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Abstract. In the present study, a new kind of multivariable Reissner-Mindlin plate elements with two
kinds of variables based on B-spline wavelet on the interval (BSWI) is constructed to solve the static and
vibration problems of a square Reissner-Mindlin plate, a skew Reissner-Mindlin plate, and a Reissner-
Mindlin plate on an elastic foundation. Based on generalized variational principle, finite element
formulations are derived from generalized potential energy functional. The two-dimensional tensor product
BSWI is employed to form the shape functions and construct multivariable BSWI elements. The
multivariable wavelet finite element method proposed here can improve the solving accuracy apparently
because generalized stress and strain are interpolated separately. In addition, compared with commonly
used Daubechies wavelet finite element method, BSWI has explicit expression and a very good
approximation property which guarantee the satisfying results. The efficiency of the proposed
multivariable Reissner-Mindlin plate elements are verified through some numerical examples in the end.

Keywords: multivariable; B-spline wavelet on the interval; Reissner-Mindlin plate; static analysis;
vibration analysis

1. Introduction

Ressiner-Mindlin plate is a widely used structure in engineering and many scholars have done
much research on it. A lot of finite elements have been constructed to do static and vibration
analysis (Zienkiewicz et al. 2005, Brezzi et al. 1989, Bathe er al. 1990, Lee and Bathe 2010, Long
et al. 2004, Xiang et al. 2010, Hu et al. 2010, Liu et al. 2009, Liu and Soh 2007) and yielded
satisfactory results. Liu et al. (2009) constructed a Mindlin pseudospectral plate element to perform
static, dynamic, and wave propagation analysis of plate-like structures. Lee and Bathe (2010)
constructed MITC plate and MITC shell elements and verified their efficiency. In Monograph
(Zienkiewicz et al. 2005), Zienkiewicz et al. (2005) presented the fundamentals for structural
analysis and constructed many classical elements.

In the above elements, they mainly takes the traditional interpolating function to discrete the
solving field. Wavelet finite element method is a new numerical method that uses scaling and
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wavelet functions to substitute polynomials used in conventional method. Based on the good
properties such as multiresolution and orthogonality of the wavelet, wavelet finite element method
is superior to other traditional methods, and is the subject of much research in numerical calculation
(Canuto et al. 1996, 2000, Cohen 2003, Steffen er al. 2009) and structural analysis (Chen and Wu
1996, Chen et al. 2004, Wang et al. 2010, Xiang et al. 2007, He and Chen 2008, Han et al. 2005,
Diaz et al. 2009). By comparing numerical methods in engineering numerical calculations, Basu
(2003) pointed out that the wavelet method could possibly replace the finite element, boundary
element, and element-free methods in the near future.

The multivariable finite element method is based on the generalized potential energy functional
(Hellinger 1914, Reissner 1950, Hu 1954, Washizu 1955), which separately calculates generalized
stress and strain to avoid the integration and differentiation of generalized displacement, and
improve their accuracy. Shen and He (1995), Shen et al. (1992) conducted many studies on the
multivariable finite element method. Using the spline function as the trial function, he constructed
many elements such as beam, plate, shell, and so on, proving the advantages of multivariable finite
element method in the calculation of generalized stress and strain. However, the spline function has
its limitations. For example, it does not have the properties such as localization, multiresolution,
orthogonality and so on.

Multivariable wavelet finite element method makes full use of the advantages of combining
wavelet and multivariable finite element together. Han er al. (2005) constructed the multivariable
wavelet finite element of a Reissner-Mindlin plate and analyzed the bending problem. He used
interpolating wavelet as trial function and obtained satisfactory results. However, interpolating
wavelets do not have explicit expression, which makes the calculation of integration and
differentiation difficult.

In this paper, a new multivariable BSWI element with two kinds of variables (TBSWI) for a
Reissner-Mindlin plate is constructed. BSWI has explicit expression, which makes integration and
differentiation convenient. Furthermore, it has the best approximation of numerical calculation
among all existing wavelets (Cohen 2003). The bending and vibration problems of a square
Reissner-Mindlin plate, a skew Reissner-Mindlin plate, and a Reissner-Mindlin plate on an elastic
foundation are analyzed, and several numerical examples are provided. The efficiency and veracity
of the results are verified by comparing them with those in the studies of Han et al. (2005), Xiang
and Chen (2006) and Long and Xi (1992).

2. Two-dimensional tensor product BSWI on the interval [0,1]

The B-spline functions for a given simple knot sequence can be constructed by taking the
piecewise polynomials between the knots and joining them together at the knots to obtain a certain
order of overall smoothness. Chui and Quak constructed BSWI (Chui and Quak 1992), and
presented its decomposition and reconstruction algorithm in 1994 (Quak and Weyrich 1994).
Therefore, we can obtain the one-dimensional multiresolution analysis of BSWI on the interval [0,1]
and the scaling function ¢ and corresponding wavelets i in the multiresolution approximation space
V. According to the 0 scale mth order B-spline functions and the corresponding wavelets given by
Goswami et al. (1995), the j scale mth order BSWI (BSWImj) scaling functions ¢, (&) and the
corresponding wavelets i, ,(£) can be evaluated by the following formulas
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¢,l,,, k(2/ _lef), k=-m+1,...,—1 (0 boundary scaling functions)
B (&) = ¢:njfm7k(1 —27e), k=2-m+1,...,2'-1 (1 boundary scaling functions) (1)
¢,l,,,o(2' 715—2’%), k=0,...2-m (inner scaling functions)
v (270, k=—m+1,...,-1 (0 boundary wavelets)
Va8 = l//riz,2f—2m—k+1(1 ~279, k=2-2m+2,...,2'-m (1 boundary wavelets) 2
W:”’O(Zjilf_zilk)’ k=0,...,2/=2m+1 (inner wavelets)

Thus, the scaling function on the interval [0,1] can be obtained in vector form as follows

0= {Inni(&) Brnia(D o &, (D) 3)

where, ¢m m+1(E) ¢m _mia(E) .. ¢’ v (&) are the scaling functions obtained from Eq. (1).
The vector form of wavelets is

Y= (WD) Vo) v (D) @

where, ¥, ., 1(E) Wh _mia(O) .. (/ (&) are the wavelets obtained by Eq ).

Through the tensor product the two- d1mens1onal BSWI at scale j in L (R ) can be generated by
multiresolution approximation space V]1 and Vj . The tensor product space F; = Vj ® V] .

The two-dimensional scaling functions are

D=6¢,00, Q)

where &, = {¢}, s (&) ¢fn mia(E) . ¢’ (&)} is the one row vector combined by the scaling
functions for m at the scale j and ¢, = {¢,’n ,m+1(77) B mea(11) . ¢:n y_,(m} is the other row

vector combined by the scaling functions for m at the scale j. ® is the kronecker symbol.
While the two-dimensional wavelet functions are

v = 6,9y, (6)
v =y, ®¢, (7)
v =y, ®y, (8)

where, ¢, and ¢, are the vector form of scaling functions in Eq. (3) and y, and y, are wavelets
of BSWIlmj in Eq. (4).

Fig. 1(a) shows all the scaling functions @ of the two-dimensional tensor products BSWI.
Fig. 1(b) is the figure of all tensor product BSWI wavelets y'. Figs. 1(c) and (d) show other two
tensor product wavelets y* and y°. They are generated by BSWI4s, and the expressions of BSWI4;
can be found in Zhang et al. (2010).
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scaling functions
‘Wavelet Functions

Wavelet Functions
Wavalet Functions

(d)

Fig. 1 Two-dimensional tensor product BSWI; (a) scaling functions ®=¢,®¢, and (b) wavelets
v' =0, ®y,, (c) wavelets y’ =y, ®¢, and (d) wavelets y’ =y, @y,

3. The construction of TBSWI element for square and skew Reissner-Mindlin plate

3.1 TBSWI element formulation for static and vibration analysis of square and skew
Reissner-Mindlin plate

Fig. 2 shows that the skew coordinate is necessary to analyze the static and vibration problems for
square and skew Reissner-Mindlin plates. The relationship between skew coordinate xoy and
rectangular coordinate xoy is as follows (Shen 1991)

b=
y 0 sinally
Ik
y 0 1/sinally

Under homogeneous boundary conditions, the generalized potential energy function with two
kinds of wvariables for bending and vibration problems of Reissner-Mindlin plate in rectangular
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Va

Fig. 2 The solving domain and relative parameters of Reissner-Mindlin plate

coordinate is (Shen 1997)

IL, = [Myd%dy+ [Q'ydwdy- [3M D,'Mdzdy- [1Q'C;' Qawdy
Q Q Q

Q
- [ATPdxdy- 1 [o’mw dxdy (1)
Q ZQ

The symbols A and M, Q are independent functions namely displacement field function, internal
moment field function, and shear field function, respectively. Accordingly, there are eight degrees of
freedom (DOFs) in every node.

A=[w 6, 6]

M =[M, M, M,]

Q=10 0l
where
m 1is the area density
o is the vibration eigen values
P is the load matrix
P=[q 0 0]"
1 =-DiA
y=EA
D, and E; are the matrix differential operators.
0O 0 0
0 0
_|= 0 =
D, = 5% oy
0 0
o L <
L 0y Ox
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o 9
E - |0% 07
-1 0
0 -1

According to Eq. (9), we have the following sub-equations

L {_aef 20, _(%%)}T

ox 0y \oy oOx
_] 06, (cgsaa_@z_ ‘1 5_192) _(_cgsa%+;%+a_@) 12)
Ox \sina Ox sina Oy sina 6x sinady Ox

T
_Jow , ow
y__{é)_c Ox oy Gy}

- _ a_W_gx _Cf)ﬁ‘a_w_;a_w_gy (13)
ox sina Ox sina Oy
D, is the elastic matrix
1 w O
D,=D,# 1 0 (14)
0 0 1=
2
where
4 is Poisson ratio
Dy is bending rigidity
EF
Dy = —— (15)
12(1-4)
where
E is elastic modulus
t is thickness of the plate
5Et
= — 16
G 12(1+ p) (16)

As shown in Fig. 2, the coordinate values are: x € [0,L,], y €[0,L,]. We define transformation
formula &= x/L, (0<&<1), n=y/L,(0<n<1), so the coordinate (x,y) can be mapped into
standard solving domain [0,1] x [0,1].

By using the scaling functions of the two-dimensional tensor product BSWI ®@ = ¢, ® ¢, in
Eq. (5) as the interpolating function and translating all the field variables into standard solving
domain, the displacement field function can be obtained as follows
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wl |[®@T° 0 0 [|w
A(S ) = 4= 0 @1° 0 |6 (17)
0 0 0 @Te

The internal moment field function is as follows

M. |®T° 0 0 || M:

M(S, ) = M, =10 &1 0 (M, (18)
M; 0 0 ©TM
The shear field function is as follows
0 e 0:
Q& n){ e (19)
0, 0 @190,

where @ is the two-dimensional scaling functions in Eq. (5) and T° is the transformation matrix.
The details can be seen in Xiang and Chen (2006).

Taking Eqgs. (12)-(19) and transformation formula (9) into Eq. (11), according to the generalized
variational principle 6I1,,/0M:=0, 611,,/0M, =0, &I1,,/0M;,=0, 8I1,,/60:=0, &I1,,/00, =0,
8IL,,/00:=0, 6I1,,/60, =0, and I1,,/0w*= 0, we can obtain the TBSWI element formulation
for bending and vibration problems of square and skew Reissner-Mindlin plates as follows

M RENES

where
Lginariery L2inartery 0 0 0
Ef Ef
12'usmozl"I ®F2 —12—51naF1 ®F2 0 0 0
Ef Ef
F= 0 0 240 in ortery’ 0 0
Et
0 0 0 12004 G T T 0
SEt
0 0 0 0 12004 G T T
i SEt |
0 —sinal!'®ry’ 0
0 0 cosal)'@ry - r’ery
H= 0 cosal"'@re-r’%r!  —sinal'@rY
—sinal)'®rY sinal'®rY 0
cosal'®r; ~I'®r; 0 sinal'®IY
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FMM%%mT

=[w" 6. b, ]
= mL) ' ®rY w

To distributed load, P = [(Te)TLxLysinaI; .[; g @ dédn 0 O]T. To concentrated load, P = [(T%)”
LxLysinatJ'l Il qa(éE—-&)o(n— 771)¢1T®¢2Td§d77 0 O]T, where &, and 7, are the coordinates at the
0 Jo

concentrated load point.
Therefore, the formulation for plate bending analysis is as follows

F Hjja|_|0 @1
H' o|Lb] [P
The formulation for vibration analysis is

MR

The frequency equation to free vibration is as follows
K-0’M, =0 (23)

where

The integral terms are as follows
LY = (T9)'L, [ ®]@,d4T")

—awj”@¢@af)

r]—ﬂ>—1d@¢daT>
£
=@
=@

We can obtain T'}/(i,j =0, 1,2) by substituting L, and d& with L, and d7 in T'5'(i,j=0,1,2).
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Following Egs. (21), (22), and (23), we can conduct a static and vibration analysis of square and
skew Reissner-Mindlin plates with two kinds of variables, similar to the traditional finite element
method.

3.2 Numerical examples

In order to verify the TBSWI element for square and skew Reissner-Mindlin plate, several
numerical examples of the bending and vibration analysis for Reissner-Mindlin plates are provided
here. BSWI4; (the 4™ order BSWI scaling functions at scale j=3) in Fig. 1(a) is chosen as the
interpolating function.

Fig. 3 shows the nodes displacement, solving domain and the displacement of interpolating
functions. The solving domain is divided into one TBSWI element, and interpolated by two-
dimensional tensor product BSWI The relative parameters are as follows: length L =L =1L,

1 m; Elastic modulusk = 3><10 N/m’; Poisson ratio u = 0.3; Aera density m = 7917 kg/m ;
Uniform load ¢ = —1 N/m’; Concentrated load g=-1N.

-4 >
n+l / 2n+1 (n+1)’
6, ne® @ L 2 4
L,
M,0,w, O
% @2 @n+3 P 7
L) n+n+2
Q;.—m—l(;}). . . > : "é
;b on+2 n+n+l
Br-mat (&) @)1 (E) ¢, (&)

m,2

Fig. 3 The solving domain, node placement and the displacement of interpolating functions

Table 1 Central displacement of a square Reissner-Mindlin plate with distributed load under different
boundary conditions

100wDy/gL* (simply supported) 100wDy/gL* (clamp supported)
t/L TBSWI Long Han Theoretical TBSWI Long Han Theoretical
968DOFs 1200DOFs 968DOFs / 968DOFs 1200DOFs 968DOFs /
0.01 0.4064 0.4045 / 0.4062 0.1268 0.1293 / 0.1265
0.1 0.4273 0.4242 0.4269 0.4273 0.1505 0.1521 0.1493 0.1499
0.2 0.4904 0.4869 0.4887 0.4906 0.2172 0.2181 0.2166 0.2167
0.3 0.5957 0.5902 0.5952 0.5956 0.3246 0.3229 0.3224 0.3227

0.35 0.6641 0.6564 0.6631 0.6641 0.3937 0.3896 0.3948 0.3951
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Table 2 Displacement and moment of a square Reissner-Mindlin plate under distributed load

100wDy/gL* (displacement) M/gL? (moment)

YL Method DOFs . Simply Clamp supported
Sslmg)rlé d SuCIa(r)?tI; d supported (midpoint of
pp pp (midpoint) boundary)
TBSWI 968 0.4062 0.1265 0.0479 -0.0514
0.001 Long 1200 0.4043 0.1293 0.0480 -0.0506
Theoretical solution / 0.4062 0.1265 0.0479 -0.0513
TBSWI 968 0.5957 0.3246 0.0479 -0.0444
03 Long 1200 0.5902 0.3229 0.0489 -0.0458
’ Han 968 0.5953 0.3226 0.0481 -0.0418
Theoretical solution / 0.5956 0.3227 0.0479 -0.0426
0.5 0.5
---- undeformed plate ---- undeformed plate
- -@- deformed plate -@- deformed plate
~J ey =+ .
Qﬂ -t »: .- ~J - -
"Q‘éo e : % 0 . ‘_.";‘_:. .,
é - -'-..’; .: - .-. '_ . % - = ";. -.. : - - ;. :-' _;.::..: :‘ .
= e S T~
205 Y ™ s
1 b 1
v/ e 05 °° 1 y/L °° 05 ° 1
0 s 02 o4 x/L 0 s 02 Di/L

(a) Simply supported (b) Clamp supported

Fig. 4 The deformation map of a Reissner-Mindlin plate with #L = 0.2

Tables 1 and 2 are two examples of square Reissner-Mindlin plate bending. The central
displacement and moment of simply and clamp supported Reissner-Mindlin plates are calculated.
From the table data, we can see that the results of this study agree with those in exact solution.
Besides, a comparison with the methods in references (Long and Xi 1992, Han et al 2005)
indicates that TBSWI element is superior, and that the results here are better than those in the
references. The deformation map in Fig. 4 shows the overall deformation trend which indicates the
entire results here in consistent to the practical situations.

In Tables 3 and 4, the vibration problems of the square Reissner-Mindlin plates are analyzed
under two different boundary conditions. To six different thick/long ratio, the table data show that
the results of TBSWI element agree with spline FEM in reference (Shen 1991). Furthermore, to thin
plate results, the TBSWI results are very close to the exact value of thin plate in references
(Warburton 1954, Hu 1981), it proves that TBSWI element can avoid the shear locking problem.
That is, TBSWI element is not only efficient in the bending and vibration analysis of Reissner-
Mindlin plate, but also suitable for thin plate.
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Table 3 The first five natural frequencies of a simply supported square Reissner-Mindlin plate (Frequency
parameters Q= oL’ (pt/Dy)*(rad-s™"))

t/L Methods DOFs Q, Q, Q Q, Qs
0.001 TBSWI 968 19.73915 49.34760 49.34760 78.95580 98.68783
TBSWI 968 19.73364 49.31320 49.31320 78.86778 98.55038
0.01 Spline FEM 2904 19.54310 49.34299 49.36815 7891379  101.15355
TBSWI 968 19.71698 49.20938 49.20938 78.60285 98.13734
0.02 Spline FEM 2904 19.60819 49.06273 49.07697 78.23098 98.59930
TBSWI 968 19.60151 48.50057 48.50057 76.82017 98.38453
0.05 Spline FEM 2904 19.21942 47.73099 47.76030 74.98730 94.11515
TBSWI 968 19.20507 46.19845 46.19845 71.32081 87.16275
0.1 Spline FEM 2904 18.31740 44.34606 44.51496 67.42929 84.06901
TBSWI 968 17.83023 39.45972 39.45972 57.24563 67.65447
0.2 Spline FEM 2904 16.04482 36.15783 37.00329 52.13606 63.767
Exact of thin plate / 19.74 49.35 49.35 78.95 98.64

Table 4 The first five natural frequencies

natur; et qlf a clamp supported
parameters Q, = @,L"(pt/D,) “(rad-s™))

square Reissner-Mindlin plate (Frequency

t/L Methods DOFs Q, Q, Q; Q, Qs
0.001 TBSWI 968 35.98506 73.39294 73.39294  108.21912  131.54766
001 "FBSWI 968 35.94667 73.25806 73.25806  107.94153  131.16350

Spline FEM 2904 35.95932 73.92233 73.93530  108.76511  139.23087

0.02 "FBSWI 968 35.83142 72.85473 72.85473  107.11670  130.20960

Spline FEM 2904 35.81282 72.95158 7295242  107.15167  132.09457

0.05 "FBSWI 968 35.06501 70.23374 70.23374  101.92805  122.82260

Spline FEM 2904 34.96382 69.84711 69.84833  101.00397  122.01418

o1 "FBSWI 968 32.75858 62.92107 62.92107 88.63382  104.64989

’ Spline FEM 2904 32.42808 61.83785 61.83844 86.37923  102.14913

0o ”FBSWI 968 26.89462 47.41137 47.41137 63.93589 73.12864

’ Spline FEM 2904 26.31114 45.92644 45.92652 61.28589 70.22099
Exact of thin plate / 35.98800 73.73657 / 108.16 132.25

Tables 5 and 6 show the bending analysis of skew Reissner-Mindlin plate under different
boundary conditions and skew angles. The results of TBSWI element are compared with SHELL63
and other elements in references (Xiang ef al. 2007, Rao and Chaudhary 1998, Morley 1963). Skew
angle « is chosen from 30 to 90 degree. The TBSWI solutions match well with those of the other
methods. The comparison with SHELL63 indicates that TBSWI (968DOFs) can obtain solution in
same accuracy of SHELL63 (38400DOFs) with much smaller DOFs, only 2.6% DOFs of SHELL63
element, which proves the superiority of TBSWI element. Besides, especially to moment, TBSWI
can obtain results with great accuracy than BSWI element. Furthermore, by comparison with ‘exact
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Table 5 Central displacement and moment of a skew Reissner-Mindlin plate under distributed load

Skew w1000Dy/gL* (simply supported) M10/gL* (simply supported)
angle TBSWI BSWI  SHELL63 GangaRao Morley TBSWI BSWI SHELL63
@ 968DOFs  363DOFs 38400DOFs / / 968DOFs  363DOFs 38400DOFs
90° 4.0625 4.0625 4.0617 4.06 4.06 0..4788 0.4814 0.4786
85° 4.0140 4.0134 4.0150 4.01 4.01 0.4725 0.4770 0.4752
80° 3.8715 3.8683 3.8683 3.87 3.87 0.4556 0.4640 0.4637
75° 3.6429 3.6343 3.6362 3.64 - 0.4324 0.4427 0.4455
70° 3.3394 3.3228 3.3290 - - 0.4058 0.4140 0.4210
60° 2.5712 2.5419 2.5581 2.56 2.56 0.3452 0.3374 0.3557
55° 2.1463 2.0929 2.1349 2.14 - 0.3109 0.2917 0.3170
50° 1.7230 1.6955 1.7144 1.72 1.72 0.2741 0.2429 0.2761
45° 1.3219 1.2830 1.3165 1.32 - 0.2355 0.1931 0.2340
40° 0.0961 0.9264 0.9584 0.958 0.958 1.9595 0.1445 0.1923
30° 0.4081 0.3883 0.4084 0.406 0.408 1.1924 0.0623 0.1145
‘Exact’ 30° (thin plate) 0.408 1.080

Table 6 Central displacement and moment of a skew Reissner-Mindlin plate under distributed load

Skew w1000Dy/gL* (clamp supported) M10/gL* (clamp supported)

angle TBSWI BSWI  SHELL63 GangaRao Morley TBSWI BSWI  SHELLG63
@ 968DOFs 363DOFs 38400DOFs / / 968DOFs 363DOFs 38400DOFs

90° 1.2653 1.2652 1.2656 1.27 1.26 0.2290 0.2329 0.2287
85° 1.2488 1.2487 1.2499 - - 0.2270 0.2306 0.2271
80° 1.2005 1.2002 1.2007 1.20 1.20 0.2213 0.2238 0.2211
75° 1.1232 1.1226 1.1232 - - 0.2119 0.2129 0.2115
70° 1.0215 1.0206 1.0213 1.02 1.02 0.1992 0.1983 0.1988
60° 0.7694 0.7680 0.7692 0.771 0.769 0.1658 0.1609 0.1652
55° 0.6333 0.6317 0.6334 - - 0.1464 0.1395 0.1456
50° 0.5002 0.4982 0.5005 0.503 0.500 0.1261 0.1173 0.1251
45° 0.3766 0.3741 0.3771 - - 0.1056 0.0948 0.1043
40° 0.2678 0.2648 0.2684 0.269 0.270 0.0855 0.0728 0.0841
30° 0.1077 0.1039 0.1083 0.108 - 0.0490 0.0334 0.0477

value’ in reference (Zienkiewicz 1988), we can see TBSWI also performs well in small angle
problems, so it is suitable for singular problems.

Table 7 shows the vibration problems of a skew Reissner-Mindlin plate with different boundary
conditions and skew angles. From comparison with reference (Liew er al. 1993), the two sets of
their results are in good agreement with each other under different boundary condition and skew
angle. Therefore, TBSWI element is an effective and stable way to the bending and vibration
problems of square and skew Reissner-Mindlin plate, as well as suitable for singular problems.
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Table 7 The first four natural frequencies of a skew Reissner-Mindlin plate (Frequency parameters
Q,= oL’ (pt/Dy) *(rad-s™) ) (/L =0.2)

Skew angle

90° 75° 60°
Boundary @
conditions Method TBSWI Liew TBSWI Liew TBSWI Liew
DOFs 968 / 968 / 968 /

Q 2.7250 2.6807 2.8036 2.8058 3.0588 3.2313

Q, 4.8038 4.6753 4.6729 4.6298 4.7551 49757

cccce Q; 4.8038 4.6761 5.1520 5.0963 5.7676 6.0140
Q, 6.4781 6.2761 6.3944 6.3070 6.3520 6.6217

Qs 7.4095 7.1496 7.5445 7.4052 7.9779 8.2634

Q 1.6969 1.7661 1.7537 1.8560 1.9469 2.1719

() 3.8800 3.8580 3.7397 3.7856 3.8026 4.0637

SSSS Q; 3.8800 3.8580 4.2366 42763 4.8837 5.1849
Q, 5.5879 5.5737 5.5124 5.5784 5.4701 5.8321

Qs 6.7616 6.5820 6.9044 6.8385 7.2910 7.7066

Q 2.3013 2.2606 2.3884 2.3682 2.6725 2.7383

Q, 4.1358 4.0286 4.1706 4.1091 4.3546 4.4680

SCSC Q; 4.6343 4.5063 4.8452 4.7862 5.4511 5.6513
(0N 6.0934 5.9139 6.0070 5.9221 5.9945 6.2009

Qs 6.8315 6.6445 7.1072 7.0138 7.6910 7.9691

Q 0.3408 0.3382 0.3446 0.3479 0.3537 0.3769

Q, 0.7613 0.7437 0.7639 0.7588 0.7802 0.8161

CFFF Q; 1.8518 1.7779 1.8800 1.8299 1.9441 1.9772
Q, 2.4129 2.2741 2.2596 2.1886 2.1119 2.1627

Qs 2.5283 2.4163 2.7401 2.6309 3.0911 3.0974

Q 1.7928 1.7732 1.8329 1.8438 1.9591 2.0781

0, 2.0651 2.0104 2.0818 2.0606 2.1428 2.2343

CFCF Q; 3.3564 3.1590 3.3808 3.2396 3.4721 3.5201
Q, 4.1352 4.0281 42134 4.1701 44231 4.5966

Qs 4.4929 4.3336 4.5604 44612 4.7855 4.8934

Q 0.9218 0.9096 0.9981 0.9519 1.2218 1.0907

Q, 1.4684 1.4267 1.4997 1.4467 1.6167 1.5163

SESF Q; 3.1325 2.9482 3.0982 2.9277 3.1104 2.9640
(0N 3.2562 3.1630 3.3812 3.3090 3.7323 3.7388

Qs 3.7861 3.6369 3.9390 3.8272 4.3408 43575

S: simply supported
C: clamp supported
F: free
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4. The construction of TBSWI element for Reissner-Mindlin plate on an elastic foundation

4.1 TBSWI element formulation for the bending analysis of a Reissner-Mindlin plate on
elastic foundation

Under homogeneous boundary conditions, the generalized potential energy function with two kinds
of variables for bending problems for Reissner-Mindlin plate on an elastic foundation is (Shen 1997)

LT 1
IL, = [Mxdsdy+ [Qydsdy— [sM D Mdvdy— [2Q"C;' Qaxdy
Q Q o @

~ [ATPdxdy+ 1 [kow’diedy (24)
Q 2Q

where k, = l:rDb/L4 is the Winkler foundation coefficient, £ is Winkler constant. Other symbols are
the same as in Eq. (11).

Taking the scaling functions of two-dimensional tensor product BSWI in Eq. (5) as interpolating
function, and translating the field variables into standard solving domain. According to the generalized
variational  principle  &I1,,/0M;=0, &I1,,/0M, =0, 6I1,,/0M;, =0, I1,,/00:=0, I1,,/60, =0,
dL,,/00:=0, OI1,,/00,=0, and OI1,,/ow’= 0, the TBSWI element formulation for bending
analysis of Reissner-Mindlin plate on an elastic foundation is

MR MR

where
L2rirery L2Urtery 0 0 0
Et Et
LRupvgry L2rigry 0 0 0
Et Et
F= 0 o 20 ropigry 0 0
Et
0 0 0 120 F ) poogp 0
SEr
0 0 0 0 120+ 1) poogpto
I SE1 |

0 -I'ery 0

0 0 -I’ery
H=1"o rer) -r'ery
-T'ery’ r’ery’ 0

_—r?°®r§‘ 0 r?°®r§°_



The construction of multivariable reissner-mindlin plate elements based 747

kTR 0 0
0 00
0 00

S =

(< e T
a= [MZ; M; Mz*n Q: 0,1
b=[w & 6]
To distributed load, P = [(TE)TLxLysinoz.[1 I 1 qd. @ dldxdy 0 O]T. To concentrated load, P = [(T%)”
)

L.Lsina I; I; qo(x—&)d(y— 77)¢,T® (|)2T dxdy 0 O]T, where & and 7 are the coordinates at the concen-

trated load point.
The integral terms are as follows

I\ = (T)'L,[ ©[®d(T")
i = (1 0T

LD,

52

I = (%]

[ SR

' =@’

e = @)
We can obtain T'}/(7,j =0, 1,2) by substituting L, and d& with L, and d7 in T'5'(i,j=0,1,2).
4.2 Numerical examples

Numerical examples of the bending analysis of Reissner-Mindlin plates on an elastic foundation
are provided here to verify the efficiency of the multivariable wavelet finite elements constructed in
section 4.1. BSWI4; (the 4™ order BSWI scaling functions at scale j=3) is chosen as the
interpolating function.

The relative parameters of a Reissner-Mindlin plate on an elastic foundation in Fig. 5 are as
follows: Length L=L,=L,=1m; Elastic modulus E = 3x10°* N/mz; Thickness ¢ = 0.05 m;
Poisson ratio ¢ = 0.3 ; Density m = 7917 kg/m3; Uniform load ¢ = —1 N/m”.

Table 8 provides the analysis of the bending problem of Reissner-Mindlin plates on an elastic
foundation with four different boundary conditions. Fig. 6 shows the corresponding deformation
maps with Winlker constant k = 5, which is in consistent with the practical deformation. In detail,
comparison with SHELL63 (38400DOFs) reveals that TBSWI (968DOFs) performs well in bending
analysis of Reissner-Mindlin plate on elastic foundation. With much smaller DOFs, only 2.6% of
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Fig. 5 The solving domain and relative parameters of a Reissner-Mindlin plate on an elastic foundation

Table 8 Central displacement and moment of a Reissner-Mindlin plate on an elastic foundation with
distributed load under different boundary conditions

Sourcary nggf; Methods 100w 10M, 10M,
. TBSWI (968DOFs) 118252 0.47202 0.47202
SHELL63 (38400DOFs)  1.16750 0.47185 0.47185

3558 . TWFEM (968DOFs) 0.94489 036931 036931
SHELL63 (38400DOFs)  0.93570 0.37031 0.37031
. TBSWI (968DOFs) 0.38484 022924 0.22924

coce SHELL63 (38400DOFs)  0.36706 022781 022781
. TWFEM (968DOFs) 0.35599 020975 0.20975
SHELL63 (38400DOFs)  0.34090 0.20938 0.20938
. TBSWI (968DOFs) 3.64856 115914 024333
- SHELL63 (38400DOFs)  3.31730 116090 0.25702
. TWFEM (968DOFs) 1.83941 0.56973 0.12471
SHELL63 (38400DOFs)  1.83390 0.57366 0.13123
. TBSWI (968DOFs) 0.82370 0.38833 0.33806
s SHELL63 (38400DOFs)  0.80373 0.38486 0.33325
. TWFEM (968DOFs) 0.69917 0.32466 028151
SHELL63 (38400DOFs)  0.68490 0.32326 0.27869

S: simply supported
C: clamp supported
F: free
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Fig. 6 Deformation map of a Reissner-Mindlin plate on an elastic foundation simply supported on two
opposite sides and the other free, with £ =5

SHELLG63 element, TBSWI obtains results in same accuracy of SHELL63. Besides, it is noteworthy
that TBSWI has done very well in moment calculation. It obtains the results of displacement and
moment in similar accuracy because they are separately interpolated. Therefore, TBSWI is an
effective way with high efficiency and high precision, which can do good job both in displacement
and moment calculation.

5. Conclusions

A new multivariable finite element with two kinds of variables based on BSWI is constructed in
this study. The multivariable BSWI elements of a square Reissner-Mindlin plate, a skew Reissner-
Mindlin plate, and a Reissner-Mindlin plate on an elastic foundation are studied. The finite element
formulations are developed from a generalized potential energy functional based on a generalized
variational principle, and BSWI is treated as trial function in this method. As compared to the
conventional method, the elements proposed in this study can apparently improve calculation
accuracy. Moment can be directly calculated by solving the finite element formulations because they
are treated as independent variables while in the traditional method, they are calculated by
differentiation of displacement, thus introducing calculation error and affecting accuracy. Another
superiority of the elements constructed is the interpolating function. Unlike the commonly used
Daubechies wavelet, BSWI has explicit expression, which makes integration and differentiation
conveniently. Besides, the good approximation property of BSWI further guarantees the accuracy of
final results.

Several numerical examples of bending and vibration analysis of a square Reissner-Mindlin plate,
a skew Reissner-Mindlin plate, and a Reissner-Mindlin plate on an elastic foundation are studied.
The examples provide results and validate the effectiveness of these elements. Therefore, it can be
concluded that the method proposed in this study is an effective and efficient way for static and
vibration problems of Reissner-Mindlin plate.
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