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Abstract. This paper presents an exact integration for the hypersingular boundary integral equation of
two-dimensional elastostatics. The boundary is discretized by straight segments and the physical variables
are approximated by discontinuous quadratic elements. The integral for the hypersingular boundary
integral equation analysis is given in a closed form. It is proven that using the exact integration for
discontinuous boundary element, the singular integral in the Cauchy Principal Value and the hypersingular
integral in the Hadamard Finite Part can be obtained straightforward without special treatment. Two
numerical examples are implemented to verify the correctness of the derived exact integration.

Keywords: hypersingular boundary integral equation; exact integration; singular integral in CPV; hyper-
singular integral in HFP.

1. Introduction

The boundary value problems can be recast into either Cauchy singular boundary integral
equation or hypersingular boundary integral equation. Hong and Chen (1988) presented the
theoretical bases for the dual integral equations that combined the Cauchy singular and hyersingular
boundary integral eqution. The hypersingular boundary integral equation has been an active area
over the past few decades in various fields including degenerated boundaries (Chen et al. 2003),
error indicator in adaptive boundary element analysis (Liang et al. 1999, Paulino er al. 2001),
cracked bars under torsion (Chen er al. 1998), and symmetric Galerkin boundary element method
(Gray et al. 1995). Chen et al. (2007) have shown the advantages of the hypersingular boundary
integral equation over conventional boundary integral equation by considering free-surface seepage
problems. They found that the hypersingular boundary integral equation can accelerate the rate of
convergence for nonlinear surface problems. Chen and Hong (1999) gave a detailed review of
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hypersingular boundary integral equation. The inherent difficulty associated with the hypersingular
boundary integral equation is to effectively evaluate the singular, hypersingular and nearly singular,
nearly hypersingular integrals. Tremendous effort has been expended over the past few decades to
improve evaluation of these integrals (Singh and Tanaka 2001, Telles 1987, Chien 1997, Liu 1998,
Luo et al. 1998, Chen and Liu 2001). Among the existing methods, exact integration has been
proven to be efficient and accurate to estimate these integrals in different fields (Fratantonio and
Rencis 2000, Yoon and Heister 2000, Mera et al. 2001, Friedrich 2002, Padhi et al. 2001, Zhang
and Zhang 2003, 2004). Fratantonio and Rencis (2000) present an exact integration for two-
dimensional potential problem, considering both off- and on-element integrations; they also give an
exact integration to evaluate the flux at internal points. Yoon and Heister (2000) give an exact
integration of linear element to compute the flux at internal points for two-dimensional potential
problem using local coordinate transformation. Mera et al. (2001) consider the steady state
anisotropic heat conduction problems using the exact integration. Friedrich (2002) presented an
exact integration for linear boundary element. Zhang and Zhang (2003, 2004) derived an exact
integration for the Cauchy singular boundary integral equation and present methods to evaluate the
stresses of the two-dimensional elastostatics for discontinuous linear and quadratic elements; they
show that the displacements and stresses at boundary points can be evaluated accurately using the
exact integrations.

The discontinuous boundary element, which moves the collocation points to the interior of
element, has been successful to deal with discontinuity due to geometry and boundary conditions
(Xu and Brebbia 1986, Patterson and Sheikh 1989). The discontinuous boundary element has been
used in BEASY commercial software (Trevelyan 1992). It is also efficient to handle the ‘freedom
constraint’ in multi-region and FEM-BEM coupling (Zhang et al. 1993, Zhang and Zhang 2002).
The accuracy improvement of the discontinuous boundary elements over the continuous boundary
elements has been well established numerically in Mera et al. (2001), Florez and Power (2001) and
Tadeu and Antonio (2000). Another merit of discontinuous boundary element found by the authors
in (Zhang and Zhang 2004, Zhang and Zhang 2003, Zhang and Zhang 2004) is that the nearly
singular, logarithmic singular integrals, singular integral in Cauchy Principal Value (CPV) and
hypersingular integral in Hadamard Finite Part (HFP) can be treated in the same way as regular
integrals by the exact integration, which provides an easy and efficient way to calculate the physical
quantities on the boundary by the analytical integration.

The aim of this paper is to present an exact integration to evaluate the integrals in the
hypersingular boundary integral equation of two-dimensional elastostatics problems with the
physical quantities on the boundary approximated by discontinuous quadratic elements. It is shown
that with the exact integration, the hypersingular integrals do not need special treatment and can be
evaluated in the same way as the regular integrals for discontinuous elements. This greatly
facilitates the computer code and improves the accuracy of boundary element analysis. The derived
exact integration is validated against two numerical examples.

2. Hypersingular boundary integral equation for two-dimensional elastostatic
problems

The integral representation of the interior stresses in the two-dimensional elastostatics can be
written as (Brebbia 1978, Guiggiani 1995)
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0;(P) = [ Diy(P, Qui(Q)dT = [ S;(P, Q)1 Q)dT (1

swhere P is an interior point, O is a boundary point, and Sy; and Dy; are given as follows (Brebbia
1978, Guiggiani 1995)

ks| . or
S = r_j{z%[(l =2V)01 k+ WOyt + Oy ) —=4r i i1 4]
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where k; = —-1/4n(1-v) and ks = G/272(1-v), in which G is the shear modulus and v is the
Poisson ratio.

Taking the interior point P in Eq. (1) to the boundary as an example and considering the
asymptotic analysis given in Guiggiani (1995), we have the boundary integral representation for the
stresses on the boundary as follows

C(P)o(P) = [ Diy(P, Q)ui(Q)dT + [ S;(P, Q)1,( Q)T 3)

where the free term C(P)=0.5 for smooth boundary, a case for discontinuous boundary element
analysis, and Dy; and S, are integrals existing in the Cauchy Principal Value (CPV) and the
Hadamard Finite Part (HFP) respectively. The traction and stresses are related as follows
(Timoshenko and Goodier 1987)

t(P) = o;(P)n(P) 4)

where the Einstein summation convention is used, and n(P) (j =1, 2) is the jth components of the
unit outward normal at point P.

Substituting (3) into (4) gives the hypersingular boundary integral equation for the two-
dimensional elastostatics:

CP)(P) = [ [Dyy(P, Q)nj(P)Juy( Q)T + [ [Sy;(P, Q)m(P)]1(Q)dl ©)

where C(P) = 0.5 for smooth boundary and n(P) (j = 1, 2) is the jth components of the unit outward
normal at source point P.
Eq. (5) can be recast into the following matrix form

C(P){tl(P))}: J' (D11 + Dy omy) (D211n1+D212n2)]{t1}dr
£(P)) r_(D121”1+D122”2) (Dyg11y + Dogymy)| U2

+J‘ (S1117,+S8112m5) (S211n1+S212n2):|{u|}dl—* ©)
' _(S121n1 +81015)  (Sao1hy + S| L2

Discretizing Eq. (6) gives the following algebraic equation for the hypersingular boundary integral
equation
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[H]{u} = [G]{t} ()

Imposing the boundary conditions, the unknown displacement and traction on the boundary can
be obtained. The exact integration for the coefficient matrix [H] and [G] in Eq. (7) is derived in the
following section.

3. Exact integration for the hypersingular boundary integral equation

The boundary is discretized into straight segments. The field points on the straight segments can
be defined using the following geometric shape function:

X = YN ®

where N, = (1-£)/2 and N, = (1+¢)/2, (x},xé) and (xf,xi) are the Cartesian coordinates of the
two nodes of a straight segment.

The displacement and traction, which may become discontinuous at the mesh points of adjacent
elements, are assumed to be quadratic

=S an "= S ania
2 j=1 u, Jj=1

©)

{"} = ﬁ[lyj(g, a)l]{tll} i[‘l’,(é a)I1{t};
j=1 5

2 j=1

01
of the jth collocation point. In Eq. (9) the interpolation functions for the discontinuous quadratic

elements are
2 2 2
=54 v (6)) w=Y(E) 4] a0)
2\ a a 2L\ a
where « is called collocation factor.

As shown in Fig. 1, for the collocation point P, the following geometric relationship can be
obtained

where /= E 0} is the unit matrix, {0}, and {7}, are the displacement and traction vectors respectively

P = al +bére, r,=tDie (11a)
r
l@ — lD2Cl _DLCZ — l C12 (11b)
roh JogE v béve  Joal +bE+c
nmJy=D,, nyJy=-D, (11c)

i

2 2 2 2 2 k+1 k k+1 k P . .
where a=%"D;, b=2%CD,;, c=>C;, D;=(x;" -x;)/2, C;=(x;" +x;)/2—x; in which the
=1 j=1 j=1

j=
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T'x (Field element)

Xz Element’s node

P (source point)

X1

Fig. 1 Geometric relationship of the source point P and the field element T,

coordinates with superscript P represent the coordinates of the source collocation point and those
with superscripts & and £ + 1 represent the coordinates of the field element’s two nodes, respectively,
Jo is the Jacobian of the transformation given in Eq. (8).

To evaluate the coefficient matrix, the following integrals must be performed:

J Dis(P> Q)ny(P) FsdT; [ Sy(P, Q)ny(P) #sdl (12)

It should be noted that the term n(P) in Eq. (12) is the unit outward normal of the source
collocation point, and the integration is performed on the field elements. Thus n,(P) can be taken as
a constant in the integrals.

We consider the geometric relationship for straight-segment discretization of the geometry and
take Wy = W, as an example. The integrals in Eq. (12) can be obtained as

[ Du(P, O (P ¥dT = [ D, (P, O (P 15(5 1)Utde

r‘Dk,,(P O)n(P)(&' - ad)|J|dé = —[Dy;— aDy ] (P)
2 (13)
jsk,,a) OIn(P)¥idl = [ Siy(P. Qn(PILE(% - 1)d

= — fj Su(P,Q)n)(P) (&~ a@|J|d§— Sk,, aSy;1n,(P)

where the terms D}, and Sy; are given in the Appendix.

4. Evaluating the singular and hypersingular integrals in hypersingular boundary
integral equation
The following integrals must be evaluated to analyze the hypersingular boundary integral equation

[ r'\y dr, j ”—L Lip gr (14a)
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'k (Field element)

X2 Element’s node

X1

Fig. 2 Geometric relationship of the source point P on the field element ',

‘I{dl" I—l‘lfdl" j—rﬂqfdr (14b)

/}"

where r is the radial distance between the source and field points, 7; denotes the derivative of r
with respect to the coordinate x; of the field points, ¥ is the interpolation function given in Eq. (9).

The integrals in Eq. (14a) and Eq. (14b) exist in the CPV and HFP sense respectively for the
source points on the field element. In what follows we will prove that using the exact integration
for the discontinuous boundary elements, the singular and hypersingular integrals in the CPV and
HFP can be evaluated in the same way as for the non-singular integrals.

We consider the case where the collocation Point 2 shown in Fig. 2 is the source point; I, is the
field element on which the integrals are performed. The integral is singular, and the geometric
quantities in Egs. (10), (11) for the singular integral take the following form:

Cr=—2(" =), C=-2(5"" ~x)
Dy =36 =), Dy=20h )
2 2
Loy ok _ oL (15)
4 2

= a§2+b§+c = %(é—a)z, r= %‘lf—ai
D), _Dié-a)

vy > F
r r

where « is the collocation factor as given in Eq. (9), and L; is the length of the straight field
element.
From Eq. (15), we have the following relationship for the singular integral

b = dac (16)

The singular integral in the CPV given in Eq. (14a) can be evaluated by the exact integration (see
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the Appendix for details) as follows without special treatment

R o de= YD (-
(@ +héx

1 a+b+c b 4 (1 Q)
= \Jo|D,| — -—=F F Jo|D
d '[Za a-b+c 2a ° “ 0} £ ]Li (1+a)

(17a)

J.r’lr’lr’zdr .[‘H DDZ(é: a) |J0|d§
rr (acf +b«§+c)

= |J)|D1D5(G3=3aG,+3d’ G, — &' G,) (17b)
= |J0|DfD2[ Omn MJ
Lk (1+a)
where Dy, D,, L; and a, b, c are those given in Eq. (15), « is the collocation factor given in Eq. (9),
F; (i=0, 1) and G(i =0, 1, 2, 3) are given in the Appendix, and |J,| is the Jacobian determinant of
the transformation from global to local coordinates as given in Eq. (8).

The hypersingular integrals in the HFP sense given in Eq. (14b) can be evaluated by the exact
integration (see the Appendix for details) as follows without special treatment:

1 + 1
Sdr = [ ————J|dé=|J|F,
tr 1 (ag +bé+c) (18a)

_ 22 _Adr 1 1
_|J0|[(b—2a) (b+2a)}_ 1 [(l—a)+(l+a)}

1 DiD,(é-a)
Y(@& b+
vy [ e a8

l-a 1+«

rar
J=52dr =" |Jo|d§ Vo D\Dy(G,=2aG, + & Gy)
B i

2
IMJ:FMW
T 2

r (a&+bE+c)
= |J|DIDy(K,— 4K, + 6’K,— 4K, + &'Ky) (18¢c)

= D’ Dz[ ;‘%L ; Lﬂ

l-a 1+«

where Fy, G;(i=1, 2,3)and K; (i = 1, 2, 3, 4) are the exact integrations given in the Appendix.

It can be proven by using the Principle of Mathematical Induction that other singular and
hypersingular integrals in the CPV and HFP sense of the hypersingular boundary integral equation
analysis can be evaluated in the same way as in the nonsingular integral. We consider the following
singular integral in the CPV sense
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j” é—dﬁ (19)

(21

where o € (0,1) for discontinuous boundary element. With special treatment, the singular integral
in the CPV sense of Eq. (19) can be evaluated from

[ e =i 0)

In the hypersingular boundary integral equation, the singular integrals in the CPV sense take the
following form as shown in Eq. (1)

[e=Dae=F - aF,= n1=2 @1)

1 ( § 0!) 1+«
where F,, F, are given in the Appendix assuming a =1, b= —2a, ¢ = &’. From Egs. (20) and (21) we
can see that the CPV of the singular integral Eq. (19) can be obtained analytically once the anti-
derivative of the integrand is known. With the Principle of Mathematical Induction, it is assumed that

[} Fde = PP, ) (22)

where P,(&) is the anti-derivative of the integrand &"/(E— @), and the following relationship can
be proven to be correct

n+1

[} £ = Pra(D=Pp (D) (23)

where P, (&) is the anti-derivative of the integrand &"* '/ ({— ). Subtracting and adding a same
term a&” to the numerator of the integrand in Eq. (23) gives

j+1§"+1—a§"+a§ df J~+ f d§+ +1 af d§ (24)
-1 c-a o

It is easy to prove Eq. (23) using Egs. (22) and (24).

In what follows we will prove that with the exact integration, the evaluation of the hypersingular
integrals in HFP sense does not need special treatment.

Notice that the following hypersingular integrals in HFP sense can be obtained with the special
treatment as follows

a1 _ 11
Il(é 0!) § l+a 1-« (25)

Similarly as in Eq. (19), the hypersingular integrals in the HFP sense of Eq. (25) can be evaluated
using the exact integration for discontinuous boundary elements without special treatment.
Therefore, the HFP of the hypersingular integrals given in Eq. (25) can be obtained analytically
once the anti-derivative of the integrand is known.

With the Principle of Mathematical Induction, it is assumed that the following formula is true

ﬁ@g)% S,(1)-S,(-1) (26)
o
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where S (&) is the anti-derivative of the integrand &"/(&— a)z. It can prove that the following
relationship is true

[ = S50 D) @7)
(24

where S, (&) is the anti-derivative of the integrand &"* Y (&- a) Subtracting and adding a same
term a&” to the numerator of the integrand in Eq. (27) gives

J-+1 f —af +a§ dé: r —Ld§+ I‘F] § df (28)
T (¢-a) H(-a
From Eqgs. (26) and (28), it is easy to prove Eq. (27).

5. Numerical examples

Two examples are implemented to verify the derived exact integration. The first example is a
parallelogram plate under linear displacement, and the second example is the shear lag analysis of a
rectangle plate under shear loading.

5.1 Parallelogram plate under linear displacement

This is a benchmark problem and Fig. 3 shows the geometry. The displacement field derived and
applied to a patch test of FEM-BEM coupling procedure in Lu ef al. (1991) is given as follows

U = %(xl+x2)>< 1072

U, = %(xl +Xx,) X 10° (29)

The plate is assumed to be in the state of plane stress condition. The mechanical properties of the
material are: the elastic modulus £ =211 x 10° Pa and Poisson ratio v= 0.3. The stresses associated
with the displacement can be obtained from the strain-displacement relationship and the constitutive
equation as follows

o, Lv 0 le 0.4985164836
% =T E )Vl 0 156 b = 102550549451 { x 10°(Pa) (30)
o, 00 T Yoy 0.2028846154

The problem is solved with the integrals being estimated using the derived exact integration. Four
discontinuous quadratic elements are used to discretize the boundary, and the collocation factor in the
discontinuous linear element is taken as & =0.5. The boundary conditions at the collocation points are
prescribed displacements, which are calculated from Eq. (29). The coordinates of the point C shown in
Fig. 2 are (4, 6). The coefficients of the matrix [H] and [G] for the hypersingular and Cauchy singular
boundary integral equations are given in Table 1 and Table 2, respectively.



288 Xiaosong Zhang and Xiaoxian Zhang

Table 1 The coefficients of the matrix [H]| and [G] in the hypersingular boundary integral equation (E =
211x10°Pa, v=0.3 and a=0.5)

Hy, Hy, Hy Hyg Hyo Gn Gn Gz Grs Gro
0.35843E -0.16852E -0.13181E 0.52555E -0.24216E -0.74844E 0.14937E -0.50000E 0.16162E 0.83267E
+10 +08 +11 +02 +11 -01 -01 +00 +00 -16

Table 2 The coefficients of the matrix [H] and [G] in the Cauchy singular boundary integral equation (E =
211x10°Pa, v=0.3, a=0.5)

Hyy Hy, Hy; Hog Hyo Gy Gp Gy Gy Gy
-0.58193E 0.10139E 0.50000E 0.16162E 0.00000E -0.18635E 0.39143E 0.26456E 0.10198E 0.15808E
-01 -01 +00 +00 +00 -11 -12 -11 -11 -11

Table 3 Comparison of the stresses at internal point calculated using the Cauchy singular boundary integral
equation (CBIE) and the hypersingular boundary integral equation (HBIE) (o= 0.5)

Coordinates (4.025,2.0) (2.025,2) (3.025,2.0)

lo 0.49850980E+09 0.49851005E+09 0.49850996E+09

CBIE o, 0.25505309E+09 0.25505284E+09 0.25505228E+09
Ty 0.20288364E+09 0.20288387E+09 0.20288326E+09
lo 0.49851646E+09 0.49851646E+09 0.49851646E+09

HBIE o, 0.25505493E+09 0.25505493E+09 0.25505493E+09
Ty 0.20288461E+09 0.20288461E+09 0.20288461E+09
fo 8 0.4985164836E+09

Exact o, 0.255054951E+09
Ty 0.2028846154E+09

In both the Cauchy singular and hypersingular boundary integral equations, the traction along the
boundary can be obtained from Eq. (7) by enforcing the prescribed displacement boundary
condition calculated by Eq. (29). The stresses in interior points can be obtained using Eq. (1)
assuming C(P) =1 with the obtained traction and the prescribed displacement boundary condition.
The stresses evaluated at several internal points by the hypersingular and Cauchy singular
boundary integral equations are given in Table 3. Comparing with the analytical values given in
Eq. (31), the results obtained by the hypersingular boundary integral equation and Cauchy singular
boundary integral equations are both in high precision. The hypersingular boundary integral
equation is accurate to the 7" decimal, while the Cauchy singular boundary integral equation is
accurate to 5" decimal. This might be due to the improvement of condition number of matrix in
hypersingular boundary integral equation as given in Chen et al. (2007).

We change the coordinates of the Point C (x3, y5) shown in Fig. 3 to verify the correctness of the
exact integration for arbitrary quadrilateral. The displacements calculated from Eq. (29) are used as
prescribed displacement boundary condition, and the results (not presented) also show good
agreement with the exact solution.

5.2 Shear lag of plate under varying shear load

The shear lag phenomenon is intensively studied for box girder. A rectangle plate in plane stress
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X2

C(x3, y3)
DG,3)

d
A(0,0) B(3,0) Xi

Fig. 3 Quadrilateral domain under prescribed displacement boundary condition

A X3
D T(X]) C
7
b
E
- AI T(X]) BlVA
[ L |

Fig. 4 The rectangle plate under shear loading along the boundary for shear lag analysis

state is taken as a model to gain physical insight into the shear lag effect. A rectangle under
distributed shear loading shown in Fig. 4 is taken as an example for the shear lag analysis. The
distributed shear loading on AB and CD varies according to

(x) = wc%)n 31

The resulting shear loading given in Eq. (31) can be obtained as
T= [ ox)dy= wl (32)
0 2

Eq. (32) shows that the shear loading is independent of n, the order of the polynomial of the
distributed shear load. From the elementary theory of the mechanics of material of axially loaded
member, we can be obtained the unit normal stress on BC as

7oL
o= — 33
L (33)

The hypersingular boundary integral equation with the integrals evaluated using the exact
integration is used to analyze the problem shown in Fig. 4 under the shear loading given Eq. (31)
for different n. The elastic modulus is £=211 x 10° Pa and the Poisson ratio is v=0.3. The
collocation factor is taken as o= 0.5. The length of the plate is L =10 m, the width is b =3 m, and
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along BC(Pa)

11

(¢

0 1 2 3
Coordinates xz(m) (xl: 10m)

Fig. 5 The calculated unit normal stress o1, along the boundary BC shown Fig. 1 using HBIE and CBIE

Aoy along BC(Pa)

0 1 2 3

Coordinates xz(m) (x1= 10m)

Fig. 6 The absolute error of the unit normal stress oj; along the boundary BC shown in Fig. 1 given by the
HBIE and CBIE

the problem is assumed to be in the state of plane stress.

The boundary is discreitzed with 80 discontinuous quadratic elements with each side having 20
elements. To verify the correctness of the exact integration, the Cauchy singular and the
hypersingular boundary integral equations are used to analyze the problem with n = 1. Fig. 5 shows
the unit normal stress along BC calculated by the two methods, and Fig. 6 gives the error defined as

AO'” — O_HBIE_ O_CB]E| (34)

where the quantity with superscript HBIE represents the results obtained by the hypersingular
boundary integral equation, and that with CBIE denotes the results obtained from the Cauchy
singular boundary integral equation. Fig. 5 shows that results obtained by the HBIE and CBIE are
in good agreement. Fig. 6 gives the absolute error by CBIE and HBIE. Large oscillation can be
found in the vicinity of points B and C. This is due to the high stress gradient near the two ends of
the boundary, which is also observed in Zhang and Zhang (2004) for Cook problem analysis. It lays
the foundation for adaptive boundary element analysis (Liang et al. 1999, Paulino et al. 2001).

The unit normal stress oj; along BC calculated using different » is shown in Fig. 7. It can be seen
that the shear lag effect becomes pronounced with the increase of n. The unit normal stress oy
along BC obtained with different mesh discretization are also considered and Fig. 8 compares the
results obtained with 80 and 160 discontinuous quadratic elements for loading » =100 in Eq. (31).
They are in good agreement.
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20

along BC(Pa)

11

-0

Coordinates xz(m) (x1=10m)

Fig. 7 The unit normal stress oy, distribution along the boundary BC shown Fig. 1 under different loading conditions

50
s
.
O 0
m
=
) + 4x20 elements
c_ -50 4x40 elements
9—
-100

0 1 2 3
Coordinates xz(m) (x1= 10m)

Fig. 8 The calculated unit normal stress oy, distribution along the boundary BC shown in Fig. 1 under loading
condition (» =100 in Eq. (31)) using different discretizations

6. Conclusions

In this paper, the hypersingular boundary integral equation is derived based on the integral
representation of boundary stresses. The boundary is discretized by the straight segment, and the
physical variables are approximated by discontinuous quadratic interpolation function. The exact
integration of the hypersingular boundary integral equation analysis is derived in a closed form. It is
proven that the singular and the hypersingular integrals in the CPV and HFP can be accurately
calculated using the exact integration without special treatments; this greatly simplifies computer
code. Two examples are implemented to prove the correctness of the exact integration.

Acknowledgements

We are grateful to the anonymous reviewers for their insightful and constructive comments and
suggestions to improve the manuscript.



292 Xiaosong Zhang and Xiaoxian Zhang

References

Brebbia, C.A. (1978), The Boundary Element Method for Engineers. Pentech Press, London.

Brebbia, C.A. and Dominguez, J. (1989), Boundary Elements: An Introductory Course. Computational
Mechanics Publications; Southampton.

Chen, J.T. and Hong, H.K. (1992), Boundary Element Methods, 2" Edition, New World Press, Taipei.

Chen, J.T. and Hong, H.K. (1999), “Review of dual boundary element methods with emphasis on hypersingular
integrals and divergent series”, Appl. Mech. Review, 52(1), 17-33.

Chen, J.T., Chen, K.H., Yeih, W. and Shieh, N.C. (1998), “Dual boundary element analysis for cracked bars
under torsion”, Eng. Comput., 15, 732-749.

Chen, J.T., Hsiao, C.C., Chiu, PY. and Lee, Y.T. (2007), “Study of free-surface seepage problems using
hypersingular equations”, Comm. Numer. Meth. Eng., DOI:10.1002/cnm.925 (in Press).

Chen, J.T., Kuo, S.R. and Lin, J.H. (2003), “Analytical study and numerical experiments for degenerate scale
problems in boundary element method for two-dimensional elasticity”, Int. J. Numer. Meth. Eng., 54, 1669-
1681.

Chen, X.L. and Liu, Y.J. (2001), “Thermal stress analysis of multi-layer thin film and coatings by an advanced
boundary element method”, CMES: Comput. Modeling Eng. Sci., 2(3), 337-349.

Chien, C.C., You, Z.Y. and Chung, Y.L. (1997), “Internal stress calculation using an iterative subdivision scheme
in the boundary element method”, Eng. Anal. Bound. Elem., 20, 145-153.

Florez, W.F. and Power, H. (2001), “Comparison between continuous and discontinuous boundary elements in
multidomain dual reciprocity method for the solution of two-dimensional Navier-Stokes equations”, Eng. Anal.
Bound. Elem., 25, 57-69.

Fratantonio, M. and Rencis, J.J. (2000), “Exact boundary element integrations for two-dimensional Laplace
equation”, Eng. Anal. Bound. Elem., 24, 325-342.

Friedrich, F. (2002), “A linear analytical boundary element method for 2D homogeneous potential problems”,
Comput. Geosci., 28(5), 679-692.

Gray, L.J., Chinta, B. and Kane, J.H. (1995), “Symmetric Galerkin fracture analysis”, Eng. Anal. Bound. Elem.,
15, 103-109.

Guiggiani, M. (1995), “Hypersingular boundary integral equations have an additional term”, Comput. Mech., 16,
245-248.

Hong, H.K. and Chen, J.T. (1988), “Derivation of integral equations of Elasticity”, J. Eng. Mech., 114(6), 1028-
1044.

Liang, M.T., Chen, J.T. and Yang, S.S. (1999), “Error estimation for boundary element method”, Eng. Anal.
Bound. Elem., 23, 257-265.

Liu, YJ. (1998), “Analysis of shell-like structures by boundary element method based on 3-D elasticity:
Formulation and verification”, Int. J. Numer. Meth. Eng., 41, 541-558.

Lu, Y.Y., Belytschko, T. and Liu, WK. (1991), “A variationally coupled FE-BE method for elasticity and
fracture mechanics”, Comput. Meth. Appl. Mech. Eng., 85, 21-37.

Luo, J.F, Liu, Y.J. and Berger, E.J. (1998), “Analysis of two-dimensional thin structures (from micro- to nano-
scales) using the boundary element method”, Comput. Mech., 22, 404-412.

Mera, N.S., Elliott, L., Ingham, D.B. and Lesnic, D. (2001), “A comparison of boundary element method
formulations for anisotropic heat conduction problems”, Eng. Anal. Bound. Elem., 25, 115-128.

Padhi, GS., Shenoi, R.A., Moy, S.S.J. and McCarthy, M.A. (2001), “Analytic integration of kernel shape
function product integrals in boundary element method”, Comput. Struct., 79, 1325-1333.

Patterson, C. and Sheikh, M.A. (1989), “Interelement continuity in boundary element method”, In Topics in
Boundary Element Research. Springer-Verlag, 1, 123-141.

Paulino, GH., Menon, G. and Mukherjee, S. (2001), “Error estimation using hypersingular integrals in boundary
element methods for linear elasticity”, Eng. Anal. Bound. Elem., 25, 523-534.

Singh, K.M. and Tanaka, M. (2001), “On non-linear transformation for accurate numerical evaluation of weakly
singular boundary integrals”, Int. J. Numer. Meth. Eng., 50, 2007-2030.

Tadeu, A. and Antonio, J. (2000), “Use of constant, linear and quadratic boundary elements in 3D wave
diffraction analysis”, Eng. Anal. Bound. Elem., 25, 131-144.



Exact integration for the hypersingular boundary integral equation 293

Telles, J.C.F. (1987), “A self-adaptive co-ordinate transformation for efficient numerical evaluation of general
boundary integrals”, Int. J. Numer. Meth. Eng., 24, 959-973.

Timoshenko, S.P. and Goodier, I.N. (1987), Theory of Elasticity. 3" edition. McGraw-Hill, New York.

Trevelyan, J. (1992), “Use of discontinuous boundary elements for fracture mechanics analysis”, Eng. Anal.
Bound. Elem., 10, 353-358

Xu, J.M. and Brebbia, C.A. (1986), “Optimum positions for nodes in discontinuous boundary element”,
Proceeding of 8" International Conference on BEM, Springer-Verlag, 761-767.

Yoon, S.S. and Heister, S.D. (2000), “Analytic solution for fluxes at interior points for 2D Laplace equation”,
Eng. Anal. Bound. Elem., 24, 155-160.

Zhang, X.S. and Zhang X.X. (2004), “Exact integrations of two-dimensional high-order discontinuous boundary
elements of elastostatics problems”, Eng. Anal. Bound. Elem., 28, 725-732.

Zhang, X.S. and Zhang, X.X. (2002), “Coupling FEM and discontinuous BEM for elastostatics and fluid-
structure interaction”, Eng. Anal. Bound. Elem., 26, 719-725.

Zhang, X.S. and Zhang, X.X. (2003), “Exact integration in the boundary element method for two-dimensional
elastostatics problems”, Eng. Anal. Bound. Elem., 27, 987-997.

Zhang, X.S. and Zhang, X.X. (2004), “Exact integration for stress evaluation in boundary element analysis of
two-dimensional elastostatics”, Eng. Anal. Bound. Elem., 28, 997-1004.

Zhang, X.S., Ye, T.Q. and Wang, R.P. (1993), “Multi-domain boundary element method and its parallelization”,
In Boundary Element Method, Elsevier Science Publishers, 67-78.



294 Xiaosong Zhang and Xiaoxian Zhang
Appendix

San = ks{2C[(C,G; +DIGi+l)_4(C?Ki +3C\ DK, + 3C1D?Ki+2 +D?Ki+3)]

(A1)
+ 2D2(C%Gi +2C\D,G;4y +D%Gi+2) +D,F;}

Sy = ks{2C,[(1=20)(C,G,+ D,G,, ) —4(CiCoK, + (C1D, +2C,C,D K, + (2C, D, D, + C,DY))K, ,, + DID,K,, 5)]
+40D,(C,C,G; + (C,D, + C,D,)G.,, + D\D,G,,,)-2(1-20)D,(C;G,+ 2C,D,G,,, + DiG.,,) + (1-40)D,F,}
(A2)
St = ks{2CL[(1-20)(C,G, + D,G,, ) —4(C,C3K, + (C3D, + 2C,C,D)K; ., + (2C,D, D, + C,D)K,, , + D, D3K;. 5)]

~4vD\(C,C,G, +(C\D, + C.D))G,,, + D,\D,G,,,) + 2(1 -20)Dy(C3G, + 2C,D, G, , + D3G,.,)~ (1 -40)D,F, }
(A3)

Shon = ks{2CL[(C,Gi+ D,G,, ) —4(CoK, +3CaDK, . +3CoDK, o + DiK, )]

(A4)
~2D,(C3G;+2C,D,G,,,+D3G,,,) - D\F,}

Sty = ks{2C,{ U(C,G, + D,G,, ) =4[ CIC,K, + (CiD, + 2C,C,D K., , + (2C, D\ D, + C,DV)K,, , + DiD,K, 5]}

~20D,(C{G; +2C,D\G,,, + DG, ;) +2(1 = 0)D,(C,C,G, + (C,D, + C,D,) G, , + D, D,G,,,)~(1-20)D,F,}
(AS5)

Sgll = ks{2C,[v(C,G; + D,G,,,)-4[C, CgKi + (Cng +2C D)K. + (C1D§ +2C,D\Dy)K; ., » +DID§K1'+3]
+20D,(C5G,+2C,D,G,,1 +D3G,,5) =2(1 - 0)D(C,C,G, +(C,D, + C.D)) G, + D, D,G,,0) + (1 -20)D,F, }

(A6)

D\ = —ksJo[(1-20)(C,F,+D,F,,,)+2(C,G,+3CiD,G,,, +3C,DiG:,,+D,G,,;)] (A7)

D}y, = ~kiJy{~(1-20)(C,F,+ D,F;,,) +2[CIC, G+ (CiD,+2C,C.D,)G,,, + (2C,D, D, + C,D7)G,,,+ DiD, G,.51}
(A8)
D;22 = —k;Jo{—(1-20)(C\F;+D,F,,,) +2[C1C§Gi + (Cng +2C,C,D,)G,, +(2C,D D, + ClDi)Gi+2 +D1D§Gi+3]}
(A9)

Dl = ~ksJo[(1-20)(CoF + DoF,. ) +2(C3G, +3C5D, G,y +3C.D5Gr 2+ D3G L 5)] (A10)

Dy, = ~k3Jo{(1-20)(C,F,+ D,F,, ) +2[C1C, G+ (C1D, +2C,C,D)) G, + (2C,D, D, + C,D}) G, + DD, G, 5]}
(A11)

Dhy = ks Jy{ (1 =20)(C,F;+D\F,, ) +2[C,C:G,+(C3D, +2C,C,D5) G, + (2C,D, D, + C,D3) G, + D, D3G5 1}
(A12)

In Egs. (A1)-(A12), k3 and ks are given in Eq. (3), and C;, D; (i =1, 2) are given in Egs. (9)-(12), J; is the
Jacobian of the transformation given in Eq. (4), F; (i = 1~6), G; (i = 1~6) and K; (i = 1~6) are given as follows
Fi=['————dx (A13)
-1 (ax” + bx +¢)
G = [ ————dx (A14)
- (ax2 +bx+c)
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K= ["'—2—dx (A15)
- (ax2 +bx +c¢)

where a, b, ¢ and C;, D(i =1, 2) are those given in Egs. (9)-(12), and F; (i = 1~6), G; (i = 1~6) and K;
(i = 1~6) can be obtained explicitly as follows

2 2a+b —2a+b 2
arctan —arctan (4ac>b")
Fy = Jdac-b’ Jdac-b Jdac-b* (A16)
2 2 (4ac=b)
b-2a b+2a
Fy = Lindtbte b p (A17)
2a a-b+c 2
Fy=2_Cp,_bp, (A18)
a a a
F3=—£F1—Z—)F2 (A19)
a a
F,=2_Sp_bp (A20)
3a¢ a  a
F,=_SF,_bF, (A21)
a’ a
Fo=2_¢p,_bF, (A22)
Sa a a
4 (Zzﬁb)b 4 (_1)22a+b)b +42011;21% (b’ 4ac)
G, = (4ac-b)a+b+c) (4ac-b")a-b+c) (dac-b") (A23)
8a _ 8a : (b2=4ac)
3(b-2a)’ 3(b+2a)
= 4(b+2c)b B = 4—b+2(:b + = b4 F, (b’#4ac)
- +b+ - -b+ -
G, = ( ac)(a c) ( ac)(a c) ( ac) (A24)
_( 8a - 8a 3)_2( 1 . 1 2) (b = 4ac)
32a+b) 3(=2a+b)” 3N2a+b)’ (-2a+bh)
-1 1 c
_ _ ¢ A25
2T Ga—b+c) ala+rbro) a (A25)
G, = %(lna"'b+c—3abG2—(2ac+b2)G1—cho) (A26)
20N a-b+c
G4 = l( 1 + 1 )—2—bG3—3—cG2 (A27)
a\a+b+c a-b+c¢/ a a
1( 1 1 3b 2¢
Gs = — - _29G,-%4q, A28
T 2a\a+b+c a—b+c) 2a ' a (A28)
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3ava+b+c a-b+c¢/ 3a

5

2
32a[ 1 - 1 5} (b = 4ac)
5 LQ2a+b) (<2a+b)
.
1 2[ b+2a - b-2a 7}_ 6a _G, (b2¢4ac)
2(4ac-b)(a+b+c)’ (a-b+c)’d 2(dac—b’)
32a‘[ 1 " 1 5}_4_51[ 1 . 1 4] (b = 4ac)
5 L@a+b) (2a+b)d SLQa+b)" (=2a+b)

—1 [ b+2c + b-2c }_ =3b

. - - —G, (b'#4ac)
2(4ac-b)a+b+c)’ (a-b+c)’d 2(4ac-b’)

K2=—L|: 1 2+ 1 7J—£K1+§Ko
3al(g+b+c)’ (a—-b+c)’d 3a  3a

K;:—L[ ! - ! 2]+£K1
2al(g+b+c)’ (a-b+c)’d a

K4=—l[ 1 >+ 1 7J+QK3+3—CK2
al(a+b+c)” (a-b+c)d a a

Ks = 1G3—[—)K4—£K3
a a a

K6=1[ U J—@KS—S—CIQ
al(a+b+c) (a-b+c)l a a

(A29)

(A30)

(A31)

(A32)

(A33)

(A34)

(A35)

(A36)





