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Abstract. Referring to the formulation of physical stochastic optimal control of structures and the
scheme of optimal polynomial control, a nonlinear stochastic optimal control strategy is developed for a
class of structural systems with hysteretic behaviors in the present paper. This control strategy provides an
amenable approach to the classical stochastic optimal control strategies, bypasses the dilemma involved in
It6-type stochastic differential equations and is applicable to the dynamical systems driven by practical
non-stationary and non-white random excitations, such as earthquake ground motions, strong winds and
sea waves. The newly developed generalized optimal control policy is integrated in the nonlinear
stochastic optimal control scheme so as to logically distribute the controllers and design their parameters
associated with control gains. For illustrative purposes, the stochastic optimal controls of two base-excited
multi-degree-of-freedom structural systems with hysteretic behavior in Clough bilinear model and Bouc-
Wen differential model, respectively, are investigated. Numerical results reveal that a linear control with
the 1st-order controller suffices even for the hysteretic structural systems when a control criterion in
exceedance probability performance function for designing the weighting matrices is employed. This is
practically meaningful due to the nonlinear controllers which may be associated with dynamical
instabilities being saved. It is also noted that using the generalized optimal control policy, the maximum
control effectiveness with the few number of control devices can be achieved, allowing for a desirable
structural performance. It is remarked, meanwhile, that the response process and energy-dissipation
behavior of the hysteretic structures are controlled to a certain extent.

Keywords: physical stochastic optimal control; polynomial controllers; exceedance probability; generalized
optimal control policy; hysteretic structures; structural performance.

1. Introduction

The response of structural systems usually excurses inelastic range back and forth when subjected
to severe environmental loads associated with earthquakes, strong winds and recurrent waves. It is
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the so-called hysteretic behavior of structures where the restoring force of structural components
depends not only on the present structural displacement, also on the previous structural states. Many
mathematical models have been developed to efficiently describe the hysteretic behavior of
structures in random vibration analysis. Two classes of them are widely used in structural
engineering and materials, i.e. the bilinear elasto-plastic model (Iwan 1961, Clough and Johnson
1966) and the Bouc-Wen differential model (Bouc 1967, Wen 1976, Baber and Wen 1981, Baber
and Noori 1985). They are often employed to describe the characteristics of reinforced concrete,
steel, base isolators and dampers, etc. As a counterpart approach to structural performance design,
the nonlinear optimal control strategy has been paid increasing attentions since the concept of
structural control was proposed in the early of 1970s (Yao 1972). For example, in 1981 Masri ef al.
presented an optimum pulse control method for reducing the oscillations of nonlinear flexible
systems in response to arbitrary dynamic environments (Masri et al. 1981). Yang et al. (1988)
developed the instantaneous optimal control algorithms for applications to control of nonlinear and
hysteretic structures and extended the method to aseismic hybrid control systems (Yang ef al. 1988,
1992). Suhardjo er al. (1992) developed a class of optimal polynomial control methods based on
series expansions of the optimal cost function and the optimal control function in a Hamilton-Jacobi
context (Suhardjo et al. 1992).

However, the probabilistic treatment of nonlinear optimal control of structures did not receive
enough attention. Actually, the stochastic optimal control strategies in the present literatures are
exclusively hinged on Itd-type stochastic differential equations, of which the random disturbance
term specifying external excitations and measurement noises is mathematically assumed to be
independent additive Gaussian white noise or filtered Gaussian white noise. For instance, Shefer and
Breakwell developed an optimal digital nonlinear feedback control law for specified nonlinear
systems by taking into account the non-Gaussian character of the state conditional distribution. They
involved 1st-order moment and higher-order moments of the conditional distribution in the state
estimate (Shefer and Breakwell 1987). Yang et al. studied a stochastic hybrid control procedure of
seismic-excited base-isolated buildings using the methods of random vibration and equivalent
linearization, where the earthquake ground motion is modeled as a filtered shot noise (Yang et al.
1994). Zhu et al. proposed a nonlinear stochastic optimal control strategy of hysteretic systems
under random excitations based on the stochastic averaging method and stochastic dynamical
programming principle. An averaged Itd equation for the total energy of the system was defined as
a one-dimensional controlled diffusion process (Zhu et al. 2000).

It is noted that the classical stochastic optimal control strategies are still open to the practical non-
stationary, non-Gaussian stochastic process driven systems. Recently, a physical approach to
structural stochastic optimal controls on the basis of the generalized density evolution equation has
been proposed by the authors, which is applicable to practical random excitation driven linear
systems (Li ef al. 2010a). We thus attempt to develop a nonlinear stochastic optimal control strategy
of a hysteretic structures based on the optimal polynomial control scheme. The newly developed
generalized optimal control policy is employed whereby the design parameters and placements of
few number of control devices are laid down so as to make the control effectiveness maximized.
For illustrative purposes, the stochastic optimal controls of two base-excited multi-degree-of-
freedom structural systems with hysteretic behavior in Clough bilinear model and Bouc-Wen
differential model, respectively, are carried out as the numerical examples.

The sections arranged in this paper are distributed as follows. Section 2 is devoted to to
developing a stochastic optimal polynomial control strategy adapted to nonlinear stochastic
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dynamical systems according to the optimal polynomial control scheme. Section 3 illustrates the
probability density evolution of the state and control force vectors of controlled systems, which is
governed by generalized density evolution equations. The design of controllers is preceded in
Section 4, which is based on the control gain criterion and control topology criterion in exceedance
probability. The control policy deduced from the control criteria is referred to be the generalized
optimal control policy, which includes the optimal parameters and the optimal placements of
controllers. Case studies are carried out in Section 5. Two base-excited multi-degree-of-freedom
hysteretic structures with behavior in Clough bilinear model and Bouc-Wen differential model are
investigated as numerical examples, respectively. The concluding remarks are included in the final
section.

2. Optimal polynomial control of nonlinear stochastic dynamical systems

Without loss of generality, an n-degree-of-freedom nonlinear system subjected to a finite mean-
square random excitation F(a,¢) is investigated. The vector equation of motion is given by

MX(1) +1[X(1),X(1)] = B,UN)+D,F(a,1), X(t)) = Xo; X(tp) =%, )

where X(7) = X(0,¢) is an n-dimensional displacement vector; U(¢) = U(®, ¢) is an r-dimensional
control force vector; F() is a p-dimensional random excitation vector, in which @ represent a point
in the probability space, i.e. an embedded basic random event characterizing the randomness in the
external excitation. ® = @(@) denotes a random parameter vector mapped from @ which
implicitly underlies the state and control force vectors, and has the joint PDF pg(6). M is an nxn
mass matrix; f[-] is an #-dimensional nonlinear internal force vector; By is an n x» matrix denoting
the location of controllers; Dy is an 7 x p matrix denoting the location of excitations.

It should be noted that the randomness denoted by @ is typically considered to be resulting from
the external excitation in this paper, and the measurement noise usually taken into account in the
classical stochastic optimal controls is neglected since the uncertainty arising from the measurement
noise is more controllable compared with that of the random excitation. Meanwhile, it is felt that,
although somewhat cumbersome, the notation © underlies the fact that a random process is a
function defined over the space of events of which © is an element. Having noted this, the symbol
© would be dropped in the following development when the random nature of a certain quantity is
obvious from the context except in the case of special denotation for a key quantity.

The physical stochastic optimal control strategy developed by Li ef al, as was mentioned
previously, involves solving a number of deterministic dynamic evolution equations evaluated at the
representative points in sample space with pre-assigned-weights (Li et al. 2010a). Hence, it is
natural to develop the stochastic optimal polynomial control strategy by incorporating the
formulation of physical stochastic optimal control and the deterministic nonlinear control theory.
The optimal polynomial control, as a preferred nonlinear optimal control strategy, will be employed
in the following development. This control strategy involves two step optimizations. In the first
step, for each representative realization 6 of stochastic parameters ©, the minimization of a cost
function is carried out to build up a functional mapping from the set of parameters of control policy
to the set of control gains. In the second step, the specified parameters of control policy and the
corresponding control gain are obtained by minimizing a performance function related to the
objective structural performance.
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Optimal polynomial control was proposed according to Hamilton-Jaccobi theoretical framework
and the optimal principle (Suhardjo ef al. 1992). It is essentially the extended formulation of the
linear quadratic regulator (LQR) control in state space. In order to write the Eq. (1) as the form of
its state equation with separation between system matrix and state vector, the nonlinear internal
force f[-] needs to be expanded. It can be expressed as the following Maclaurin series

oo X, X] o Of[X,X]
f[X(t),X(t)]_f[0,0]+(X ~ +X = J

X=0,X=0

2 2 v 2 v
0 f[x2 X, 5 FIXX] | 20 f[xz, X]
iEY oX oXoX X

X=0,X=0

m -1 m m 3
e (Xm a g[XXmX Z m k% k a f[X X] + 'Xm a f[X9 X]] (2)
m

P axm —k axk aXm

X=0.X=0

It is noted that for most nonlinear systems, the terms including the cross-product between X' and
X' might not affect the nonlinear internal force, or their contribution is far less than that of other
terms. The cross-product terms in Eq. (2) could thus be dropped in the following development.
Moreover, the nonlinear internal force is typically zero when the state vector is zero. We thus have

FX().X()]= X oHX.X], 1 Xa'f[X;X]+_' 1y O"MIX, X]
oX 2! 1.9 m! X" s
2 q m
x| X, X] 149 f[x;X] o L g 91X X] 3)
X 2! oX m! X" 0%
In the state space, Eq. (1) can be written in the form
Z(t)= A(Z)Z(t)+ BU(t) + DF(@,1) 4)

with the initial condition Z(#,) = z,, where Z(#) is a 2n-dimensional state vector; A(Z) is a
2nx2n system matrix; B is a 2nxr controllers location matrix, and D is a 2rnxp excitation
location matrix, respectively

X 0
Z(I){Xgﬂ’ B{M‘O‘B } D:{MID }

0 I

AZ) = ‘Mf]ig o[ X(1).X(1) ] _Mqig IT[X(0).X(1) ]

: (5)
il oxX' ! oxX'

X=0.X=0 X=0,X=0

where m is the highest order of the Maclaurin’s series, and is equal to the highest order of the
nonlinear internal force, indicating that the terms of series with (m + 1) order and higher orders are
all zeros.

A polynomial cost function, in stochastic scenario with ©, is given by (Yang et al. 1996)

J(Z,U,0,0)=S(Z(t)),1,) +% ['1Z7 (0Q,Z(1)+ U ()R U (1) + h(Z, 1))t (6)
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where S(Z(#),1,) is the terminal cost; 7, are the start and terminal time, respectively; Qz is a
2nx2n positive semi-definite state weighting matrix; Ry is an »xr positive-definite control
weighting matrix; h(Z,¢) is the higher-order term of the cost function whose orders are higher than
the quadratic term. It is indicated that the terminal cost, together with the first two terms of the
integrand in Eq. (6) conduct the canonical LQR control.

For a given realization 0 of stochastic parameter vector ©, as indicated in the physical scheme of
structural stochastic optimal control (Li et al. 2010a), the minimization of the polynomial cost
function Eq. (6) will result in the celebrated Hamilton-Jacobi-Bellman equation (Anderson and
Moore 1990)

OV(Z,1) _
ot

where a prime indicates the differentiation with respect to Z; V(Z,t) is the optimal cost function,
and satisfies all the properties of a Lyapunov function (Bernstein 1993), considered as

—mlijn [H(Z,U,V'(Z,1),0,1)] @)

V(Z,0) = 32 (OP(OZ(1) + 8(Z.1) ®)

where P(#) is a 2n x2n Riccati matrix, which will be defined in the following Eq. (15); g(Z,?) is
a positive definite multinomial in Z(7).
The necessary condition for the minimization of the right-hand side of Eq. (7) is

OH(Z,U,V'(Z1),0,1) _
ou

©)

Since the probabilistic criterion used in the physical stochastic optimal control of structures relies
on the structural response performance, which actually includes the effect of the external excitation
integrated over all its possible realizations (Li et al. 2010b). Therefore, the excitation-relevant term
in the feedback gain expression can be safely dropped, resulting in a closed-loop control with the
state-feedback. The extended Hamiltonian function H(") is given by

H(Z,U,V'(Z,1),0.,t) :%[Zr(t)QZZ(t)+UT(t)RUU(t) +h(Z,1)]
+[V'(Z,0)] (AZ)Z(t)+BU()) (10)
Having Eq. (8) in mind, we have
H(Z,U,V'(Z,1),0,t) = %[ZT(t)QZZ(t) +U" ()R U(t) +h(Z,1)]

+Z"(OP(®) +(g'(Z,1)) AAZ)Z(t) + BU(1)) (11)

Substitution of Eq. (11) into the necessary condition in Eq. (9) leads to
R U(H)+B'P(NZ(1)+B g (Z,1) =0 (12)
The optimal non-linear controller is then given as follows

U(7) = —RyB'P()Z(1)-RyB'g'(Z, 1) (13)
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It is also clear from Eq. (12) that

O’H(Z,U, V' (Z.1),0.1) _
ou’
Therefore, the minimum control definitely exists.

Substituting Egs. (8), (11) and (13) into Eq. (7), and separating quadratic terms in Z(#) from
terms containing g(Z, ), one obtains

Ry>0 (14)

—P(1) = P()A(Z) + AT (Z)P() - P(t)BR'B"P(1) + Q, (15)
—§(Z.1) = %h(z,o —%(g'(z,r»TBR;‘BTg'(Z,r)+<g'<z,t))T[A(Z) ~BRB'P(1)IZ(1) (16)
The scalar identity

2P(1)A(Z) =P(H)A(Z)+ A" (Z)P(¢) (17)
has been used in Eq. (15). To express the controller in Eq. (13) as an explicit function, g(Z,?) is
chosen in the following form (Yang et al. 1996)

k
1 .
8(Z,0=2 ~[Z' (OM,(VZ(1)] (18)
where M(#), i = 2,3, ...,k are 2nx2n Lyapunov matrices to be defined in the following Eq. (21).
Substituting Eq. (18) into Eq. (16), we then have

=2 [Z" (OM, () Z(N)] ™ Z" ()M, (1) Z(1) = h(Z,1)

i=2

_4{2[”’ )Mf(’)ZU)l”M,-(t)Zo)} BRU‘B"'{

i=2

[Z" ()M, (NZ(D)]' M, () Z(t )}

1

+4{ _ [ZT(t)Mf(t)Z(f)]i_lMi(t)Z(t)} [A(Z)-BRB'P()]Z(t) (19)

i

Let

1

h(Z,t):Z{ [ZT(t)M,.(t)Z(t)]i‘IZ(t)} Q,.(DZ(t)+

4{i[ZT(t)M,-mZ(r)]'”M,-(r)Z(r)} BR,'B’ {i[Z"(oM,-(t)zu)]"*M,-(z)Z(r)} (20)

i=2
such that simple analytical solution can be obtained, where Qg ,, i=2,3,...,k are 2nx2n
positive semi-definite state weighting matrices, we therefore have the form of M(¢), i = 2,3,...,k
as follows

—ML (1) = M, ([ A(Z) - BRB'P(1)] +[A(Z) - BR'B" AT (Z)P(1)] M, (1) +Q,,, 21

where the scalar identity Eq. (17) has been used again. It is noted that Eqs. (15) and (21) are the
Riccati and Lyapunov matrix equations, respectively. Hence, an optimal polynomial controller is
obtained analytically in the form
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k
U(1)=-RyB"P(HZ(1)-RyB" Y [Z" ()M, () Z(1)] ' M, (1) Z(?) (22)
i=2

It is seen that the polynomial controller consists of linear term and nonlinear term, and the former
is the first-order, while the latter is the odd higher-order, e.g. cubic, quintic etc.

One can see that P(7), M,(¢#) are both related to the gradient matrix A(Z), indicating that the
gain matrices of the polynomial controller U(#) need to be calculated in real-time. An approximate
solution to the gain matrices is obtained by linearizing the gradient matrix A(Z) at the initial
equilibrium point z, (Yang et al. 1996), i.e., replacing A(Z) in Eq. (10) by Ay, A, = A(Z)|zo.
Furthermore, the Riccati matrix P(#) and the Lyapunov M,(#) matrices, to a class of optimal
control system with time-infinite, could be approximately evaluated as constant matrices P, M; by
solving the following algebraic Riccati and Lyapunov equations, i.e. the steady-state Riccati and
Lyapunov matrix equations, respectively

PA,+A/P-PBR;/B'P+Q, =0 (23)
M,(A,-BRyB'P)+(A,-BR/B'P)M, +Q,, =0, 7= 2,3, .. k 24

The Egs. (23) and (24) can be solved using any well-known numerical algorithms or using
toolbox functions available in MATLAB.

3. Probabilistic solutions of controlled systems

It is seen that all the randomness involved in the above controlled system arises since stochastic
parameter vector ©. Hence, the augmented systems constructed by the state and control force
components (Z(¢),0),(U(t),®) satisfy the following generalized density evolution equations
(GDEEs, Li et al. 2010a), respectively

0,1) .
6pZ@(Z) > )+Z(e, t)apZG)(Z) ea t) =0 (25)
ot 0z
0,1) .
apU@(ua > ) + U(9, t)apUG)(ua e) t) =0 (26)
ot Ou

The corresponding instantaneous PDFs of Z(#) and U(¢) can be obtained by solving a family of
partial differential equations with given initial condition, as follows

Pz6(2,0,0)| _ = 6(z—z,)pe(B) (27)
Puolt,0,1),_, = S(u-uy)pe(0) 08)

where () is the Dirac-Delta function; z,,u, are determinative initial values of Z(¢), U(?),
respectively. We then have

pZ(Za t) = -[Q pZ@(29 97 t)de (29)

pU(ua t) = J.Qng(B(ua 97 t)de (30)
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The joint PDFs p,e(z,0,7) and pye(u,0,7) are the solutions of Egs. (25) and (26), respectively,
of which the numerical solving procedure involves (Li and Chen 2009): (i) Probability-assigned
space partition to determine the representative point set and the assigned probabilities. The strategy
via tangent spheres is employed herein (Chen and Li 2008); (ii) Deterministic dynamic response
analysis of the system Eq. (1) using a time integration method; (iii) Using the finite difference
method to solve the generalized density evolution equations whereby a modified Lax-Wendroff
scheme with TVD nature is employed (Chen and Li 2005).; (iv) Numerical integration in Egs. (29)
and (30) to compute the PDFs of interest.

4. Generalized optimal control policy based controller design

There are two typical issues in structural optimal controls, including the identification of the
suitable parameters for controllers, e.g. the weighting matrices Q, and Ry in Eq. (22), and the
allocation of controllers constrained by the finiteness of available resources. Some freedom towards
alleviating the burden of these constraints can be gained by allowing a finite number of controllers
to be arbitrarily located in space, and considering the problem of optimal control placement. This
controller allocation, however, has not been as extensively investigated as the problem of control
force optimization (Amini and Tavassoli 2005). The generalized optimal control policy, therefore,
was newly proposed including the optimal parameters and the optimal placements of controllers
(Peng et al. 2010), which will be used in the following numerical examples.

In order to identify the optimal placements of controllers, a controllability index in the exceedance
probability of quantities of interest is defined as

1 .. .. o .-
P = E[PrzT, (Zi=Zya> O)QZ’ Prz (Z:=Z,4q>0)+ Prg, U =Upg > O)Rg’ prgy (U, =U, s > 0]

i=1,2,...,n 31)

where Z; = [max |X;(O, 1) max, | X/(®, ?) max,X(@,t)|]T, U; = max,|U(®,7)| are the extreme-
value state and control force vectors at the interval [7, 7], respectively; Pr(-) operates component-
wise on its vector argument; Z; ;4 U; 4, are the threshold vectors corresponding to Z;, U;. The
weighting matrices Qy, Ry denote the relative importance between the state and control force
vectors. It is noted that the weighting matrices Q, Ry here are not same to the weighting matrices
Qz Ry of Eq. (6), in that they have different units and dimensions. Specifically, Q,Ry are
defined as

100
Q=10 1 0> Rg=1I1] (32)
00 1

Moreover, a controllability index gradient is defined as

1
apl =L =12, = 1,2, (33)
Pi

where p? represents the controllability index of the uncontrolled structure. It is noted that the
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structural topology is always updated with the newly added proper controller ;. The next controller
will be placed at the storey with the minimum of gradient vector (Ap;, ApZ, ...,Ap]), and is ready
to prompt an update controller topology until the predetermined objective performance is achieved.

In addition, a performance function can be constructed in the exceedance probability of quantities
of interest so as to identify the optimal parameters of controllers, namely

J(Z,0)=— [Pr (Z~Z,,>0)Q, Pr,(Z~Z,,>0)+Pr (U~ U,,ﬂ,>0)R Pt (U-U,, >0)] G

where Z=[max, (max " U=max, A(max |U(®,1)|)
are equlvalent extreme Value Vectors of the state and control force at the interval [7, 7],
respectively; Z,u, Ujq are the threshold vectors corresponding to Z, U. It is clear that the
exceedance probability performance function has the same physical meaning as the defined
controllability index. The weighting matrices Qz Ry are the same as Q,Ry of Eq. (31). The
optimal parameters of newly added controllers, thereby, are obtained by minimizing the
performance function in exceedance probability at each stage.

It is well-understood that the state quantities Z,,Z and the control force quantities U,, U are
governed by the GDEEs, Egs. (25) and (26), respectively. The exceedance probability of system
quantities in the controllability index p; and in the performance function J, can be readily obtained.

The typical form of the generalized optimal control policy is represented by

U(®,1) = f(I', LHf(X, X, X) (35)

where the matrix function f(I*,L*) describes the dependence of the system dynamics on system
parameters and control layout. The control force is obtained as matrix f(I*,L*) operates on the
state vector, as indicated in Eq. (35). Here, I" = [1]’;,,1};,1}(] is the optimal parameter vector
denoting the generalized mass M, generalized damping C and generalized stiffness K;
L' =[L,, y,L;] is optimal topology matrix denoting the control devices distributed in system
space with respect to dimensions x, y and z. The key effort, therefore, is to construct the parameter
vector (I*,L*) of the matrix function f(I*,L*).

The details of resolution procedure of the generalized optimal control policy is referred to the
previous investigation on linear stochastic optimal control strategy (Peng ef al. 2010). We attempt to
introduce the generalized optimal control policy into the nonlinear stochastic optimal control
strategy of hysteretic structures in the following section, and to achieve the desirable structural
performance with the maximum of control effectiveness by reasonably designing controllers.

5. Numerical examples

The vector form of controlled hysteretic structures subjected to the stochastic external excitation is
given by

MX(1)+CX(1)+R(X,z) = BU(*)+D,F(am,1), X(t,) =0; X(t,) =0 (36)

where C, is the instantaneous damping matrix; R,(X,z) is an n-dimensional vector denoting the
restoring force, including elastic force and hysteretic force induced by hysteretic displacement z.
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The restoring force can be partitioned into linear part and hysteretic part

R(X,z) = aK X+ (1-a)K,z 37)
where « is the stiffness ratio of post-yielding to pre-yielding; K is the pre-yielding stiffness matrix.

Using the Maclaurin series Eq. (3), the equation of controlled hysteretic structures can be re-
written as the state space form

Z(t) = A(Z)Z(t)+ BU(¢)+ DF (@, 1) (38)
o[ ol vl
X(7) M B, M D,
0 I 0 |
ANZ)=| m i1 Al | A= (39)
M 1(aK0+(1—a)KOZ)iTa—;;(?)) m'c|” LaM_IKO —M“c(]
i=1 '

where C, is the pre-yielding damping matrix.

It is noted that the functional expression of hysteretic displacement z represents the type of
hysteretic forces. Two numerical examples including a ten-storey shear frame and an eight-storey
shear frame controlled by active tendons are investigated, of which the hysteretic forces are
described by Clough bilinear model and Bouc-Wen differential model, respectively. The weighting
matrices of active control actions can be approximately expressed as the diagonal matrices, since
their diagonal elements are usually far larger than the off-diagonal elements (Chen ef al. 1992)

Q =diag{Qy,..,04,0,,.-,0,}, R=diag{R,,....,R,} (40)

A physical stochastic ground motion model X,(®,7) is employed as the random excitation of the
exampled systems, ® = {0©,,0,0,}, where ©,,0, are the random parameters denoting the
predominant frequency and the equivalent damping ratio of a certain engineering site soil,
respectively; @, is the random vector characterizing the randomness involved in the ground motion
at the bedrock coming from the properties of the sources and the propagation path (Li and Ai 2006,
Chen et al. 2007). The peak acceleration of the motion is defined as 0.3 g. A representative time
histories are illustrated in Fig. 1.

The generalized optimal control policy is employed to design the active tendons, and the objective
of the control design is to effectively improve the hysteretic structural performance by reasonably
distributing a few of controllers (six controllers in example 1 and five controllers in example 2) and
constructing the optimal weighting matrices of their control gains. As a comparative case, the
hysteretic systems with the same number controllers are investigated, of which the controllers are
placed from the ground floor to upper floors, and their controller parameters are designed as the
same.

The optimization method used in choosing weighting matrices is the quasi-Newton based OPT++,
a toolbox function of DAKOTA (Eldred et al. 2007).



Nonlinear stochastic optimal control strategy of hysteretic structures 49

4
— Representative Wave

3

—~ 2

N

[8]

(]

2 1

E

80

©

8-

Q

o

<2
-3
) 5 10 15 20

Time (sec)

Fig. 1 Numerical examples: a representative time histories of ground acceleration

5.1 Example 1: ten-storey shear frame with clough bilinear model
The restoring force of the shear frame described by Clough bilinear model is in the form
R,(X,z) = KX (41)

The storey mass and storey stiffness of the exemplified ten-storey shear frame are shown in Table 1.
Rayleigh’s damping C, = aM+bK,, where a=0.01, 5=0.005, is employed, resulting in a
damping ratio of 1.01% for the first vibrational mode. The natural frequencies of the unyielded
building are respectively 3.46, 10.00, 15.83, 21.26, 26.57, 31.39, 35.25, 38.64, 41.33, and 44.44 rad/
sec. The restoring force relationship of each inter-storey is shown in Fig. 2, with the uniform
stiffness ratio & = 0.1, while the initial yielding displacements A, of each storey are listed in Table 1,
by which the instantaneous stiffness K, could be evaluated. The thresholds of the structural inter-
storey drifts, inter-storey velocities, storey accelerations and the control forces are 15 mm, 150 mm/
sec, 8000 mm/sec? and 200 kN, respectively. The deterministic non-linear dynamic analysis of the
bilinear hysteretic system, involved in solving the generalized density evolution equations, resorts to
the Newmark- £ time integration (Clough and Penzien 1993).

The optimal placement and weight matrices of newly added active tendon with a first-order term
in each sequence case are shown in Table 2. It is seen that the six controllers are distributed in the
inter-9-10-storey, the inter-6-7-storey, the inter-5-6-storey, the inter-7-8-storey, the inter-4-5-storey,

Table 1 Numerical example 1: parameters of the ten-storey shear frame
Storey 0-1 1-2 2-3 3-4 4-5 5-6 6-7 7-8 8-9 9-10
Mass (1x10*kg) 2.4 2.4 2.0 2.0 1.8 1.8 1.6 1.6 1.2 1.2

Pre-yielding Stiffness 18 18 14 14 12 12 10 10 9.6 9.6
(KN/mm)

A, (mm) 10.0 10.0 8.0 8.0 8.0 8.0 8.0 8.0 6.0 6.0
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Fig. 2 Numerical example 1: Clough bilinear hysteretic restoring force model

Table 2 Numerical example 1: optimal parameters of tendons of the controlled hysteretic system with Clough

bilinear model

Sequence no.

Topology vector

Parameters of appending weighting matrices”

Ou o Qa2 Oz Qa3 Ous R,

0 [0000000000]" -- - -- -- -- -- --
I (1st order) 00000000017 1872 00 - - - 100
2 (1st order) 00000020017 843 2175 - - . ~ 107
3 (Ist order) 00000320017 2079 00 - - - 10
4 (1st order) 00000324017 00 5322 - - - 100
5 (Ist order) 00005324017 733 00 - - - ~ 107
6 (1st order) 00605324017 00 623 - - - 101
6 (3rd order) 00605324017 00 623 00 00 - 100
6 (5th order) 00605324017 00 623 00 00 00 18 10
Comparative case  [1234560000]” 300.0 0.0 - - - - 10710

“Initial values of parameters are ;= 0, =100, Qy2=0,2=5, Q43 = 0,3 =2,R,= 107"°.

and the inter-2-3-storey in turn, respectively. Thus, the parameter vector in the matrix function of
generalized optimal control policy is given by

(0:.0,.R,.L) =

0.0

107|0

0
0
0
0 6

0
0
0
0

623 0

0 733 2079
0.0 0.0
107" 10"
5 3

843 0.0

217.5 532.2

107 107"
2 4

0
0
0
0

187.27
0.0
107"
]

(42)

The active tendons with higher-order terms, e.g., 3rd-order and S5th-order, are investigated to
further improve the structural performance. For convenience of optimization, the unified weighting
matrices are arranged to the higher-order terms of all controllers. The optimal weighting matrices of
higher-order terms are also shown in Table 2. It is seen the higher-order weighting matrices almost
all equal to zero, indicating that the higher-order terms do not contribute to improve the structural
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Table 3 Numerical example 1: optimization results of the hysteretic system with Clough bilinear model
controlled by 1st order controllers

Sequence no Topology vector Exceedance probabilities Obj eptive
Py Pﬂj P/;)_} P & function J,
0 [0000000000]" 0.5016 0.6032 0.7829 -- 0.6142
1 [000000000 1] 0.4942 0.5822 0.7685  3.600x107 0.5869
2 [0000002001]" 0.4355 0.5420 0.7597 0.0268 0.5306
3 [0000032001]" 0.3927 0.5152 0.7573 0.0364 0.4973
4 [0000032401] 0.3694 0.4330 0.7534 0.1859 0.4630
5 [0000532401] 0.3580 0.4091 0.7511 0.0326 0.4304
6 [0060532401]" 0.3527 0.3918 0.7497 0.0705 0.4225
Comparative case  [1234560000]" 0.3952 0.5178 0.7596 0.0221 0.5009
T z
@
@
@
®
®
®
X
e e i ——

Fig. 3 Numerical example 1: tendons placement using storey controllability gradient criterion
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performance. This reveals that the linear control with the 1st-order controller suffices even for the
nonlinear systems when the exceedance probability based control criterion for designing the optimal
weighting matrices is employed. This is practically meaningful since it bypasses the need to utilize
nonlinear controllers which may be associated with dynamical instabilities. It does not follow the
traditional knowledge that nonlinear optimal control is more robust and more effective than the
linear optimal control in the context of deterministic control (Bernstein 1993).

The exceedance probabilities of quantities and the objective function are presented in Table 3. The
table reveals that the exceedance probabilities of quantities are gradually reduced with the optimal
placement and design of tendons, and they reach to the minimum until all the six controllers are
placed. Fig. 3 shows the placement of tendons, indicated as the numbers in the structural stories.
Compared with the comparative case, one might see that using only 3 tendons can reach to the
same control effectiveness, indicating the validity and applicability of the generalized optimal
control policy.

Time histories of the mean and standard deviation of the inter-storey drifts of the 1st and 10th
storey with and without control are shown in Fig. 4. It is clear that the response processes of the
controlled system have a certain extent of reduction compared with those of the uncontrolled
system. The storey acceleration, however, does not get obvious improvement; see Fig. 5, the time
histories of the mean and the standard deviation of storey accelerations of the 1st and 10th storey
with and without control. It is understood that the filter function of nonlinear systems to the ground
motion becomes weaker due to the interaction of control force.

Figs. 6-9 further show the PDFs at typical instants of time of inter-storey drifts and storey
accelerations of the 1st and 10th storey with and without control. One might see that the distribution
range of the PDFs of controlled inter-storey drifts becomes narrower than that of the uncontrolled
inter-storey drifts. The PDFs of storey accelerations, meanwhile, have not obvious improvement
compared with those of uncontrolled storey accelerations, which is corresponding to the behavior of
second-order moment shown in Fig. 5. It is also indicated that the shear frame structure does not
move as the similar profile after it is controlled due to the effect of the control force, since the PDF

1 i 0.2 T
— Controlled — Controlled
é‘ 0.5¢ --_Uncontrolled - € 0.1¢ Y Uncontrolled -
~ E A
c O T o0
3 3
= -05 S -0.17
o 5 10 15 20 0.2 5 10 15 20
Time (sec) Time (sec)
15 T i 15 : . :
— 80ntro|le<|iI g H —— Controlled
_ e Uncontrolle = | ke
E 10 ) 1 E hl Uncontrolled |
= E
3 5 S0
177] »
0 - ’ : 0 . . .
0 5 10 15 20 0 5 10 15 20
Time (sec) Time (sec)
(a) Inter-0-1-storey (b) Inter-9-10-storey

Fig. 4 Numerical example 1: time histories of mean and standard deviation of inter-storey drifts with/without
control
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Fig. 5 Numerical example 1: time histories of mean and standard deviation of storey accelerations with/
without control
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Fig. 6 Numerical example 1: typical PDFs of the inter-0-1-storey drift at certain instants of time
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Fig. 7 Numerical example 1: typical PDFs of the inter-9-10-storey drift at certain instants of time
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Fig. 8 Numerical example 1: typical PDFs of the 1st storey acceleration at certain instants of time
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Fig. 9 Numerical example 1: typical PDFs of the 10th storey acceleration at certain instants of time
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Fig. 10 Numerical example 1: the hysteretic curves of the inter-0-1-storey component under a representative
ground motion
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Fig. 11 Numerical example 1: the hysteretic curves of the inter-9-10-storey component under a representative
ground motion

curve shapes of the controlled system quantities of interest are different from those of the
uncontrolled system quantities.

The hysteretic behaviors of structural components located in the inter-0-1-storey and the inter-9-
10-storey under a typical representative ground motion are shown in Fig. 10 and Fig. 11. It is seen
that the inter-stories of the controlled structure become smaller than those of the uncontrolled
structure. The restoring forces of components also become smaller due to the compensation of
external control forces. The hysteretic curve shapes of the controlled components are similar to
those of the uncontrolled components. The difference between them is that the energy dissipation of
the controlled structure mainly derives from the component cycle motion in a smaller range. It is
noted that the controlled structural response is referred to be the component motion around the
equilibrium point.

5.2 Example 2: eight-storey shear frame with bouc-wen differential model

The structural parameters of the other exemplified eight-storey shear frame are follows: m; = m, =
1.0 x 105 kg, ms = my= 0.9 x 105 kg, ms= meg= 0.9 x 105 kg, ms7=mg= 0.8 x 105 kg, k1: k2:
3.6 x 10" kKN/mm, k3=/ky;=3.2 x 10" KN/mm, ks=ke=3.2 x 10" kKN/mm, k;=ks=2.8 x 10" kN/mm.
Rayleigh’s damping C =aM + bK is employed, where a=0.01, 5= 0.005, resulting in a damping
ratio of 1.05% for the first vibrational mode. The natural frequencies of the unyielded building are
respectively 3.64, 10.40, 16.46, 22.45, 27.91, 31.89, 34.68, and 36.81 rad/sec. Referring to the basic
shape of Osgood-Ramberg model, Bouc proposed a differential equation with smooth hysteretic
displacement

z=Ax—Bil" 'z + yild" (43)

The classical Bouc-Wen model features hysteretic behaviors of the restoring force (Wen 1976),
whereas it is difficult to reflect the strength deterioration, the stiffness degradation and the pinching
effect (Ma et al. 2004). These features can be characterized by the extended Bouc-Wen models
(Foliente 1995), where the component form of hysteretic displacement z in Eq. (43) is given by
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z:;m@{A*—wwﬂﬂwZ”z+yﬂdﬁ} (44)

in which A(z),v, n are parameters characterizing the pinching effect, the strength deterioration and
the stiffness degradation, respectively. These parameters all are dependent on nonlinearities
evolution history of the investigated system, and generally related to energy dissipation. An index
denoting energy dissipation can be defined as

&) = J‘O zxdt (45)

we then have
v(e) =1+0,6 nle)=1+0,¢ (46)

where J,, 6, are the indices reflecting the strength deterioration and the stiffness degradation.

Further, let

[zsgn(¥)—qz,1/5

h(z) =1-Ce (47)

in which z, is the extreme hysteretic displacement component

1 1/n
O (48)
v(Bty
while the two parameters £ (&) and {,(&) take the forms, respectively

Gi(e) = ¢(1-e™) (49)
&(e) = (w+6,8)(A+¢) (50)

The 13 parameters used in the extended Bouc-Wen model take the values as follows: a=0.01,
4=1.0, f=140.0, y=20.0, n=1.0, 6,=0.002, 5,=0.001, y=0.2, 5,=0.005, 1=0.1, {=0.95,
q=10.25, p=2000.0. The thresholds of structural inter-storey drifts, inter-storey velocities, storey
accelerations and the control forces are 30 mm, 300 mm/sec, 3000 mm/sec’ and 200 kN,
respectively. The physical ground motions employed in the first example is used here.

An explicit time integration method is employed in the deterministic non-linear dynamic analysis
of the hysteretic system

X(k+1) = M '[F(@, k)~ CX(k) - R,(X(k), z(k))] (1)
X(k+1) = X(k)+ (1= y)X(k)At+ 7, X(k+ 1)At (52)
X(k+1) = X(k)+X(k)At+ @ — ﬂa)X(k)Atz +BX(k+1)A7 (53)

It is proved that the scheme is second-order accurate when y, = 3/2, and unconditionally stable if
1<4,<28/27 (Chung and Lee 1994). In addition, the hysteretic displacement z can be solved
employing the fourth-order Runge-Kutta scheme.
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Table 4 shows the optimal placement and weight matrices of newly added active tendon with a
first-order term in each sequence case. It is seen that the five controllers are distributed in the inter-
0-1-storey, the inter-1-2-storey, the inter-2-3-storey, the inter-3-4-storey and the inter-5-6-storey in
turn, respectively. Thus, the parameter vector in the matrix function of generalized optimal control

policy is given by

(0;,0),R,, L) =

642.5

73.0
107°
1

100.2
47.9
107°

2

777.9
485.7
107°
3

57.1
1072.0
107

4

0
0
0
0

225.5
193.1
107°

0
0
0
5 0

S O O O

(54)

In order to evaluate the control effectiveness of the 1st-order control, we also investigate the
higher-order control of the hysteretic system. The optimal weighting matrices of higher-order terms

Table 4 Numerical example 2: optimal parameters of tendons of the controlled hysteretic system with Bouc-
Wen differential model

Sequence no.

Topology vector

Parameters of appending weighting matrices’

Ou O, Oa> O Qa3 Ovs R,

0 [00000000]" - - - - - - --

1 (1st order) [10000000]" 6425 73.0 -- -- -- -- 107

2 (1st order) [12000000]" 1002 479 -- -- -- -- 107

3 (1st order) [12300000]" 7779 485.7 - - - - 107

4 (1st order) [12340000] 57.1  1072.0 -- -- -- -- 107

5 (1st order) [12340500]" 2255 193.1 -- -- -- -- 107

5 (3rd order) [12340500]7 2255 193.1 0.0 0.0 - - 107

5 (5th order) [12340500]7 2255 193.1 0.0 0.0 0.0 0.6 107
Comparative case [12345000] 0.0 1027.0 -- -- -- -- 107

“Initial values of parameters are Q,= Q,= 100, Qs> = 0,,=20, Q43 = 0,3 =10, R, = 107

Table 5 Numerical example 2: optimization results of hysteretic system with Bouc-Wen differential model
controlled by 1st order controllers

Exceedance probabilities Objective
Sequence no. Topology vector .

Py P/;;( P/;;( P function J,

0 [00000000]" 0.8354 0.1334 0.8441 - 0.7141

1 [10000000]" 0.5714 0.0186 0.6867 0.0000 0.3992

2 [12000000]" 0.5833 0.0210 0.6252 3.603x107 0.3658

3 [12300000]" 0.5279 0.0585 0.3917 3.602x107 0.2178

4 [12340000]" 0.4777 0.0919 0.1846 4.276x107 0.1354

5 [12340500] 0.4286 0.0756 0.1740 3.603x107 0.1098

Comparative case [1234500 0] 0.7125 0.1372 0.1345 0.0041 0.2723
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are shown in Table 4. Again, it is seen that the higher-order terms do not contribute to further
improve the structural performance, and the corresponding optimal parameters almost all equal to
zero, indicating once again that the linear control with 1st-order controller can cover the nonlinear
control with higher-order controllers when the exceedance probability based control criterion for
designing the weighting matrices is employed, as mentioned in example 1.

Table 5 presents the exceedance probabilities of quantities and the objective function in each

Storey Level

1z

E——

Fig. 12 Numerical example 2: tendons placement using storey controllability gradient criterion
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Fig. 13 Numerical example 2: second-order statistics of extreme-value inter-storey drift varying along storey

level with the placement of tendons
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sequence case. The exceedance probabilities of quantities are gradually reduced with the optimal
placement and design of tendons, and they reach to the minimum until all the five controllers are
placed. Fig. 12 shows the placement of tendons, indicated as the numbers in the structural stories.
Compared with the comparative case, the sequence using only 3 tendons can reach to the same
control effectiveness, which is similar to the control effectiveness of example 1.

The second-order statistics of extreme-value inter-storey drifts and extreme-value storey
accelerations varying along the height of the structure with the placement of tendons are illustrated
in Figs. 13 and 14, respectively. One might see that the means and standard deviations of quantities
of interest become smaller with the added tendons, and they are smoother along the height of the
structure. It is also seen that too few controllers might result in amplification of the local response
of the structure, and meanwhile, the inter-stories with larger responses get more significant
improvement. It is noted that the controlled system response results in a desirable structural
performance.

8

— Uncontréied — UnContrafied
7 Sequence *-, 7 Sequence 1"
-~ Sequence 2 ., ~ Sequence 2
6 Sequence 3 o Sequence 3
+— Sequence 4 —— Sequence 4
........... Sequence 5 _ .| = Sequence 5
> >
) [0]
4 24
g g
S 2
n3 » 3
) J
1 1
1%00 1500 2000 2500 3000 3500 0 100 200 300 400 500 600 700
) 2 ) 2
Acceleration (mm/sec”) Acceleration (mm/sec”)
(a) Mean of storey acceleration (b) Standard deviation of storey acceleration

Fig. 14 Numerical example 2: second-order statistics of extreme-value storey acceleration varying along
storey level with the placement of tendons
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Fig. 15 Numerical example 2: the hysteretic curves of the inter-0-1-storey component under a representative
ground motion
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The hysteretic behaviors of structural components located in the inter-0-1-storey and the inter-7-8-
storey under a typical representative ground motion are shown in Fig. 15 and Fig. 16. It is seen that
the hysteretic curves of the uncontrolled components and controlled components feature the Bouc-
Wen prosperities, i.e., the strength deterioration, the stiffness degradation and the pinching effect.
The inter-storey drifts of the controlled structure become smaller than those of the uncontrolled
structure. The restoring forces of components also become smaller due to the compensation of
external control forces. The energy dissipation of the controlled structure mainly derives from the
component cycle motion in a smaller range. It is noted that the optimal control significantly
improves the structural response performance.

Fig. 17 pictures the time histories of root-mean-square hysteretic energy dissipation of the inter-0-
1-storey and the inter-7-8-storey. It is seen that the energy dissipations of components at different
stories are controlled to a certain extent. Less improvement arises in the first storey where the
energy dissipation of the component is both remarkable before or after control. Greater
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Fig. 16 Numerical example 2: the hysteretic curves of the inter-7-8-storey component under a representative
ground motion
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Fig. 17 Numerical example 2: time histories of root-mean-square scaled hysteretic energy dissipation of inter-
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improvement arises in the 8th storey where the energy dissipation of the controlled component
evolves in a mild tendency, whereas that of the uncontrolled component goes in a sharply upward
tendency.

6. Conclusions

A nonlinear stochastic optimal control strategy, in the context of the formulation of physical
stochastic optimal control of structures, has been developed for hysteretic structural systems in the
present paper. This control strategy is applicable to practically random excitation driven systems.
The newly developed generalized optimal control policy is introduced into the nonlinear control
scheme to logically distribute the controllers and design their parameters associated with control
gains. Numerical investigations of stochastic optimal controls of two base-excited hysteretic
structures respectively with Clough bilinear model and Bouc-Wen differential model are carried out
for illustrative purposes. The concluding remarks are included as follows:

(1) The linear control with the l1st-order controller suffices even for the hysteretic structural
systems when the exceedance probability based control criterion for designing the optimal
weighting matrices is employed. This is practically meaningful since it bypasses the need to utilize
nonlinear controllers which may be associated with dynamical instabilities.

(2) Using the generalized optimal control policy, a few number of control devices are placed and
designed in an efficient mode whereby the maximum control effectiveness can be achieved. It
allows for a more desirable structural performance than the controller topology with devices placed
from ground floor of the structure.

(3) The nonlinear stochastic optimal control scheme operates efficiently on the hysteretic structural
systems. The structural performance, as gaged by the statistics and probability density functions of
physical quantities of interest, is improved and meanwhile, energy-dissipation behavior of the
hysteretic structures is controlled to a certain extent.
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