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Abstract. The beams components subjected to the loading such as axial, bending and cyclic thermal
loads were studied in this research. The used constitutive equations are those of elasto-plasticity coupled
to ductile and/or creep damage. The nonlinear kinematic hardening behavior was considered in elasto-
plasticity modeling. The unified damage law proposed for ductile failure and fatigue by the author of
Sermage et al. (2000) and Kachanov’s creep damage model applied to cyclic creep and low cycle fatigue
of beams. Based on the results of the analysis, the shakedown limit loads were determined through the
calculation of the residual strains developed in the beam analysis. The iterative technique determines the
shakedown limit load in an iterative manner by performing a series of full coupled elastic—plastic and
continuum damage cyclic loading modeling. The maximum load carrying capacity of the beam can
withstand, were determined and imposed on the Bree’s interaction diagram. Comparison between the
shakedown diagrams generated by or without creep and/or ductile damage for the loading patterns was
presented.

Keywords: Bree’s diagram; ductile damage; creep damage; cyclic loading; nonlinear kinematic hardening.

1. Introduction

Components of power plants such as rotors, castings and components of turbines, components of
chemical plants and ... have to face the combination of highly damaging processes due to the
operating temperatures and the numbers of start-up and shut-down. These processes involve creep,
thermal fatigue and ductile plastic damage. The determination of the plastic damage behavior of a
component is already complicated business, but it becomes much more complicated when creep
damage occurs. In the past, some models have been applied to model cyclic loading of beams
Mahbadi, Gowhari, and Eslami (2004), Eslami and Mahbadi (2002) but they are restricted to linear
or non linear kinematic hardening.

The degradation phenomenon (microcracks, microcavities, nucleation and coalescence,
decohesions, grain boundary cracks, and cleavage in regions of high stress concentration) are better
described by theories of plasticity and continuum damage mechanics. Ductile materials usually
failed as the result of the nucleation, growth, and the coalescence of the microdamage. Experimental
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observations indcate that the accumulation of the microdamage has a tendency to form
macroscopically localized damage, which is a precursor to failure. This progressive physical process
of degradation of the material’s mechanical properties up to complete failure is commonly referred
to as the damage. Variation of damage morphologies has been described in the literature as: creep
damage, low cycle fatigue, high cycle fatigue, and brittle damage.

The creep—ductile damage interaction models have not extensively applied to engineering
problems because of high degree of complexity. For example some of the existing models are: (i)
the linear interaction rule Taira (1962), (ii) the Coffin model (1976), where the frequency is
introduced in the Manson—Coffin relation (1954), (iii) the strain range partitioning Manson (1971)
and (iv) the creep—fatigue damage model Lemaitre and Chaboche (1974) where the creep damage
and fatigue damage are both considered as non-linear functions of the three-dimensional state of
stress Sermage et al. (2000). This model gives good results, but the identification of the nine
material parameters is not an easy task!

Sermage et al. (2000) showed that a much simpler law of damage evolution which is based on
thermodynamics and first proposed for ductile damage Lemaitre (1985) is able to represent creep—
fatigue interaction. The mentioned models need only four material-dependent parameters to be
identified. Successfully, this model has been applied to low-cycle Lemaitre and Desmorat (2005)
and high-cycle fatigue damage in a two-scale model Desmorat, Kane, Seyedi, and Sermage (2007).

Very limited works have been published on damage related to thermo-mechanical loading of beam
problems. Krajcinovic (1979) applied the damage concept for beam bending problems for the first
time. Also he defined the isotropic damage variable by means of a parameter called the damage
modulus, which is related to the fracture stress. Ultimate moment carrying capacities and the shift of
the neutral axis were computed for concrete beams, using this damage model. Shi and Voyiadjis
(1993) have illustrated the use of Lemaitre's damage model for beam and plate bending problems.
Chandrakanth and Pandey (1995) have developed an exponential damage model for low carbon
steel and used it to analyze notched beams to predict their fracture initiation loads. The predicted
fracture loads have been compared with experimental results.

When the cyclic load lies between the first yield and plastic collapse loads, three types of elastic—
plastic behaviour may occur; Elastic Shakedown, Plastic Shakedown (Alternating Plasticity), or
Ratchetting. The limit loads between shakedown and ratcheting states are known as shakedown
limit loads and Shakedown analysis of elastic-plastic structures aims to obtain the shakedown state
for a given domain of variable loads.

The boundaries between these states for different structures can be shown in an interaction
diagram (Bree’s diagram). The interaction diagram obtained by Bree (1967) and developed by
O’Donnell and Porowski (1981), and it is a part of the ASME III NH high temperature code (1998)
now. Bree (1967) considered a steady-state pressure load (primary membrane stress) and a linear
through the wall temperature distribution (secondary bending thermal stress) that is applied and then
removed. Then the elastic, shakedown and ratchetting regimes were obtained. This diagram shows
the safety regions in the constant primary plus cyclic secondary stresses which is an important tool
in design by analysis. It is a need to obtain the Bree’s diagram for different structures.

The aim of this research is to investigate the cyclic loading of beams under different types of
loading such as thermal, mechanical and their combination. The elastic—plastic and creep damage
analysis was performed to study the behaviour of the beam structures under load and deformation
controlled conditions. Kinematic hardening theory was used to model the plastic behaviour of the
beams. An iterative method is proposed to analyze the beam under the cyclic thermal and
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Fig. 1 Definition of the surface (S) and the effective resistant surface (S’ )

mechanical loads. Numerical examples illustrate the influence of material damage in comparison
with confirmed results on undamaged structures.

2. Constitutive behaviour relations
2.1 Continuum damage mechanics

According to the applied theory of damage mechanics, microscopic change in a_material element
of surface S causes macroscopic change of the element to its damaged state S due to service
condition (Fig. 1), from which the isotropic damage variable D is defined as Lemaitre (1992)

S-S
D==—= 1
: M
D may be considered as an internal state variable characterizing the irreversible deterioration of a
material in the thermodynamic sense. Following this theory, the behavior of a damaged material can
be represented by the constitutive equations of the virgin material where the usual stress tensor o is
replaced by the effective stress o defined by

o

5=
1-D

@)

where the value D=0 corresponds to the undamaged state, D € (0, D.) corresponds to a partly
damaged state and D= D, defines the element state rupture by interatomic decoherence (D, € [0, 1]).
In the sequel, superposed tilda indicates quantities related to the damaged state of the material.

2.2 Plastic ductile damage

Observations and experiments indicate that the plastic ductile damage is governed by the plastic
strain which is introduced through the plastic multiplier, 4, as
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with A calculated from the constitutive equations of plasticity coupled with the damage deduced
from the dissipative potential function and Y is the associate variable of the damage rate, D . & is
the plastic damage threshold strain. Experimental results show that ), must be a nonlinear function

of Y Lemaitre (1992)
: Q Z g+1
Fo IO @

b=(2)'s )

Q and g are two material parameters, p = (2/3 291,:£€p)l/2 is the accumulated plastic strain rate (in
which: indicates the product of two tensors) and according to Lemaitre and Desmorat (2005)

D=1 if g>g° 3)

from which Eq. (3)

v R,
2E
5 e (6)
R, = —(1+U)+3(1—21))(—H)
3 o,

eq

where o,,=(3/20%:0")'? is the von Mises equivalent stress (o’=c— oy &;) and oy=1/3 tr(o) the
hydrostatic stress (J; is the Kronecker unit tensor). Defining the critical value of the damage, D., at
mesocrack initiation and the plastic strain at the rupture &,

0-7% ! R D

D, = (2E_Q) (ef—&£P) 7

the damage law (Eq. (5)) reduces to Chaboche and Lemaitre (1990)

. 2
D=L |:2(1+U)+3(1—2U)(ﬁ):|p )

ef—¢ell3 Oy
and by the integration

. DC 2 ( O'H> 2:|p
D= Z(1+v)+3(1-2v)| — —&b 9
Fn (50 0+30-20(2) p-2f) ©)

with <x>=x if x>0, and <x>=0 if x£0,
This model depends upon material constants &,” (damage threshold strains), &,* (strain at fracture)
and D, (critical value of damage parameter at fracture) for damage properties and Poisson's ratio v.
In one dimensional problem, Eq. (8) reduces to

D=

D. 4 (10)

R_
&= &

So the damage parameter is related to the accumulated plastic strain and it is coupled with the
plasticity. Assuming the Von-Mises yield criteria, the elastic domain can be rewritten by replacing
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the stress by the effective stress, o, as
~ o
o, X) = —,X) 11
750 = (1% (i
where X is the coordinates of the yield surface center.
2.3 Creep damage
Both stress relaxation response and load controlled creep can be described using a primary

modified continuum damage mechanics model of the Rabotnov-Kachanov type (2005). The model
can be derived from potential written as Lemaitre (1984)

l+rp/2

o= (892
r 2F A2
2+1
2

from which, the coupled equation of the general form
D= _%LJ ! (13)
p(1-D)

where 4, and 7, are material parameters. Their model can be obtained from Eq. (5) by considering
a Norton viscosity law.

The stress triaxiality has important effects such as the progressive reduction of material ductility
with increasing stress triaxiality factor (oy/o,,) Lemaitre (1992). Although this effect was not taken
into account in the Kachanov’s model, but the considered loadings in this research, lead to a 1-D
beam problem, and so the triaxiality ration (ow/o,,=1/3) is constant and does not influence the
obtained results.

Eq. (13) may be integrated numerically over any loading history to give the evolution of strain
and damage until failure. Under conditions of displacement control, total relaxation of the initial
stress occurs at infinite time. Under general thermo-mechanical loading conditions, there are
contributions from primary and secondary stresses. Redistribution and relaxation of combined stress
will tend, generally, to a non-zero value of stress, which is achieved within a finite time.

2.4 Non linear kinematic hardening
Constitutive model for cyclic plasticity was used in ductile plastic deformation. The non-linear

hardening model has a yield condition with internal state variables and utilizes the normality
hypothesis with the associated flow rule:

Lo, XN={(c'-X): (c'-X)}*={(c-X) (oj=Xp}*~ 0 (14)
, -3 d2 (c'y—X;) (15)

77 21-D(6';—X,).,
dX;=2/3Cde" (1 -D)— yX;dA (16)

where, &; and X are the component of the effective stresses and the component of the back stress
tensors, and & ; and X7, are the component of the effective stresses and the component pf the back
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stress deviatoric tensors in the stress space, respectively. dA is the increment of the plastic multiplier
calculated from the consistency condition:

_of of of
- L yo + Lax,+ Lap 17
V=50, ox, " 3 (17)

ij
By writing this consistency condition, the normality rule, the constitutive model and the yield
function, the exact expression of dA can be obtained Lemaitre (1992)

3 : o 3K 3y 0Fy
dz—iw,-j—x,j)do-,,/ {(o*—X)equ—D) r S 1 ay)]} (18)

where X, = 2§

I

3. Elasto-plastic damage formulation of a beam
3.1 Elasto-plasticty coupled to ductile damage formulation

Consider a beam of isotropic material under the axial load P, bending moment M, and the
transverse temperature distribution (Fig. 2). The total axial strain in the beam is

+&,+¢ =g+gp+aT (19)
Where o is the axial stress, &, is the axial plastic strain, 7 is the temperature distribution across the

beam thickness, £ is the modulus of elasticity, and « is the linear coefficient of thermal expansion.
The dimensionless quantities are defined as

e=£, 5= =B o,y X (20)
&5 9 & & h o,

where 2 h is the height of the beam cross section, &, is the initial yield strain, and o; is the initial
yield stress. The dimensionless form of Eq. (19) is

e=s+é’+1 (21)
The compatibility condition and the boundary conditions are

Oe 0 _

—=0=e=f+gn (22)

on
y

M M
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Fig. 2 Applied loads on the beam
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Vsdn=-L_=p 23

[ sdn Py (23)

[\sndn=—"5=M (24)
o,bh

where b is the beam width and m, M, p and P are the applied moment, dimensionless applied
moment, applied axial load and dimensionless axial load, respectively. Substituting Eq. (22) into Eq.
(22) for solving s, thus

s=f+gn-e'-1 (25)

Using the boundary conditions (23) and (24), the constants of integration f and g are obtained as
follows

_ B[M+ _Ll1 (1-D,)(" + 1)ndn]-K[P + L'l (1-D,)(¢" + 1)dn]

f= > (26)
B —AK

. B[P+ [, (1-D,)(¢ + ydn]—A[M+ [' (1-D,)(& + 7) 5] on
B*—AK

where
A=2- J'_ll D,dn, B= _.[_‘] D,ndn, K= %— L‘l D, n’dn and D, corresponds to the plastic damage.

with the help of the defined dimensionless parameters in Eq. (20), yield function reduces to

) = |2 -1 =0 28)

P

3.1 Creep damage formulation

Elasto plastic thermal and mechanical stresses were developed for a damaged beam. In what
follows, let us introduce and take into account the effect of creep. Using the strain separation
principle, the creep strain can be added to the total strain and so the rate of the normalized stress-
strain relation (21) with the help of the compatibility relation (22), is as follows

$=f+gn (29)

with substitution of the above equation in the boundary conditions, two coefficients can be obtained
as

;88 [\ D’ dn—(fB'—gK) [, Dindn~fK [ D

= (30)
B -AK

. —gA'[', Dy’ dn+(gB'~fA") [\ Dyndn+/B [ Dydn an
B*—AK

where
A= _Ll] (1-D)dn, B'= L‘l (1-Dyndn, K= J'_ll (1-Dpn’dn and Dy corresponds to the creep
damage. The total damage is the sum of the elasto-plastic and creep damage
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Fig. 3 Description of a loading cycle
D=D,+D; (32)

For the creep evolution, the damage is computed in the cycle by integration Eq. (13) at every time
step with the corresponding mean values of 4, and rp which are temperature dependent.

4. Numerical solution

The necessary equations for the analysis were obtained. A cycle consists four steps: thermal and/
or mechanical loading, creep, unloading and creep (Fig. 3). To determine the response of the beam,
the first step consists on dividing the beam depth into » layers and then applying loads, with the
elastic assumption. Determining the maximum equivalent stress in every depth is carried out in a
second step. The plastic boundaries are determined in the third step. Egs. (25)-(27) give the stress
distribution. In order to solve the equations, the following steps were done:

1. The accumulated plastic strain for the first increment of the load in the plastic region is set to

Zero.

2. Assuming the incremental damage parameter, dD, to be zero, Egs. (25) and (28) can be solved

in order to determine the incremental plastic strain.

3. Calculation of the current value of the incremental damage parameter according to the

incremental plastic strain obtained in the last step.

4. Calculation of the total damage parameter.

5. Repeating the procedure from step 2 (with the obtained non zero value of dD) through 4, until

the current value of the increment of the equivalent plastic strain converges.

6. Adding the converged value of the increment of current equivalent plastic strain to the

accumulated plastic strains.

7. The load is increased one step and the procedure is repeated until the final value of the load is

reached.

At creep step time, Eqs. (29)-(31) permit to determine the evolution of stresses and strains. In the
unloading step, the mechanical and/or the thermal load is subtracted and the loads in Egs. (25)-(27)
are replaced with negative values. In the final step, creep Eqgs. (29)-(31), determine the final strain
and the stress values at the end of every cycle. For every cycle, repeating these steps will yield the
structure response. The flow chart of the numerical procedure is given in the Fig. 4.
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Fig. 4 Flowchart of the stress-strain computations for a) plastic part and b) creep part

5. Results and discussions

Three types of axial, bending, and thermal loads are applied to show their ratcheting or
shakedown behavior as the result of cyclic loading. The Non linear kinematic hardening, the
continuum ductile plastic and creep damage theory are used in order to obtain the Bree’s interaction
diagram for two different loadings. For the first case a constant bending moment was applied and a
cyclic thermal gradient with parabolic temperature distribution 7= 7y(7—1/3) was added. In the
second case the constant bending moment was replaced with a constant axial load.
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Table 1 Used material properties

E (GPa) o, (MPa) C (MPa) ¥ D, &" &t Ap (MPa) p

193 193 896 60 0.24 0.02 0.37 1160 6.5

The beam data are: modules of elasticity £=210 GPa, C=20 GPa, and y=60. The ductile
plastic damage parameters are considered as follows: critical damage parameter, D.=0.24, low
limit of damage, &,”=0.02 and upper limit of damage, &,=0.37. 4p=1160 MPa and r,=6.5 are
creep damage parameters (Table 1). The damage parameters are temperature dependent. In this
research, the average value of the model parameters between maximum and minimum
temperatures was used.

The interaction diagram of a beam under mentioned conditions was obtained using the developed
numerical program. The applied loads are a mechanical load superposed with a cyclic temperature
gradient. In each mechanical and thermal loads combination, the temperature gradient is
incrementally increased and decreased while mechanical load is constant throughout the cycles.

In order to obtain the Bree’s diagram, first, the mechanical load was applied. The mechanical
loads (axial load and bending moment) were considered less than critical load, so the applied
stresses and strains can be obtained from the elastic analysis. The thermal loading consists of
varying temperature distribution across the beam height and increasing from zero. When the
temperature gradient attains its maximum, thermal loading stays constant during creep part. Then
the temperature gradient decreased until zero gradient reached. At this point, a thermal stress cycle
is completed. Up to 80 cycles are applied to obtain a steady cyclic state for different combination of
mechanical and thermal loadings. Using these results, the boundary between shakedown and
ratchetting regions were obtained.

For example, Figs. 5(a) and (b) shows the behavior of a beam under the constant mechanical axial
load P=0.7 and the cyclic temperature gradient. A thermal load with parabolic temperature
distribution 7= 7(77—1/3) and 7, parameter between 7,=-3.2 and 3.2, was applied. The average
axial strain is not zero and the ratcheting phenomenon appeared.

Reducing the maximum temperature, ratchetting behavior changes to elastic shakedown behavior.
Figs. 5(c) and (d) shows the stress - plastic strain evolution under the constant mechanical axial
load P=0.6 together with and the maximum temperature cyclic load 7 =2.5. Instead of the constant
axial load, the constant bending moment was applied and the same behavior was obtained. In the
shakedown behavior (Fig. 5a) the damage parameter, D, is constant and does not increase (Fig. 6a)
but in the rechetting case, the damage parameter increases rapidly (Fig. 6b). When D=D., the failure
is reached.

Fig. 7 is the interaction diagram for the thermal load parameter versus bending moment parameter.
Replacing the bending moment with the axial load, the same regions as in Fig. 8 have been seen in
this figure and the same assumptions are used to evaluate the limits of these three regions. The
results show a considerable reduction of shakedown loads due to the combination of creep and
plastic damage compared to the undamaged or ductile damage behavior, particularly where the
mechanical loads are dominant.

6. Conclusions

Stresses are categorized as primary, secondary, or peak. Primary stresses are a concern for
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Fig. 5 a) stress-plastic strain and b) strain evolution in each cycle for P=0.7 and 7,=3.2 and c) stress-plastic
strain and d) strain evolution in each cycle P=0.6 and 7=2.5

deformation, burst, or collapse. Secondary stresses are limited to require shakedown to elastic action
to ensure the applicability of the fatigue evaluation. Peak stresses are a concern for fatigue. Primary
stresses are required for equilibrium with an internal or external applied mechanical load. Axial load
and bending moment are mechanical loads and cause primary stress. Thermal expansion through-
beam depth temperature distribution is not a mechanical load and, therefore produces a secondary
stress. A secondary stress is displacement controlled and is self-limiting.

In this paper, a numerical iterative method is proposed which is quite able and efficient to handle
the cyclic loading analysis of structures with damage problems. Using this method, the elastoplastic
cyclic loading of a beam behavior was obtained. The non linear kinematic hardening model coupled
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with creep and ductile damage model is employed to evaluate the results of cyclic loadings.

Up to the knowledge of the author, the damage phenomena was considered in the Bree’s
interaction diagram for the first time and it was shown that the reduction of the shakedown limit
was more important when secondary stresses diminished and in the same time the primary stresses
increased.

The proposed method is simple and allows the cyclic behavior of damaged structures to be
studied. However, as ductile and creep damage is often induced by large plastic strains, in future
studies it will be necessary to take the influence of large plastic strains on shakedown into account.

Nomenclatures

Material Parameter

Beam width

Non linear kinematic hardening model’s constant
Damage parameter

Interatomic decoherence damage parameter
Non dimensional total strain

Non dimensional plastic strain

Elastic modulus

Effective elastic modulus

Beam height

Applied moment

Non dimensional applied moment
Incremental accumulated plastic strain
Applied axial load

Non dimensional applied axial load
Material Parameter

Non dimensional applied axial stress
Virgin surface

Resistant effective surface

Temperature

Back stress

Deviatoric back stress

Associate thermodynamics damage variable
Expansion coefficient

Non linear kinematic hardening material constant
Non dimensional depth

Plastic strain

Thermal strain

Strain damage constants

Theoretical axial stress

Effective stress

Deviatoric stress

Hydrostatic stress

Equivalent Von-Mises stress

Yield stress

Non dimensional thermal strain

Poisson’s coefficient
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