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Abstract. Transient solution of asymmetric mechanical and thermal stresses for hollow cylinders made
of functionally graded material is presented. Temperature distribution, as function of radial and
circumferential directions and time, is analytically obtained, using the method of separation of variables
and generalized Bessel function. A direct method is used to solve the Navier equations, using the Euler
equation and complex Fourier series.
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1. Introduction

Functionally graded materials are heterogeneous materials which consist of graded material
variation from one surface to the other. These materials are useful to withstand high thermal stresses
in applications where high heat fluxes and large temperature gradients exist. A ceramic rich region
of a functionally graded material is exposed to hot temperature, while a metal rich region, providing
the necessary flexibility, is exposed to the cold temperature.

In 2002, Yee and Moon (2002) presented plane thermal stress analysis of an orthotropic cylinder
subjected to an arbitrary transient asymmetric temperature distribution. The thermoelastic solution
was obtained by the stress function approach. The problem of transient thermal stresses in a solid
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elastic homogeneous and isotropic sphere was solved for uniform and nonuniform local surface
heating by Cheung et al. (1974). In 1987, Chu and Tzou (1987) presented the transient response of
a composite finite hollow cylinder heated by a moving line source on its inner boundary and cooled
convectively on the exterior boundary using eigen function expansion method and the Fourier
series. Yang et al. (1986) studied a transient response of one-dimensional axisymmetric quasistatic
coupled thermoelastic problems. A numerical technique to analyze the one-dimensional transient
temperature distributions in a hollow circular cylinder of functionally graded ceramic-metal based
materials is presented by Awaji and Sivakumar (2002). Jane and Lee (1999) presented transient
thermoelastic response of an infinitely long annular multilayered cylinder. They employed a
numerical method to solve the thermoelastic response of infinite length cylinders subjected to
known temperatures at traction-free inner and outer surfaces. Ashida and Noda (1995) studied the
transient thermoelasticity in a transversely isotropic infinite cylinder containing a flat circular rigid
inclusion. The numerical method of successive approximation, as well as the Fourier integral and
the Bessel series, are used to satisfy the boundary conditions of displacement and stresses. Kim and
Noda (2001) presented the Green’s function approach to obtain the solution for transient thermal
stresses of functionally graded material mediums. In this paper, transient temperature solution for a
general heat conduction equation with a source and nonhomogeneous boundary conditions is
obtained using the Green’s function, where the solution is expressed by eigenvalues and
corresponding eigen functions. Sugano et al. (1993) analyzed the transient thermal stresses in a
hollow circular cylinder of functionally graded material with temperature-dependent material
properties. The formulation is established by deriving the conditions necessary to assure the single
valuedness of rotation and displacements in a hollow circular cylinder with arbitrary
nonhomogeneous and temperature-dependent properties of material. Awaji and Sivakumar (2001)
presented a numerical technique for the analysis of one-dimensional transient temperature
distribution in a circular hollow cylinder that is made of functionally graded ceramic-metal based
materials. The transient temperature and related thermal stresses in the FGM cylinder were analyzed
numerically for a model of the mullite-molybdenum FGM system. Chen and Awaji (2003) studied
the one-dimensional transient and residual stress fields in a hollow cylinder of functionally graded
material for two models of ceramic-metal systems subjected to severe thermal shock. Bahtui and
Eslami (2005) presented the coupled thermoelastic response of a functionally graded circular
cylindrical shell. The Galerkin finite element approach was utilized to study the effect of
functionally graded properties on the coupled stress fields. In 2002, Kim and Noda (2002) studied
the Green's function approach to obtain the unsteady thermal stresses in an infinite hollow cylinder
of functionally graded material. A Green's function approach based on the laminated theory was
adopted for solving the two-dimensional unsteady temperature field.

This paper present an analytical method to obtain the transient thermal and mechanical stresses in
a functionally graded hollow cylinder subjected to the two-dimensional asymmetric loads.
Temperature distribution is assumed to be a function of radial and circumferential directions and
time. The Navier equations are solved analytically using a direct method of series expansion.
Material properties are assumed to be expressed by power functions in radial direction.

2. Transient temperature solution

Consider a functionally graded cylinder of inner radius »; and outer radius r,. The cylinder’s
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material is graded through the r-direction. Heat conduction equation for the functionally graded
cylinder is

—[rk(r)T 1, + k(r)Tg]g— c(rp(r)T-R(r,6,t), -7<0<nm (1)

where T(r, 6,t) is the temperature distribution, k(r) is the thermal conductivity, c(r) is specific heat
capacity, p(r) is mass density, and R(r, 6,¢) is the energy source. A comma denotes partial
differentiation with respect to the space variable. The symbol dot (-) denotes derivative with respect
to time. The initial condition and the Robin-type boundary conditions are assumed as

I(r, 6,0) = fi(r, 0) 2
CllT(ria at)-i'chT,r(ria 6’,’) = 0 (3)
CoT(r,, 6,0)+ CyT (1, 6,1) = 0 “4)

0’ 0>

where C,j, ,j=1,2 are the constants related to the thermal boundary condition parameters, and
fi(r, 8) is the known initial condition. The thermal material properties are assumed to be described
with the power law functions as

k(r) = ko™, p(r)y= por™,  e(r) = cor” (5)

where k,, 0y, c, and m;,m,, ms are the material parameters. Using the definition for the material
properties, the heat conduction equation becomes
0”2T 11, 18T _ copy m+ms=mdT R -m,
+(my+1)-=—+ =—= = r ———r
ror 260 ko otk
The solution of heat conductlon equation may be obtained by the method of separation of
variables, generalized Bessel function (Rice and Do 1995), and the eigen-function method as

(6)

10,00 = 3 505,40 ™
n=-om=1
Substituting Eq. (7) into the heat conduction equation yields

/‘0 2 kn 2

*;fmnt k ;é‘mn
Gmn(t) =e w —OIamn(t)e w dr + bmn (8)

CoPo
inwhich a,,,(¢) is the coefficient of complex Fourier series of heat source R(r, 6,¢) as
a, (1) = — [T ’ﬂrm—‘?”fQW(r) (e " aedr )
24F, ( ) o

Fun) = C[5) (10)

where F,,(r) is derived from the general solution of energy equation without heat source.
According to the mathematical Sturm-Liouville theorem, the function F,,,(r) is an orthogonal
function and |F,,,(r)| is the norm of this function as
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|Fon (I = [ W)F () (11)

where W(r) is the weight function of F,,,(7) as

my+2f—1

W(r)=r (12)

and b,,, is derived from the initial thermal boundary condition defined by Eq. (2) as

ky .2

——— [ [/ OWE ,,m(r)e"‘"@dedr— { [an(D)e cWOgmntdt} (13)

" 24F, ( )l
and C, is the mathematical Cylindrical Function given by
r/ r r/
G805 ) = ez )+ o 20 (14)
Cim r , »
(C“ ;2 3) (é:mnf) + ClZI:Jp(énn}-)} ~
Cn = (15)

(Cll C2 - ) —p(é:mn,}{)"'clz[ (émnf):| .
A/m§+4n2

1
=—_— == +ms—m,+2 16
my+ms—my+2 / 2(m4 s s ) (16)

Here, J, is the Bessel function of the first kind of order p, the symbol (') denotes derivative with
respect to 7, and the eigenvalues &, are the positive roots of (Cheung et al. 1974)

(C“ C12m3) (fmnf)+C12[J1;(«§m,,j—j)l:rix

m=1,2,3,...; n=-x,. 17)

3. Stress distribution
The governing two-dimensional strain-displacement relations in cylindrical coordinates are

&,

rr

= u,r’ Egp = %(V,9+ u)7 &= %(V,r'l- %u,g_}j\) (18)
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inwhich u# and v are the displacement components along the radial and circumferential directions,
respectively. The asymmetric stress-strain relations of a Hookean material are

__E0) _ _EMar) 5,
O-N_(1+V)(1—2V)[(1 V)S,.,+V899] 1-2v T( 90’t)
E(r)

B B _Em o) g,
%00 = Txwy(i—2nyi |~ Vet Vel == DI 6.1)

_ E(r) _E(r)a(r)
(o (1+V)(1—2V)[V(6‘rr+809)] 1—2V T(l", 0”)

09= 20z, (19)
1+v
where o; and g; (i,j =r, 6) are the stress and strain tensors, respectively, and
E(r) = Ey" (20)
a(r) = oy’ 1)

Here, a(r) is the coefficient of thermal expansion, E(r) is the Young’s modules, v is the
Poisson’s ratio assumed to be a constant, and E,, a,,m,, and m, are the constant material
parameters. The two-dimensional equilibrium equations, disregarding the body forces and inertia
terms, are

1 O,y = Opp
o, .+ ;0',6’9+ —=0

rr,r

Gr&,r+o-0_aa+zo-r€ =0 (22)
r r

Appropriate formulations for the separation of variables to solve the equations of equilibrium are

ur,00=3 3w ne" 23)
n=-om=1

W00 =33 v rnne” 4)
n=-om=1

Using Eq. (18) to Eq. (24) yield the Navier equations in the form

le_l_(l—ZV)nz)lumn_l_ in lv,,’,,,
l—v 2(1-v) /2 2(l-wyr

uy, +(m; + l)lu,,’m +(
r

) my-22_1 /
2 = B (e B e f5)

+1i = my+m,—— -
2(l-v) ;2 1-v f

+ rmzfq;(gmn”j_f ) }Gmn(t) (25)
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2 .
Vrﬁ[n+(ml+l)lv,,'m—(mw1+2—(]_2V)n)l pin L.
r

mn —Upp
1-2v /.2 1-2vr
- (3-4v 1 2(1+ V| ™ o
+l}’l(1_2v+m1);umn = in—— o C, fm,,j—fﬂGm,,(t) (26)

Egs. (25) and (26) are a system of ordinary differential equations with non-constant coefficients,
having general and particular solutions in the form

Uy (75 1) = 1, () + 10y, (1, 1)
V(75 1) = V(1) +V,,,(r, 1) 27)

The general solution is assumed to be u%(r) = dr° and vi(r) = Cre. Substituting these
assumptions into Egs. (25) and (26) yield C,; = M,;d,;. Finally the general solution is

4 .
ui(r) = z dnjrg"”
j=1

nj“%nj

4
V() = Y Myd, ™, j=1,2,3,4; n#0 (28)
j=1

e vm (=20’
[47/(411‘ D+ Dyt -1 2(1—V)}

M, =- . j=1,2,3,4 nz0  (29)
m_[ ¢, +(4+2ml)v—3}
2(1-v) 2(1-v)

and ¢,;, n#0 are the eigenvalues of the eigen function

vm, _1_(1—21/)}11><
l-v 2(1-v)

[g,(gj—1>+<ml+1) L+

[é“nj(éy—m(m] +1)gj-m1_1_2(1—_v)nz}

1-2v
of &y (4+2m)v=37 ¢, 3-4v _
”’[2(1_@* 2(1-v) }[1—2v+1—2v+m1J_0 (30)

For the particular solution of the Navier equations, we consider the definition of the Bessel
function as

) (_1)k(2l fm,,rf)”w
J”(%rf) =2 k!l"(l{+p+1) GD

k=0

Substituting Eqs. (14) and (31) into Eqgs. (25) and (26) yield
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u,{,’n+(m1+1)lun’m+(wn‘—1 (- 2V)n)2umn+ in_1,
r

- 2(1-) 20— nyr
. (4+2m1)V_31 Bk Boia
Wrz i Z (e +er )G, (1) (32)
2 .
Vr;;n + (ml + l)lvn;n _(ml + 1 + M\) lvmn + L lun'm
r 1-2v 2 1-2vr
; m(3‘4" ) S (e e ™)G, (1) (33)
1 _ 2 Y > mn Z: 3 4 mn
where
ms
Bot = 2k+p)f+ mz—7—1 (34)
ms
Bowor = Ck=p)f+m,- 5 1 (35)
The particular solution u” () and v, (r) are assumed to be
P > B +2 B+
umn(r7 t) = z (Amnklr +Amnk2r )Gmn(t)
i=
= B +2 Boia+
Vﬁn(l", t) = Z (Amnk3r +Amnk4 )Gmn(t) (36)
Substituting Eq. (36) into Egs. (32) and (33) yield
2 B Boio
Z {[eSAmnkl + eGAmnk3]r ' + [e7Amnk2 + eSAmnk4]r ‘ }Gmn(t)
& Bk ﬂ, 2
= Z [elr ‘ ]Gmn(t) (37)
k=0
2 ﬂpl(l ﬂka
Z { [e9Amnk3 + elOAmnkl ]I" + [el lAmnk4 + elZAmnkZ]r } Gmn(t)
k=0
= 3 [es +eu1G,, (1) (38)
k=0
Equating the coefficients of identical power indexes, yield
Amnkl = ele9_e3e6, Amnk3:e3es_elelo
€5€9— €6y €5€9—€4€)g
A, =870y 9CnTll L (39)

bl
€€y — €767, €g€1,—€7€1
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The constants es to e, are given in the Appendix. For n = 0, Egs. (32) and (33) are uncoupled
into two ordinary differential equations, which yield

50, Brokt + Booiz +2
”0(")—2(6101 )+ZZ(Am0kl Mt Aot ) Gol1)
m=1lk=
Soj
vo(r) = Z(dof ) (40)
ji=3
where
m m, vm m m, vm
:;_ _l__l+1, :;4. _l__1+1
o 2 4 1-v oz 2 4 1-v
Cos =1, Coa=—(m+1)
e e
Am0k1: L D Am0k2: = ) po:p|n=a (41)
eS|n=O 7|n=0

Using Eqgs. (27), (28), (36) and (40), complete solutions for the displacement components are
obtained. Using the strain-displacement and Hooke’s relations, result into expression for stresses as

0, = m z { Z V)é;lj+l/(ll’l + 1)]d}’lj

ﬁk1+’"1+1

;nj+m|_1

+ Z <Z [ (=W (Bok1 + 2) A i1 + v (ind iz + A )1

m=1 k=0

+ (1= (Bopa+2)4,42

+V(lnAmnk4+Amnk2)) pk2+ml+l Gmn(t) (1+V)a0 mn(t)r li_ (fm”’;) } :

E Goj— L+m,;
mZm V)G + Vidyr
4 j 4‘,1/-+m171
Cgp = mnzw{j=§$o[ Vg, + (1= v)(inM,;+1)]d

0 2 N By +m+1
+ Z <Z [( V(ﬂpkl +2)Amnk1 + (1 - V)(lnAmnk3 +Amnk1))r ' + ( V(ﬂpkz +2)Amnk2
m=1 k=0

(= V@A) 160+ DG C (fmn';) } i

E —1+m,
mi VG + (1= 1)]dor™
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. Gpitm—1
—_ i+ M +1)]d "
=T v)(l 2v)n_zw{, IZ,:;OVM"’ (it + V)]
[5’,“+m1+1
+ Z <Z V[((ﬂpkl + 3)Amnkl + lnAmnk3)r + ((ﬂka + 3)Amnk2
m=1 k=0
. Bra+m+1 mz+m|—”§ V/ in@
+lnAmnk4)r ]Gmn(t)_(l + V)aOGmn(t)r Cp §mn? > re
E 14 Coj— 1+m,
—_— +1]d,r™
Tarn(-2 )ZM‘” oy
o S S [in+ (&= )M, ]d, # !
0 2(1+ V)n—;n:#O ; " S

(+my+1

Z z lnAmnkl-'-(ﬁpkl"-1)Amnk3) II"
=1k=0

pk2+ml+1

+(znAmnk2+(ﬂ,,,,2+ 1) A a7 1G (1) Y™’

i d( Gy 17! )

2(1 + v)

where d, =1, 2, 3, 4, are four unknowns to be obtained from a suitable selection of the

nj’

following mechanical boundary conditions

u(r, 0) = (),  v(r, 0)=c(0)
u(ry, 0) = 6:(0),  v(r,, 0)=¢c(0)
0, (r» 0) = 65(0),  0,4(r, 0) = c1(0)
0, (ry, 0) = 6(6),  G,6(rs, 0) = ()

The functions ¢;(6) to ¢(6) are the mechanical boundary conditions known on the inner and
outer radii. Expanding these boundary conditions into the complex Fourier series lead to a system of
four linear equations to be solved for the constants d,;, j = 1, 2, 3, 4.

4, Results and discussion

The proposed analytical solution is programmed into MATLAB (1994~2008) and an example of a
cylinder with internal heat generation and initial temperature is solved. Consider a hollow
functionally graded cylinder of inner radius »; = 0.02 m and outer radius r, = 0.024 m. The
Poisson’s ratio is assumed 0.3. The modulus of elasticity, the thermal coefficient of expansion, and
the thermal conduction coefficient of the inner and outer radii are E;, = 66.2 Gpa, ¢;, = 10.3E-6/°C,
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ki, = 18.1 W/mK, c;, = 808.3 J/kgK, p,, = 4410 kg/m’, E,,, = 117 Gpa, o, = 7.11E-6/°C, kpu =
2.036 W/mK, c,, = 615.6 J/kgK, and p,, = 5600 kg/m’, respectively (Reddy and Chin 1998).
These numerical values correspond to m; = 3.1236, m, = —2.0329, m; = —11.9839, m, = 1.3103 and
ms = —1.4937. The inside boundary is traction-free with zero temperature, and the outside boundary
is fixed with zero temperature. The cylinder is assumed to be at the initial temperature of 7(r, 6, 0)
= 50I'(100r)cos(6)°C, where I' is the mathematical Gamma function. Therefore, the assumed
boundary conditions result in u(r,, &) = 0, v(r,, 6) =0, 6,{r;, ) =0, and g,(r;, 6) = 0. The cylinder
is heated by the rate of energy generation per unit time and unit volume of R =
6 x 10° x %sin(sr)cos(e)%.
m

Fig. 1 illustrates the cylinder temperature at various angles & over the course of 10 seconds. The
temperature on the vertical axis is plotted against the time in seconds on the horizontal axis. All
graph lines show that temperature decrease sharply in magnitude. The results are the sum of
transient and steady state solutions that depend upon the initial condition for temperature and heat
source, respectively. All graphs show that the transient solution damp after five seconds and the
steady state solution remains. Fig. 2 shows the temperature along the radial direction. Temperature
profiles are drawn for different times and angles 6. Because the magnitude of thermal conductivity
of metal is higher than that of ceramic, cylinder is cooler in surfaces closer to the inside surface.
Fig. 3 shows the hoop stress distribution versus time. Stress distribution is compressive at = 0 and
tensile at & = 37/4. In case when R = 0, stresses vanish steadily. The curves associated with the
non-zero heat source follow the sine-form pattern of the assumed heat source. Similar to the
temperature distribution, the hoop stress distributions reach the steady state condition after five
seconds. Fig. 4 highlights the radial stress distributions of the cylinder. The radial stress on the
vertical axis is plotted against the radius on the horizontal axis. According to the given mechanical
boundary conditions, stresses are zero at the inside surface. As may be seen, stresses decrease as

80 T T T T T T
— — —r=0.021 at 6=0
+ -+ r=0.022 at =0

—-—-r=0.023 at 6=0
60~ — 4

Without Heat Source — % —r=0.021 at 6=3n/4
r=0.022 at 6=3n/4
r=0.023 at 6=37/4
r=0.022 at 6=0, R=0 i
——r=0.022 at 6=31/4, R=0

40

_60 I I I L I L 1 I I
0 1 2 3 4 5 6 7 8 9 10

Time (second)

Fig. 1 Transient temperature distribution
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Fig. 2 Temperature distribution in the radial direction
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10
Fig. 3 Hoop stress
time increase. Fig. 5 shows the hoop stress along the radial direction. The shear stress distribution is

plotted in Fig. 6. Shear stresses are zero at the inside surface. Comparing Figs. (4) and (5) indicates
that the radial stress is larger than the hoop stress in magnitude. The reason is that the inside surface
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Fig. 4 Radial stress
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Fig. 5 Hoop stress in the radial direction

is traction free and the outside surface is fixed, with the given heat source which is inversely
proportional to radius. The result, due to the assumed restraint on the outside surface, is larger radial
thermal stress. With the assumed boundary conditions, the radial displacement is more restrained
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Fig. 6 Shear stress distribution

x10

——m=0 o N
- - -m=2
— - m=4 ,
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Fig. 7 Radial stress along the thickness with various power law indices at 7 = 2

than the hoop displacement, which produces larger radial stress compared to the hoop stress.

Now, consider the first example with identical power law indices of material properties,
m, = m, = my; =m, = ms =m. The inside material properties are identical with the first example.
Fig. 7 illustrates the effect of the power law index on the distribution of the radial thermal stress.
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This figure is the plot of radial stress versus radial direction of the thick cylinder for different power
law indices at t = 2 sec. The value of m = 0 corresponds to pure metal. According to Eq. (19)
thermal stresses depend on modules of elasticity and thermal expansion coefficient. Since these
parameters increase with the increase of power law parameter m, the radial thermal stress increases
by the increase of m.

5. Conclusions

This paper presents a direct method of solution to obtain the transient mechanical and thermal
stresses in a functionally graded hollow cylinder with heat source. The advantage of this method,
compared to the conventional potential function method, is its mathematical strength to handle more
general types of the mechanical and thermal boundary conditions. More complicated mechanical
and thermal boundary conditions may be handled using the proposed method.

The distribution of radial and hoop stresses along the radial direction for some different types of
boundary conditions are derived and plotted for the functionally graded cylinder. Study of Figs. 2, 4,
and 5 indicates that a functionally graded thick cylinder may be tailored, with the selection of
proper power law index, where the stress distribution along the radial direction become almost
uniform. This is the very advantage of the use of functionally graded materials, where proper stress
optimization may be obtained by the selection of a proper FGM profile.
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