful for the design of pressure sensor,
filtering system and many of MEMS devices (Younis 2011). For example in a pressure sensor when
the pressure exerted on the system is changed or in the mass sensor when a mass is added to the
system, then the parameters of system such as static deflection, natural frequency and finally the
value of A; is changed. The subject that system shows a response or does not to this variation is
depend on the value of A;. It has been shown in Fig. 3 that the piezoelectric actuation and DC
electrostatic actuation have a main effect on the value of A;. It means that using the combination of
DC electrostatic actuation and DC piezoelectric actuation, the sensitivity of system under
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subharmonic resonance may be tuned.

Figs. 9-13 show the effect of system parameters on the value of vibration amplitude or nonlinear
shift of resonance frequency. The parameters of these figures are: L,—1, =1, hy/h,=0.1
u=0.04, E/E, = ,ab—37 o, =295, asP,;, =-2 and N, = 8.7.

Fig. 9 shows the effect of azv and v,. on the value of nonlinear shift of resonance frequency in
superharmonic condition. It shows that by increasing the value of AC electrostatic actuation, the
absolute value of nonlinear shift of resonance frequency i.e., the distance between /@ and 0.5,
increases. This variation may be verified by using Eq. (5§7) which shows that the nonlinear shift of
resonance frequency directly depends on the value of vfw Also, Fig. 9 shows that when azvz =0,
system has hardening behav10r ie., Q/@ > 0.5. By assuming that v, is constant, by increasing azvz
to a special Value (here azv = 30) the value of {3/ increases more. It shows that by increasing the
Value of azv from this special value, the hardening shift of resonance frequency decreases. When
azv =50 the Value of Q/w would be equal to 0.5, which means a linear behavior. By more
increasing of a2 , the value of (/@ alters from QQ/@w > 0.5 to /@ < 0.5, which means a softening
behavior. It is due to the fact that by increasing the value of azvf, from zero to 30, the value of
natural frequency decreases because the electrostatic actuation has a softening effect (Zamanian and
Khadem 2010). Also, considering Fig. 4, the value of A, increases. Considering Eq. (57), an
increase of A, and a decrease of @, increases the value of (O/@, and since the value of S is positive
in this region, the value of Q/®@ increases. It must be noted that the value of S decreases by
increasing the value of azvz, but its effect is smaller than the effect of A, and @ By more
increasing the value of ,v;, the effect of § would be more affected, and so, (Y@ decreases. For
the value of azv; that S is equal to zero, the value of QO/w would be 0.5. If the parameter of azvf,
increases more, then the value of S changes to a negative value. So the value of (/@ decreases to
smaller values than 0.5. Figs. 10 and 11 show the effect of N, and osP, on the nonlinear shift of
resonance frequency of the system. It shows that by increasing N, or asP,., the nonlinear shift of
resonance frequency decreases, i.e., the linear behavior of system increases. It means that if the
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0.6
0
3 3
< 04 <
a G
03 o 8.7
02 azv;:w
0.35
0.1
0 0.3
0.4 0.5 0.6 0.7 0.8 0.9 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
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Fig. 9 The effect of v,. and azvlz, on the nonlinear  Fig. 10 Variations of Q/@ with respect to the
shift of resonance frequency variations of v,. for different values of N,,
where a,v, = 60
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Fig. 11 Variations of Q/@ with respect to v, for  Fig. 12 Variations of a, with respect to the variations
different values of «sP,., where azvi =60 of o for different values of azv,z, where v, =
0.2. Solid lines belong to stable solution, and

dashed lines belong to unstable solution

length of piezoelectric layer is equal to the length of microbeam, then, by applying the DC voltage
to the piezoelectric layer, the linear behavior of system increases. It is due to the fact that if the
length of piezoelectric layer is equal to the length of microbeam, then, by increasing asP,., the axial
effect of piezoelectric layer i.e., asP,. increases where the bending effect of piezoelectric layer is
equal to zero (Zamanian et al. 2008). It has been shown by Zamanian et al. (2008) that by
increasing N, or o3P, the natural frequency of system increases, and so, the nonlinear shift of
resonance frequency decreases.

Fig. 12 shows the variations of a, with respect to the variations of o for different values of azvlz,.
It shows that for S < 0, the unstable solution occurs on the domain of o> 0, and for S < 0, it occurs
on the domain of o < 0. It demonstrates that if S > 0 and o < 0 (S <0 and o > 0), by increasing
(decreasing) the value of o slowly, the value of ay moves to the upper branch until it reaches to the
saddle-node bifurcation point, then it jumps to the lower branch. It demonstrates that when § > 0 (S
< 0) and the stationary solution is on the lower branch, then, by decreasing (increasing) o, the value
of a, increases until it reaches to saddle-node bifurcation point then it jumps to the upper branch.
By more decreasing (increasing) of o, the value of gy decreases on the upper branch. Also, Fig. 12
shows that when azvlz, = 0, then system under superharmonic resonance has a nonzero response. It
must be noted that at this condition the response of system under primary resonance is equal to zero
(Zamanian et al. 2010). The reason is the difference between the amplitude of secular terms at
superharmonic and primary resonances. In the former, the secular term has an amplitude of vf,c
which is not depended on azvf,, where in the later, it depends on a,v,v,. and so it has a zero
amplitude for azvf, =0.

It must be noted that in many conditions, it is needed for a system to oscillate about a static
deflection (Li et al. 2006, Younis and Nayfeh 2003). This study demonstrates that using the
proposed configuration when DC electrostatic actuation is equal to zero, the system can oscillate
about static deflection due to the piezoelectric actuation. In this condition, the natural frequency of
system about static deflection is larger than the natural frequency of vibration of straight microbeam
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Fig. 13 Variations of a, with respect to to the variations of o for different values of v, where azvf, = 60.
Solid lines belong to stable solution, and dashed lines belong to unstable solution

(Zamanian et al. 2008). It means that one can make a system that oscillates about static deflection
by a resonance frequency higher than natural frequency of straight microbeam. When DC
piezoelectric actuation is equal to zero then system can oscillate about static deflection due to the
electrostatic actuation. In this condition, the natural frequency of system about static deflection is
lower than the natural frequency of vibration of straight microbeam (Abdel-Rahman ez al. 2002). It
means, the system oscillates about static deflection by a resonance frequency lower than natural
frequency of straight microbeam. Using the combination of DC electric and piezoelectric actuation,
one has a system with two above advantages.

Fig. 13 shows the variation of equilibrium solution a, against to the variation of detuning
parameters o for different values of v,. It shows that by increasing the value of v,, the shift of
resonance frequency and amplitude increases. It is due to the fact that by increasing the value of v,
the value of S, w,m remains constant, where considering Fig. 3 the value of A, increases.

6. Conclusions

In this article the secondary resonances of a clamped-clamped microresonator under AC-DC
electrostatic and DC piezoelectric actuations has been studied. It was shown that system has
subharmonic and superharmonic resonances. In addition, there are four competing terms that control
the amplitude of equilibrium solution and the value of nonlinear shift of the resonance frequency.
Theses terms are the nonlinear coefficient S, the natural frequency @, the value of A, A,, and the
value of m. It was observed that the microresonator under subharmonic and superharmonic
resonances may oscillate about the static deflection due to the piezoelectric actuation. Also, it was
shown that using the DC piezoelectric actuation, the sensitivity of AC-DC electrically actuated
microresonator at subharmonic and superharmonic resonances may be tuned. This property may be
used in the design of filtering system and pressure sensors. This study demonstrates that using the
proposed configuration when DC electrostatic actuation is equal to zero, the system can oscillate
about static deflection by a resonance frequency higher than natural frequency of straight
microbeam, and when DC piezoelectric actuation is equal to zero, then the system can oscillate by a
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resonance frequency higher than natural frequency of straight microbeam. Using the combination of
DC electric and piezoelectric actuation one has a system with two above advantages.
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