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Abstract. There is world wide concern for safety of nuclear power installations after the terrorist attack
on World Trade Center in 2001 and several other civilian structures in the last decade. The nuclear
containment structure in many countries is a double shell structure (outer shell a RCC and inner a pre-
stressed concrete). The outer reinforced concrete shell protects the inner shell and is designed for external
loading like impact and blast. A comparative study of non-linear response of reinforced concrete nuclear
containment cylindrical shell subjected to impact of an aircraft (Phantom) and explosion of different
amounts of blast charges have been presented here. A material model which takes into account the strain
rate sensitivity in dynamic loading situations, plastic and visco-plastic behavior in three dimensional stress
state and cracking in tension has been developed earlier and implemented into a finite element code
which has been validated with published literature. The analysis has been made using the developed
software. Significant conclusions have been drawn for dissimilarity in response (deflections, stresses,
cracks etc.) of the shell for impact and blast loading.
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1. Introduction

India has an ambitious target of constructing a number of reactors in near future as 123

Agreement with USA will ensure availability of supply of nuclear fuel for reactors. The safety of

these nuclear power installations is a matter of concern in view of terrorist activity in the region.

These special structures are required to be designed for impact and blast loads in addition to normal

loads during their service life. The loading from impact and blast is often extreme loading with low

probability of occurrence and therefore analysis has to be made till ultimate stages with more

rational material models in-order to reduce the safety margins. Nuclear containment structure in

many countries is composed of a pre-stressed containment shell with an outer reinforced concrete

shell. The studies are reported in literature (Rebora et al. 1976, Crutzen et al. 1981, Cervera et al.

1987, Abbas et al. 1996, Kukreja 2005) for the impact of an aircraft on outer reinforced concrete

nuclear containment shells, however studies are rarely reported (Pandey et al. 2006a) on the effect

of explosions on the containment shells. Terrorist attacks on civilian structures have generated a lot

of heat for study of public buildings subjected to impact and blast loading. Many studies are

reported for full scale structures which have suffered explosions (Mlakar et al. 1999, Luccioni et al.
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2004, Osteraas 2006). Hydrocodes are also being used (Luccioni et al. 2004, Gong et al. 2009) for

blast simulation which requires a huge computational effort. Pressure loading and its interaction is

more accurately predicted with hydrocodes but constitutive relationships for concrete and steel may

need further refinement. The impact of aircraft attack on world trade center towers (WTC1 and

WTC 2 which were steel structures have been studied (Omika et al. 2005) using LS-DYNA (hydro

code) finite element software. 

The rate of loading/straining is very high in impact and blasts compared to quasi-static situations

and material properties of construction materials are loading rate dependent. The strain rate in such

cases may vary from 10−6/sec. for the static case to 10 /sec for the case of blast loading. With the

availability of dynamic experimental results on concrete and steel the material constitutive relations

have undergone a fast improvement. Many strain rate dependent constitutive relationships have been

Fig. 1(a) General layout of the outer reinforced concrete nuclear containment shell

Fig. 1(b) Force time function for Phantom Aircraft
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proposed in uniaxial compression (Scott et al. 1982, Dilger et al. 1984, Soroushian et al. 1986, Xiao

et al. 2008), two dimensional loading situations (Ngo et al. 2009) and multiaxial loading situations

(Nilsson et al. 1981, Bicanic et al. 1983, Yang et al. 2004, Pandey et al. 2006b). The material

model (Pandey et al. 2006b) employed in the analysis here takes into account the pressure sensitive

behavior of concrete in three dimensional loading situations and strain rate sensitive behavior in

dynamic loading situations in a better way compared to earlier studies. The paper presents the study

of reinforced concrete nuclear containment shell (Fig. 1(a)) for impact of Phantom aircraft

(Fig. 1(b)) and blast pressures from explosions at close range and long range. 

2. Finite element analysis

The finite element analysis of reinforced concrete containment shells under impact and blast

loading requires proper choice of the element to model concrete and reinforcement realistically,

numerical integration scheme to get required degree of accuracy and computational efficiency and

most importantly appropriate non-linear material constitutive relationships to model the behavior. A

material model considering strain rate dependent constitutive relationship for concrete and steel has

been developed and implemented into finite element code named DYNAIB. The finite element code

DYNAIB is a program for transient dynamic analysis using 20 noded iso-parametric brick element

and steel layer is embedded in it with full strain compatibility between steel and concrete. After

cracking concrete is assumed to be orthotropic and tension softening/stiffening curve is employed to

represent the average behaviour and shear modulus is reduced depending upon the crack width. The

non-linear material model employed in the formulation has been already published (Pandey et al.

2006b) and briefly described here.

2.1 Non-linear material modeling

Concrete is a pressure sensitive material and the material model adopted here takes into account

the pressure sensitivity in three dimensional loading situations by adopting proper yield and failure

surfaces as discussed below. The results of dynamic experiments (Atchley et al. 1966, Hughes et al.

1972, 1978, Dilger et al. 1984, Bischoff et al. 1991, Cadoni et al. 2000) on concrete have

demonstrated that compressive, tensile and flexural strength depend upon the rate of loading. The

strength and secant modulus of elasticity increase as the rate of loading increases however tangent

modulus of elasticity is relatively unaffected. To study strain rate dependent behavior and pressure

sensitivity of concrete in three dimensional loading conditions, material model based on elasto-

viscoplasticity have been employed. 

2.1.1 Viscoplastic consideration

The non-linear behavior has been studied using the Perzyna’s, 1966 theory of elasto-visco-

plascticity. A generalized three-dimensional failure criterion for concrete by Menetrey and William

(1995) has been implemented into a finite element code. The model adopted in the study includes

strain rate effect at two levels, (i) The fluidity parameter varies as a function of strain rate (ii) The

failure surface is function of dynamic strength which varies according to strain rate. 
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2.1.2 Perzyna’s elastic-visco-plastic theory
The static yield condition expressed in the following form.

 

(1)

 

Where, f is a homogeneous function of stresses (three stress invariants) and σy is a scalar yield

stress. As usual, the total strain can be separated in elastic and visco-plastic parts

(2a)

The visco-plastic strain rate is given by

(2b)

The function  has the following meaning.

 

(2c)

(2d)

The function  is a direction component. The direction of visco-plastic strain rate is thus

normal to the surface f = constant.  and fy are defined by Eqs. 3(a) and 3(b).

Thus, we have a complete stress-strain relation in the elastic range and only a differential law

regarding the visco-plastic part of the strain in plastic range. Here, γ denotes a fluidity parameter

having dimensions of (time)−1. The fluidity parameter has been obtained from available

experimental data obtained from uniaxial stress-strain curves for concrete. 

2.1.3 Yield and failure criterion

The three-parameter criterion (Menetrey and Willam 1995) adopted in the formulation is in

principal stress space and is defined as 

 (3a)

(3b)
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Linear elastic behaviour has been assumed in the analysis up to 0.35fc and elastic modulus and

initial yield surface which began at 0.35fc is strain rate independent. 

fcd is the dynamic compressive strength obtained from uni-axial tests expressed as a function of

strain rate ( )

The following expression (Soroushian et al. 1986) has been adopted to calculate the dynamic

compressive strength of the material from its static compressive strength.

 

(3c)

Where, A0 = 1.48, A1 = 0.16, A2 = 0.0135 are suggested for concrete.

The geometric representation of the above defined yield and failure criteria in principal stress

space is convex and smooth and characterized by two parabolic meridians and a deviatoric section

that changes from a triangular to a circular shape with increasing confinement.

2.1.4 Fluidity parameter

Fluidity parameter has been obtained from experimental stress-strain curves at different strain

rates. The following expression has been numerically integrated for each stress-strain curve to

obtain the fluidity parameter corresponding to that stress-strain curve at that particular strain rate.

(4a)

Based on the study, an expression for the fluidity parameter γ is proposed below obtained by

curve fitting of the experimental results.

 

 (4b)

 

Where,  = 10−6, c0 = −0.533172, c1 = 0.880166 

 

2.1.5 Damage and material degradation

From the uniaxial tensile tests on concrete it is known that concrete is very weak in tension and

cracking begins early (at strain of 0.00015 to 0.00020) after reaching its tensile strength. As

demonstrated from experimental results from uni-axial compressive tests on concrete after yielding

visco-plastic deformation begins and after reaching ultimate strength (approximately at a strain of

0.0020) softening regime begins. Damage here refers to tensile cracking as well as yielding and

failure as predicted by failure criterion. During the analysis concept of material degradation has

been introduced, when a Guass Point crosses failure surface, ultimate strength is reduced as a

function of viscoplastic work.

2.2 Cracking behavior 

The primary cause of non-linearity in concrete is tensile cracking. The smeared crack model
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interaction between the cracked concrete and the reinforcement has been modeled as described

below. 

2.2.1 Model for tension stiffening effect

The model adopted for tension stiffening effect is based upon the tri-linear curve proposed by

Gupta et al. (1990) based on theoretical studies, it is concluded that the tension-stiffening effect is a

function of an area parameter, a bond parameter and a strength parameter. Parametric studies were

performed to assess the effect of these parameters. Based on the theoretical studies, a σ-ε curve

(Fig. 2) for concrete was proposed to include the tension stiffening effect in the post cracking

phases. In the proposed curve, the X, Y coordinates of the three control points A, B, C (Fig. 2) are

determined by the following expressions. 

 

(5a)

(5b)

 (5c)

Where n = Es/Ec i.e., the modulus of elasticity ratio of steel to concrete, ρa is the area ratio of the

reinforcement and concrete (As/Ac), ft is the tensile strength of concrete and fsy is the yield strength
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Fig. 2 Simplified effective tensile stress-strain curve (Gupta et al. 1990)
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dowel action of the reinforcement across the crack and the axial stiffness of the reinforcing bars.

There is thus still a transfer of shear stresses across the cracks but the shear modulus of concrete

gets reduced on cracking. A simple expression for the reduced shear modulus has been used in the

formulation.

(6a)

Where Go is the shear modulus of the un-cracked concrete and β is a reduction factor varying

from zero to one. β is related to the tensile strain normal to the crack plane is defined as 

 (6b)

Where εt is the tensile strain normal to the crack plane and k1 is a constant which may vary in the

range of 0.3 to 1.0.

2.4 Modeling for steel 

The reinforcing steel has been assumed to have uni-axial properties in the direction of the bars. A

elastoviscoplastic model has been used in the formulation where

(7)

(8)
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criteria) in the analysis is 50. Material properties are given in the Table 1.

The objective of the study is to predict response of nuclear containment shell for transient

pressure loading of a Phantom aircraft and blast loading of different amounts of blast charges at

varying distances and compare the responses. The loading-time function for the Phantom aircraft as

obtained from literature (Cervera et al. 1987) is shown in Fig. 1(b). The peak value of the impact

load is 115 MN and the total impact duration is 0.073 sec. The above loading is applied to an area

of 28 m2. An algorithm and software has been developed for calculation of blast pressures on a

cylindrical shell and blast pressure calculation has been made using this software. Blast pressures on

the shell surface vary depending upon the angle of incidence. The blast pressures have been

calculated at the centre of the outer surface of brick elements. On the rear face of the shell with

respect to blast direction only small pressure is exerted because of the large dimension of the

structure. The wave front for the surface blast has been assumed to be a plane and therefore, there

will be no variation in blast pressure along the height. The variation of the blast pressures for 20 t

 
Table 1 Material properties for the reinforced concrete shell

Properties Concrete Steel

 1  Modulus of Elasticity (MPa)  30000.0  200000.0

 2  Poisson’s Ratio  0.17  0.0

 3  Ultimate Strain  0.0035 -

 4  Compressive Strength (MPa)  35.0 460.0

 5  Cracking Strain  1.5×10−4 -

 6  Area Ratio of steel and concrete 0.026 (both direction) -

7  Constants for fluidity parameter c0 = −0.533172,
c1 = 0.880166

a0 = 1.539,
a1 = 0.971

8  Coefficients in dynamic strength equation (A0, A1, A2) 1.48,  0.16, 0.0135

Fig. 3(a) Variation of blast pressure with time at different angles on the shell for blast of 20 t TNT at 100 m
distance 
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surface blast load at a detonation distance of 100 m, at different angles of incidence with time is

shown in Fig. 3(a) and the elements (centroid) lying at respective angles has been subjected to these

pressure time histories. For this surface blast load of 20 t TNT at a detonation distance of 100 m,

the positive phase duration is 70 ms and behaviour of the shell is dynamic. Only positive phase

pressures have been considered in the analysis. The peak pressure value for blast of 20 t TNT is

0.277 MPa. The shell has also been analyzed for a surface blast load of 0.500 t at a distance of

20 m (close range). The positive phase duration of the blast wave is 14 ms for close range. The

variation of the blast pressure at different angles with time is shown in Fig. 3(b) for blasts of 0.50 t

TNT and the elements (centroid) lying at these angles has been subjected to these pressure time

histories. 

 

3.1 Deflections

Table 2 shows the peak deflections and the time of their occurrence for the impact of Phantom

Aircraft and for two surface blast charges from close and long range. It is seen from the Table 2

that the peak deflection for impact of phantom aircraft is 50.55 mm at impact location itself. The

peak deflection is 58.78 mm for the detonation of 0.500 t TNT at close range and 91.8 mm for the

detonation of 20.0 t TNT at a longer range and in both of these cases the peak deflection occurs at

Fig. 3(b) Variation of blast pressure with time at different angles on the shell for blast of 0.5 t TNT at 20 m
distance 

Table 2 Peak deflection for impact of aircraft & detonation of different surface blast charges

Description of Loading
 Impact of Phantom

 Aircraft 
 (Dynamic)

Close Range 
(Impulsive)
 D = 20 m
0.5 t TNT

  Long Range 
(Dynamic)
 D = 100 m
  20.0 t TNT

 Peak Deflection  (mm)
 Time of Peak  Deflection (sec.)

 50.55
 0.063

 58.78
 0.094

 91.8
 0.105
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top of the shell. The variation of deflections with time for impact of aircraft (Point A impact

location) and for the detonation of two surface blast charges (20 t TNT at 100 m, 0.5 t TNT at

20 m) at the top of the nuclear containment shell (Point B, Fig. 1(a)) are shown in Fig. 4. It is seen

from the figure that with an increase in the amount of the blast charge non-linear effects are higher

and the time period of vibration increases, elongation in period of vibration is least in case of

Impact of Aircraft as number of cracked gauss points is much less compared to other two cases. It

is also observed that blast pressure for impulsive charge (0.5 t TNT at 20 m) is much more than the

dynamic charge (20 t TNT at 100 m), however deflection is more in the case of blast of the

dynamic charge (20 t TNT at 100 m). 

3.2 Compressive stress in concrete

Table 3 shows peak value of the compressive stress (meridional and hoop) in concrete for Impact

of Phantom Aircraft and for two surface blast charges from close and long range. The peak

Fig. 4 Variation of deflection with time for impact of Phantom aircraft and surface detonation of different
blast charges 

Table 3 Peak compressive stress for different surface blast charges

Description of Loading
Impact of Phantom

 Aircraft 
 (Dynamic)

Close Range 
(Impulsive)
 D = 20 m
0.5 t TNT

 Long Range 
(Dynamic)
 D = 100 m
  20.0 t TNT

 Peak Stress in vertical direction (MPa)
 Stress in hoop Direction (MPa)
 Time at which peak Occurs (sec)

 -39.45
-38.70
0.059

-19.68
-8.50
0.028 

-25.90
-4.90
0.045 
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compressive stress in the concrete occurs at the impact zone in concrete and the value is 39.45 MPa

(this value is more than the static compressive strength however lesser than the dynamic

compressive strength). As seen from the Table 3 the values of compressive stress obtained for

detonation of surface blast charge at long range and close range is 25.9 and 19.68 MPa respectively

and these values are lesser than the value obtained for the impact loading. Hoop stress is much

more for impact of Phantom Aircarft compared to blast charges for close and long range. The

values of stress in meridional (vertical) and hoop direction for impact and blast loading indicates

that bending behaviour is predominant in case of blast and shell action is predominant in case of

impact loading.

The variation of vertical stress (meridional) in concrete with time at a Gauss Point at the impact

location (where peak occurs) and at bottom of the shell (El shown in Fig. 6) for detonation of blast

charge of 0.5 t and 20 t TNT is shown in Fig. 5. It is observed that vertical (meridional) stress

reaches its maximum value immediately with the application of the blast pressure possibly because

of peak pressure in case of blast loading occurs instantly and in case of impact of Phantom Aircraft

peak pressure occurs between 42 to 56 ms. The peak compressive stress is more in case of dynamic

charge (20 t TNT, d = 100 m) implying that it has more damage potential compared to impulsive

charge (0.5 t TNT, d = 20 m). 

3.3 Crack pattern

For impact of phantom aircraft, the total cracked gauss points in one direction and two directions

are 29.8 and 4.7 percent respectively. For detonation of blast charge of 20.0 t, 93.4% of the gauss

points are cracked in one direction 70.1% gauss points are cracked in two directions. Similarly It is

Fig. 5 Variation of Stress with time for impact of Phantom aircraft and surface detonation of different blast
charges 



740 A.K. Pandey

found that for surface detonation of 0.5 t TNT charge, 99.0%, gauss points are cracked in one

direction and 73.0% gauss points are cracked in two directions.

3.4 Yielding and failure of concrete

During the impact process, a large number of gauss points have reached the yield surface and a

few of them have reached the failure surface as obtained by the proposed failure criterion. For a

cracking strain of 0.00015, five gauss points reached the failure curve, three of which are in the

close vicinity of the impact zone and two are at the top of the dome. A large number of Gauss

Fig. 6 Distribution of cracks for impact of Phantom aircraft and blast of 20.0 t TNT at a distance of 100 m
from nuclear containment shell

Table 4 Number of G.P. crossed failure surface

Description of Loading
Impact of Phantom

 Aircraft 
(Dynamic)

Close Range
(Impulsive)
 D = 20 m
 0.5 t TNT

 Long Range
(Dynamic)
 D = 100 m
 20.0 t TNT

No. of Gauss Points Reached
 or Crossed the Failure Surface

 5 36  16
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Points crossed the yield surface for all the three blast charges considered in the study and a few of

them crossed the failure surface for higher blast charge as seen in Table 4. 

3.5 Stress in reinforcement

The peak value of tensile stress at the reinforcement is 294 MPa for impact of Phantom aircraft.

The peak tensile stress is 314 MPa for blast of 20.0 t (d = 100 m), 196 MPa for blast of 0.5 t

(d = 20 m) charge.

4. Discussion of response for impact and blast loading

The magnitude, engulfed area and duration of pressure loading in case of impact and blast are

different. The impact of an aircraft (Phantom) produces intense pressure loading (peak pressure

being 4.1 MPa) acting in a relatively very small area (0.63% of the front face). The pressure

loading obtained from the analysis in the case of blast (close and long range) is relatively much

smaller (0.63 MPa for near blast and 0.27 MPa for blast from long range) but much larger surface

areas are pressurized. Table 5 shows details of pressure loading and % engulfed area of the

containment shell. It is seen from the table that 60% of the front face in case of nearby blast for a

duration of 11.75-14 ms and 100% of front face for a duration of 29-70 ms in case of blast from

long range is pressurized.

The loading produced in the impact of an aircraft and blast from long range (20 t TNT, d = 100m)

is dynamic in nature for nuclear containment shell as fundamental time period for the shell is

220 ms and duration of the loading in case of impact is 73 ms (Fig. 1(b)) and duration of loading

for blast from long range is 70 ms (Fig. 3(a)). Blast loading is impulsive for the containment shell

for small charge at near range (0.5 t TNT, d = 20 m) for which positive phase duration is 14 ms

(Fig. 3(b)). 

Table 5 Details of pressure loading and % engulfed area of the containment

Impulsive Blast (0.5 t, d = 20 m)
(Close Range)

Dynamic Blast (20.0 t, d = 100 m)
(Long Range)

Time Interval
 (ms)

% Area of front face
engulfed with shock

pressure
Time Interval

% Area of front face
engulfed with shock

pressure

 0.0 - 4.5 20  0.0 - 3.0 20

 4.5 - 11.7 40 3.0 -10.0 40 

 11.7 - 14.0 60 10.0 - 18.0 60

 14.0 - 22.0 40 18.0 - 29.0 80

 22.0 - 28.0 40 29.0 - 70.0 100

 28.0 - 34.0 40 70.0 - 73.0 80

 34.0 - 36 .0 40 73.0 - 80.0 60

 36.0 - 40.0 40 80.0 - 88.0 40

 40.0 - 48.0 20 88.0 - 99.0 20
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The nature of deflection of containment shell is different in case of impact and blast for the

nuclear containment shell. The peak deflection in case of impact is at the impact location however

in case of blast loading the peak deflection is at the top of the nuclear containment shell. Variation

of deflection with time for impact of Phantom aircraft and blast at near and long range (Fig. 4)

indicate that the static component is more in case of impact. The increase in time period because of

nonlinear material modeling and cracking is highest in case of blast from bigger charge from long

range (20.0 t TNT, d = 100 m). The deflection with time response for impact of Phantom aircraft

and blast (20.0 t TNT, d = 100 m and 0.5 t TNT, d = 20 m) show that elongated period varies from

250 ms in case of impact to 330 ms for blast from close range and 358 ms for blast from long

range. For the two cases of blast considered, it is found that in the near range blast creates

impulsive response and the number of cracks being more compared to long range blast which

creates dynamic response. It is found that elongation in the period as well peak deflection is more

in the case of blast from long range as the duration of loading being less in case of impulsive

loading the cracks gets closed earlier. 

The percentage cracked gauss points in one direction being 29.75% in the impact and it is more

than 90 percent in the case of blast loading (close and long range) which may elongate the period

however, the peak stress in concrete is more in the case of impact from an aircraft. The cracking

pattern for impact of phantom aircraft and blast of long range (20 t TNT, d = 100 m) is shown in

Fig. 6, it is seen from the figure that the cracks in case of impact or mostly at impact location

however the cracks in case of blast loading is distributed throughout the structure. 

5. Conclusions

Following are the conclusions drawn from the study.

(i) The intense compressive stresses in both vertical and hoop direction are created for impact of

Phantom Aircraft at impact location. The peak compressive stress in case of the blast for long range

and close range in vertical direction occurs at bottom of the shell and magnitude is lesser by 34.3%,

50.1% respectively compared to impact of Phantom Aircraft and hoop stress is appreciably low in

both the cases at this location compared to impact of an aircraft. The analysis of stresses indicated

that bending behaviour is predominant in response of the shell subjected to blast loading, however

in case of impact of aircraft the shell action is predominant (hoop and meridonal stresses are of the

same magnitude). 

(ii) The behaviour of containment shell under impact of various aircrafts is dynamic as the impact

duration for various aircraft (Abbas et al. 1995, Kukreja 2005) are more compared to Phantom

Aircraft however in case of blast loading the behaviour is dynamic or impulsive depending upon the

amounts of charge and detonation distance. 

(iii) Aircraft impact loading is a localized phenomenon as most of the cracks occur in the vicinity

of the impact location, whereas, in the case of blast loading, most of the cracks are distributed

throughout the structure with greater percentage of the total cracked gauss points. Peak deflection in

case of aircraft impact occurs at the impact location itself, however in case of blast loading, peak

deflection occurs at top of the shell. 

(iv) The outer reinforced concrete shell of the containment structure is capable of withstanding the

impact of the aircraft with a little localized damage (0.6% of associated volume where failure

surface is crossed and material degradation began) in the vicinity of the impact location, however
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the blast loading produced more damage and material degradation began at comparatively more

locations (2.4% of associated volume failure surface is crossed). Sufficiently much more number of

Gauss Points yielded in the blast loading compared to impact of the aircraft implying much more

plastic deformation in the shell in the case of blast loading.
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Notations

A0, A1, A2 : Constants in description of dynamic compressive strength
a0, a1 : Constants in fluidity parameter equation for steel
c : Cohesion strength in the description of the failure criteria
c0, c1 : Constants in fluidity parameter equation for concrete
e : Eccentricity parameters
fcd : Dynamic compressive strength of concrete
fc : Static compressive strength of concrete
ft : Tensile strength of concrete
fsy : Yield Strength of steel
F : Failure surface
Go, Gc : Shear modulus of the un-cracked concrete and cracked concrete 
I1, J2, J3 : Stress invariants
m : Friction parameter in the three dimension failure criterion
n : Modulus of Elasticity Ratio of steel and concrete
XA, XB, XC : X Coordinates of the controlling points A, B, C for tension stiffening curve
YA, YB, YC : Y Coordinates of the controlling points A, B, C for tension stiffening curve
β : Reduction factor for shear modulus
γ : Fluidity parameter
εij : Strain tensor
εvp : Viscoplasic strain tensor

: Effective strain rate
φ(F) : A function of failure surface
σij : Stress vector
θ : Angle of similarity in failure criteria
ξ : A function of first stress invariants 
σy : Initial yield stress of concrete 
r(θ) : An elliptic function for three dimensional failure criterion
ρ : A function of second stress invariant
ρa : Area ratio of the reinforcement and concrete 

ε· ef




