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Abstract. The aerodynamic stability of orthotropic tensioned membrane structures with rectangular plane
is theoretically studied under the uniform ideal potential flow. The aerodynamic force acting on the
membrane surface is determined by the potential flow theory in fluid mechanics and the thin airfoil theory
in aerodynamics. Then, based on the large amplitude theory and the D'Alembert’s principle, the interaction
governing equation of wind-structure is established. Under the circumstances of single mode response, the
Bubnov-Galerkin approximate method is applied to transform the complicated interaction equation into a
system of second order nonlinear differential equation with constant coefficients. Through judging the
stability of the system characteristic equation, the critical divergence instability wind velocity is determined.
Finally, from different parametric analysis, we can conclude that it has positive significance to consider the
characteristics of orthotropic and large amplitude for preventing the instability destruction of structures.

Keywords: membrane structures; orthotropic; large amplitude; wind-structure interaction; critical
instability wind velocity.

1. Introduction

Because of the membrane structure’s economy, beauty, and less dead weight, it is widely applied
to large span structures, such as large-scale stadium, exhibition center, works of decoration, and so
on. But for its less dead weight, low local stiffness and low natural frequency, the kind of structure
is very sensitive to the wind loads. As the wind velocity reaches a certain value, the aerodynamic
instability phenomenon may occur. In the wind tunnel tests for suspended cable roof models,
Miyake et al. (1992) and Kawakita et al. (1992) have observed this kind of aerodynamic instability
phenomenon. In actual engineering, the membrane roofs of the Cheju World Cup stadium in Korea
and Wenzhou University stadium in China have the experience of failure with local or total
destruction under the wind loads less than the design value. It has caused the scholars great
attention to study the aerodynamic stability of this kind of structure under wind loads.

At present, the results of qualitative analysis are more consistent about the mechanism of
aerodynamic instability in membrane structure (Minarni et al. 1993, Bingnan et al. 2003): At the
lower wind velocity, this kind of structure vibrates mainly in single mode for the divergence
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instability; with the speed increasing, it presents multi-mode coupling state for the flutter instability.
However, studies on quantitative analysis are not enough. Sygulski (1994, 1997) applied the FEM
(Finite element method) & BEM (Boundary element method) to derive the critical instability wind
velocity of a piece of membrane supported on the rigid board in the uniform potential flow. Attar
et al. (2005) used a reduced order system identifying approach to analysis the nonlinear structural
behavior of aeroelastic configurations and the results compare well with those from a high-fidelity
aeroelastic model. Stanford er al. (2007, 2008) invented a novel experimental setup which integrated
a wind tunnel with a visual image correlation system for simultaneous measurement of wing
displacements, strains, and aerodynamic loads, and demonstrated that the numerical and experimental
data are suitable correspondence for moderate angles of attack. Scott er al. (2007) established the
NASTRAN normal modes and the finite difference membrane model with 3rd order piston theories
to simulate the dynamic aeroelastic stability of membrane structures for aero-capture, and the results
obtained are compared with the static aeroelastic analysis. Yang ef al. (2006) derived the critical wind
velocity by determining the stability of the wind-roof interaction equation, Li et al. (2006) did it
through judging the frequency characteristic of the system characteristic equation.

In this paper we take the tow characteristics of orthotropic and geometric nonlinearity in actual
membrane structure into consideration and theoretically study the aerodynamic stability of
rectangular orthotropic membrane structure. Based on the large amplitude theory and D'Alembert’s
principle, the governing equation is addressed in Section 2. Applying the Bubnov-Galerkin
approximate method, Section 3 is devoted to deduce the critical instability wind velocity. In Section
4 some computational examples are given to analyze the influence of each parameter. And some
conclusions are obtained in Section 5.

2. Governing equations
2.1 Structure model

The membrane structure studied with rectangular plane is orthotropic. Its two orthogonal
directions are the two principal fiber directions, and the material characteristics of the two principal
fiber directions are different. Assume that it is clamped on four edges. The two principal fiber
directions are x and y. a and b denote the spans in x and y, respectively; Ny, and N, denote initial
tension in x and y, respectively, as shown in Fig. 1.

2.2 Dynamic governing equations and boundary conditions

According to the large amplitude theory of membranes and D'Alembert’s principle (Zheng et al.
2009), the dynamic governing partial differential equation and compatibility equation of orthotropic
membrane are
o*w ow o*w
§_2p0§05+pz :poy
L EN, w TN, m PN, LN, 10N, (Fw) Fwdw
Eh & Eh & Eh ox* Eh ox° Gh oxdy Ox0y ox’ oy’
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Fig. 1 Rectangular plane membrane structure with four edges clamped
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where py denotes the area density of membrane; N, and N, the additional tension in x and y,
respectively; Ny, and N, the initial tension in x and y, respectively; N, the shear force; w the
deflection: w(x, y, f); h the membrane’s thickness; £; and E, the Young’s modulus in x and y,
respectively; G the shear modulus; £ and z4 the Poisson’s ratio in x and y, respectively; & the
structure-self’s damping coefficient; p, the external loads in z : p.(?).

While the membrane is in vibration, the effect of shearing stress is so small that we may take
N,, = 0. Introducing the stress function ¢(x,y,?) and letting N, = h(@z(/)/@yz), N, = h(@z(p/ﬁxz),
N,, = —h(8*p/oxdy) = 0, &°N,/8°x = &°N,/"y = h(d" p/ox"8y") = —&°N,,/oxdy = 0, Eq. (1) can
be simplified as follows

o’ ow, (0 & 0 &
(h—%+N0x)‘—v§+(h“%+N0y)‘—v§_2P0§05L:+P2_PI = Po—‘vz‘v 2)
oy ox 0x oy t
18, 109 _ (azw)z_@@ 3)
Eigyt Expx*  N0x0y 5y’ oy’

where ¢ is the stress function: ¢ (x, y, #); p; and p, are the atmospheric pressure indoor and outdoor,
respectively; and suppose that p; equals the static atmospheric pressure p.,, .
The corresponding boundary conditions can be expressed as follows

{W(O,y, =20 {w(x, 0,1))=0
w(a,y,0) =0 |w(x,b,6)=0

“
3. Critical instability wind velocity
3.1 The aerodynamic

Dowell (1970) pointed out that the air viscosity should be considered if the vibration wavelength
is close to the air boundary layer thickness. But in types of civil engineering structures the low
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order mode often plays a dominant role when vibrating, so the wavelength is far greater than the
boundary layer thickness. Uematsu et al.’s (1986) experimental studies showed that the boundary
layer turbulence has less effect on the structure’s response under wind loads. So we ignore the tow
factors in this paper and suppose that the potential flow is uniform and incompressible, velocity
value V and direction along x.

According to the fluid Bernoulli Equation the outdoor dynamic pressure p, is (Forsching 1980)

A28 5
2 ox Car),., Pe ©)
where p is air density; z, the surface function under initial stress: z,(x,y); and ¢' the velocity
perturbation potential: ¢'(x,y,z,1).

According to the potential theory, ¢'(x,y,z,¢) in Eq. (5) needs to satisfy the Laplace Eq. (6) and
boundary conditions Eq. (7)

2 A2 A2
24,248,048 (©6)
Ox 0z

v, =98 _ oz, 2 7)

where v, denotes the flow velocity component in z.
According to the thin airfoil theory in aerodynamics, ¢'(x,y,z,t) satisfying Eq. (6) and Eq. (7)
can be supposed as follows (Ivovich et al. 1991)
(22,
, 1 x Ot/ _
¢(x’yazat):2—7_z_.|..|. > = ;7 >
RaA/(x—f) +(y—n) +z

where Ra denotes the structure’s projection area in the plane xoy.

dgdn ®)

3.2 Critical wind velocity
Take the membrane surface function under wind loads as
2(x,,1) = zo(x,y) + w(x, y,1) ()]
for the initial surface function zy(x,y) = 0, then
z(x,,1) = w(x,y,1) (10)
Substituting Eq. (10) into Eq. (8), then substituting the result into Eq. (5) yields
(r2+28) -9 V32W+ai”) .

ot)xz ox0 2/
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Letting:

r=(x-&7 +(y-n)
4 = p+p y( J dédn, ” (axatlgdgd”

X

4= pV ”_(aJ —&)dédn, 4= ”_(_lig (x—&)d&dn

Eq. (11) can be simplified as
Py =—A -4yt A3+ A+ p, (12)

where the domain of integration Ra is {0<&E<a,0<n<b}; in A4, the gas inertial load p* attached
to the lower surface is taken into consideration (Yang et al. 2006), assume p° = p.
Substituting Eq. (12) into Eq. (2) yields

2 2 2 2 2
[hgy +N0xjgv2v+(hg(f+N ]gyz 2p0§0%: 22+A +A,—4,-4, (13
X

Functions that satisfy the boundary conditions Eq. (4) are as follows

w0 = 3 T W (x,)
! (14)
w(xvy’ t) = Z %i(t)q)i(x:y)

i=1

where W(x,y) is the given mode shape function; ®,(x,y),7,(t) and T«(f) are the unknown
functions.

As the flutter instability is multi-mode coupling instability, it’s difficult to solve this kind of
nonlinear equation. This paper investigates the divergence instability based on single mode vibration
mode. Assume that the single mode shape function is

M7X . Ny

W(x,y) = sin—= smT (15)

where m and n are integers and denote the orders of vibration mode in x and y, respectively.

Eq. (15) satisfies the boundary conditions automatically.
So the displacement function is

w(x,y,t) = T(t)sm X sin Zy (16)
Substituting Eq. (16) into Eq. (3) yields

1 o' (p+ 10 oo _ m’ r; 7 Tz(t)(coszmmCJrcosznﬂy) a7)
18y Eyoxt 24’0 a b
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Assume that the function which satisfied Eq. (17) is

P(x,y,1) = T()D(x,)
2mﬂx+ﬂ 2nax (18)

O(x,y) = acos

Substituting Eq. (18) into Eq. (17) yields

B E2c12n2 B E1Z72m2

326°m" 324°n’
Substituting Eq. (16) and Eq. (18) into Eq. (13) yields

y 4 , o'W o'W pV?
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jj S0V).. (x = )dédr - jj—(x £)sin ™= 5' n =L dédn

According to the Bubnov-Galerkin method (Shin ef al. 2004), Eq. (19) can be transformed as
follows

4 oW oW pl*
(pOW+’—;n]r(t)+B—ﬂm—n)+2pofoW}T(r)—( e ’; n]T(t)
.[[ P 62(13 62 W(x,y)dxdy=0
s | 227 T(t)
oy” Ox 6 6

(20)

Where the domain of integration S is {0<x<a,0<y<b}.
Eq. (20) can be simplified as

AT"()+BT'(t)— CT(t)-DT’(t) = 0 Q1)
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where
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A#0 (A<0 may occur only when b/a<<0.1, it wouldn’t take place in actual projects), let
e=B/A,c=—-C/A, d=-D/A, Eq. (21) can be transformed into

T"(t)+eT'(f)+cT()+dT(f) = 0 (22)

Obviously, Eq. (22) is a nonlinear differential equation with respect to 7(¢), assume the periodic
solution which satisfies the initial condition 7(#)|_, =0 is

T(t) = fsinwt = fsinf (23)

where f denotes the amplitude.
Substituting Eq. (23) into Eq. (22), and applying the Bubnov-Galerkin method again yields

T,
j (T" +eT' +cT +dT?)sin Odt

0
T,
= J.(—fa)2 sin @+ ef wcos @+ cf sin @ + df sin® ) sin Odt
0

Ty Ty Ty
=—f j(a)2 —c—%dfz)sin2 Odt + ef Icos@sin th—%df J.sin305in6’dt =0 (24)
0

0 0

where T is a cycle.
Integrating and simplifying Eq. (24) yields

o = c+ idfz (25)

When the wind velocity is reaching the critical value£'the increasing aerodynamic will equal or
even exceed the sum of deadweight and inertia force of the structure. Just at the moment, the
frequency of the system characteristic equation becomes zero and the divergence instability
phenomenon appears, just like the static equilibrium instability (Kornecki et al. 1976).

The critical condition for divergence instability is @ = 0. Substituting 4, C, D and @ = 0 into
Eq. (25) yields the critical divergence instability wind velocity

v

cr

2 2 2.2 2.2
_ Ja(m bNyJa+n’aN, /b)/2+ 3hmn’ 2f*(a+ B)14b 6

pma
From Eq. (25) we can conclude that in large amplitude theory the vibration frequency o relates to
the amplitude f, it is just one of the characteristics of geometric nonlinear structures. When f

approaches zero, Eq. (26) can be transformed into the formula obtained just according to the small
amplitude theory

2 2
— /\/a(m bN,./a+naN,,/b) o7

2pma
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4. Computational examples and discussion

Known from (25), the critical velocity V.. is connected to the membrane parameters, structure
sizes, pretension, orders and amplitude. We take the membrane material as an example which is
applied in project commonly. E,=1400 MPa, E,=900 MPa, p=1226kg/m’, 2=0.001m,
a=20m, m=n=1, f=1m, Nop,=2kN/m. 4= b/a denotes the span ratio of across-wind () to
along-wind (x); 7 = N,,/N,, denotes the pretension ratio of direction x to y. The value of &; can be
obtained by numerical integration method after all parameters are determined.

4.1 Span ratio A

The curve of span ratio and critical wind velocity is shown in Fig. 2.

We can draw conclusions from the analysis of Fig. 2. With the increasing of span ratio A, the
critical wind velocity V.. decreases gradually, when 0<A<3, it decreases sharply; when A > 3, it
decreases gently. It shows that the span ratio value should not be given too large in designing this
kind of structure.

For the orthotropic characteristic, from the two conditions £, > E, and £, < E, we can conclude:
when 4 < 1, a greater V. value can be obtained if the small modulus is arranged to the along-wind
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Fig. 2 Curve of span ratio A and critical wind velocity V,
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Fig. 3 Curve of along-wind span «a and critical wind velocity V-,
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direction, the smaller A is, a greater V,, value can be obtained; when A > 1, the situation is just right
opposite; when 4 = 1, tow V,, values are equal.

4.2 Along-wind span a

The curve of along-wind span and critical wind velocity is shown in Fig. 3.

At different A, with the increasing of span a the critical wind velocity V. decreases gradually,
when a <20 m, it decreases sharply; when a>20 m, it decreases gently (see Fig. 3).

4.3 Pretension in x Ny,

The curve of pretension in x and critical wind velocity is shown in Fig. 4.

At different A, with the increasing of pretension N, the critical wind velocity V. increases
gradually, and all of them present weak non-linear in general (see Fig. 4).

4.4 Pretension ratio y

The curve of pretension ratio and critical wind velocity is shown in Fig. 5.
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Fig. 4 Curve of pretension Ny, and critical wind velocity V.
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At different A, with the increasing of pretension ratio y the critical wind velocity V,, decreases
gradually, when y<1, it decreases sharply; when y > 1, it decreases gently (see Fig. 5). Fig. 5
shows that, while along-wind pretension Ny, keeps constant and the across-wind pretension Ny,
increases gradually, only when Ny, is greater than N, does the critical wind velocity V., increase
sharply.

4.5 Amplitude f

The curve of amplitude and critical wind velocity is shown in Fig. 6.

With the increasing of amplitude f the critical wind velocity V., increases gradually, the smaller A
is, the more sharply V. increases. When f—0, V.. is equal to the result obtained with small
amplitude (see Fig. 6).

4.6 Orders in x and y m, n

The critical wind velocity in different orders is shown in Table 1.

When A is small (1 = 0.25), the trend of divergence instability presents high orders instability in
the along-wind x (m>n=1). With A increasing, the trend presents low order instability (m =n = 1).
With the orders increasing, the critical wind velocity V., increases gradually in general. When 4 < 1,
the increase of across-wind order does more contribution to the critical wind velocity than the
along-wind order does; when A > 1, the situation is just right opposite (see Table 1).
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Fig. 6 Curve of amplitude f and critical wind velocity V.,

Table 1 The critical wind velocity V., (m/s)

Order m=1,n=1 m=2,n=1 m=3,n=1 m=1,n=2 m=1,n=3 m=2,n=2 m=3,n=3

A=025 256.48 179.41 162.08 1221.48 2904.69 853.99 1662.67
A=0S5 76.25 71.26 94.7 313.32 762.75 202.66 366.23
A=1 38.21 54.15 85.84 91.01 202.33 75.06 125.63
A=2 29.07 51.1 84.66 39.59 60.9 54.98 91.3

A=4 25.84 50.09 84.36 28.84 33.23 51.15 85.94
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Derived from the above analysis of various parameters, the span ratio A plays a more complex
role than others in the aerodynamic stability of membrane structures, so it’s the main control
parameter in designing this kind of structure and needs to be paid sufficient attention.

5. Conclusions

We use the analytical method to analyze the aerodynamic stability of rectangular orthotropic
membrane structures with large amplitude theory. The critical velocity formula obtained in this
paper reflects the characteristics of orthotropic and geometric nonlinearity. The main analysis results
are summarized as follows:

(a) With the influence of orthotropic in actual engineering, it has positive significance to arrange
the membrane’s warp and weft rationally according the local wind regime characteristics for
preventing the instability destruction of structures.

(b) For the consideration of large amplitude, the stress in x and y directions will increase with the
increase of deflection. The stress increment can improve the lateral rigidity and enhance the
aerodynamic stability of the structure. The results more tally with the actual situation and more
reasonable than the results calculated according to the small amplitude theory. We can determine a
reference design value of amplitude f with an initial force (which is obtained by the local basic
wind pressure) acting on the membrane.

From the discussion above we can see, the damping coefficient & has no effect on the divergence
instability wind velocity, and it’s necessary to do some numerical analysis and experimental study
about the rationality. The nonlinear governing equation and the critical wind velocity formula
obtained in this paper have provided a theoretical foundation for the aerodynamic stability of the
membrane structures. Based on the results given in this paper, the three-dimensional form of
membrane structure will be studied in the author’s following work, including necessary wind tunnel
test when actual condition permits.
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