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Abstract. The response histories and distribution of dynamic interlaminar stresses in composite
laminated plates under free vibration and thermal load is studied based on a thermoelastodynamic
differential equations. The stacking sequence of the laminated plates may be arbitrary. The temperature
change is considered as a linear function of coordinates in planes of each layer. The dynamic mode of
displacements is considered as triangle series. The in-plane stresses are calculated by using geometric
equations and generalized Hooke’s law. The interlaminar stresses are evaluated by integrating the 3-D
equations of equilibrium, and utilizing given boundary conditions and continuity conditions of stresses
between layers. The response histories and distribution of interlaminar stress under thermal load are
presented for various vibration modes and stacking sequence. The theoretical analyses and results are of
certain significance in practical engineering application.
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1. Introduction

Composite laminated structures are being increasingly used in aerospace and aeronautical area.
These structures are often subjected to combinations of dynamic mechanical loads and thermal
loading. One of the main causes to failure of composite laminated structures is delamination
damage, which is significantly derived from interlaminar stresses. Previous research was mainly
limited in the interlaminar stress distributions in laminated structure under static load, while
response histories and distribution of dynamic interlaminar stresses was seldom mentioned (Reddy
1996). Several scholars (Carvalho and Guedes Soares 1996, Ganapathy and Rao 1997, Babeshko
1996) presented theoretical and numerical methods to predict the interlaminar stresses in composite
laminated plates. A simple iterative method (Makeev and Armanios 1994) was applied to evaluate
interlaminar stresses in composite laminated subjected to axial tension and torsion loads. Some
other methods (Becker, Peng and Neuser 1999, Cho and Yoon 1999, Yong and Cho 1995, Di and
Ramm 1993) were presented to calculate interlaminar stresses at various positions in laminates. The
interlaminar stresses in laminated plates subjected to vibration were analyzed in reference (Jane and
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Hong 2000), but in the paper, the effect of thermal load was not taken into account. Thermal
stresses of composite laminated structures studied in papers (Verijenko and Tauchert 1999,
Savchenko 1995, Chandrashekhara and Bhimaraddi 1994, Ding and Tang 1999, Zhang and Liu
1992) are also limited in static problems. The papers (Jiangiao and Soldatos 1996, Messina and
Soldatos 2002) reported the results of an investigation into free vibration analysis and continuity
interlaminar stresses in laminated composite based on higher order theories.

In this paper, the response histories and distribution of interlaminar stresses in rectangular
laminated plates with simply supported edges, subjected to free vibration and in thermal
environment is studied in some depth. The temperature change is considered as a linear function of
coordinates in planes of each layer. A theoretical solution to predict the interlaminar stresses in
composite laminated plates subjected to free vibration and thermal load is presented for considering
various vibration modes and stacking sequence. Some numerical examples and results on the
problem are also presented and discussed.

2. Govering equation

The structure of rectangular orthotropic laminated plates with simply supported edges is shown in
Fig. 1. The relationship between stresses and strains in plane is expressed as (Tsai and Hahn 1980)
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where {a,k}, {g,k} and AT k(x, y) represent, respectively, the stress, the strain and the temperature
change of the kth layer. [Q(f) ] and {a,-k}[zx, .y Tepresent, respectively, the bias axial stiffness
coefficient and the bias axial thermal expansion coefficient of a single layer in the geometrical
coordinate (x, y, z) system, and are, respectively, expressed as

W]

a—
= -

a

Fig. 1 The structure of rectangular orthotropic laminated plates with simply supported edges
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where oy and o, are, respectively, the thermal expansion coefficient measured in the fiber and
transverse directions of a single player in the material main axis (1-2)

E E E, E
Qll = éa sz = #a le = Aa Q66 = Glz (20)
I =vvy I =vvy 1 =vipvy,
and
¢ =cosfd and s = sind (2d)

where @ is the lamination angle with respect to the plate x-axis.
Based on a micro-mechanical model of the laminate (Bowles and Tompkins 1989), the thermal
expansion coefficients in the longitudinal and transverse directions of fiber are expressed as
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where oy and ¢, are thermal expansion coefficients of the fiber and matrix, respectively.
In the above formula, V;and V,, are the fiber and matrix volume fractions and are related by

Vit V,, = 1 4)
and E; Gy and vy are, respectively, the Young’s modulus, shear modulus and Poisson’s ratio of the

fiber and E,, G, and v, are the corresponding properties for the matrix. Thus, the material
properties of lamina are expressed as
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Fig. 2 The plane structure of the laminated plates with simply supported edges. I represents 1/4 symmetry
region of the laminated plates

The study is based on 1/4 of the plane area according to symmetry of laminated plates. Suppose
the variation of the temperature at the center of x—y plane shown in Fig. 2 is AT7,, and
AT‘k)(x, v) (the temperature variation at any position) is linear function of AT, related to x and y as
follows

AT®(x,p) = ATy(x +y +1) (6)
The geometric equation is given by
1
& = E(ui,j +u; ;) (7a)
Form Eq. (7a), the displacement expressions is represented as
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Substituting Eq. (7) into Eq. (1), the plane stresses in the k layer of laminated plates in thermal
environment can be rewritten as
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3. Response of dynamic interlaminar stresses

For the kth layer of laminated plates, the differential equations of dynamic equilibrium without
considering inertial forces f; is represented as

2
o = pZ (i j=1,2,3) 9)
ot
Integrating for Eq. (9) over z, dynamic interlaminar stresses are represented as
2 (k) (k) (k)
- p(k)ﬁ _Jdo, Jt, ]dz (10a)
or ox oy
2 (k) (k) (k)
b [(pw D Owm o ]dz (10b)
ot ox Oy
2 (k) (k) (k)
O_Z(k) — J‘ p(k)a é’sz _ é"[},z ]dz (100)
or Ox oy
The boundary conditions of laminated plates with simply supported boundary are expressed as
2 2
x=0,ac w=2W_o. y=0p w=2P_o (11

ox” é’yz
The mode function of free vibration of the laminated plates with simply supported boundary (11)
may be expressed as

W(x,y) = sin X gjn 22V (12)
a b

and the corresponding displacement mode is written as

w(x,y,t) = W(x,y)sin(@,,,t) (13)

where ®,, expresses the nature frequency of free vibration of laminated plates, which is easily
obtained based on the corresponding stacking sequence of laminated plates, m and » are,
respectively, wave numbers of vibration along x and y directions.

Substituting Eq. (13) into Eq. (7b), yields

u = —zm—”coswsinwsina)m,,t (14a)
a a b
v = s mﬂxcosﬂsma) ul (14b)
b a b
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a

Substituting Eqs. (8) and (14) into (10) and integrating over z, we have
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where z'zo(x Wz), T yzo(x v,z) and o, (x v, z) are the known functions, f g K" are undetermined
functions related to x and y, which is determined by utilizing the upper and bottom surfaces
conditions of laminated plates and the continuity conditions of interlaminar stresses between layers
as follows stresses in the upper and bottom of the laminated plate

T.=17,=0.=0, (z=2z) (16a)
7.=7.=0,=0, (z=2z,—h)) (16b)
continuity conditions of interlaminar stresses between layers

k k+1 k k+1 k k+1

t,=17, , T,=71, , O.=0, ; z=zxk=12,..1[-1 (16¢)
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Substituting Eq. (15) into Eq. (16a), gives

! /
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Substituting Eq. (17) into Eq. (15), the stress out-plane of the /th layer can be determined as
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Utilizing the continuity condition (16c) of interlaminar stresses between the /th layer and the (/— 1)th
layer, the undetermined function of the (/ — 1)th layer can be given by
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Similar to the above method, the undetermined function of the kth layer is expressed as
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Thus, substituting z=z;, (k=1-1,1-2, ..., 1) into Eq.(15) yields the dynamic interlaminar stress
between the kth layer and the (kK — 1)th layer which is expressed as
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4. Numerical results and discussions

To study the effects of temperature, humidity and electric fields on the response histories of
dynamic interlaminar stresses in laminated plates, several numerical examples were solved for
different stacking sequence laminated plates. Graphite/epoxy composite material was selected for
the plates in the present examples. The material properties adopted are (Adams and Miller 1977)
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Fig. 3 (a,b) The response histories and distribution of interlaminar stress in laminated plates with the stacking
sequence [0°90°];, under vibration mode of @, =138 rad/s. The curves A, B, C and D represent,
respectively, the interlaminar stresses at times 1= 0.5@y,7, t=0.75@7, t= 125w 7 and t=1.5@, 7
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E;=230 (GPa), G;=9 (GPa), »=0203, a5 =-0.54x 10°/°C, pr=1750 kg/m®, v,,=0.34,
a,, = 45x 10°/°C, P = 1200 kg/m* and E,,=3.51 (GPa). Here, the analysis is equally applicable
to other types of composite materials. For these examples, the thickness /4 of single fibre reinforced
layer is taken as 2.5mm. The lengths of both sides on laminated plates are, respectively,
a=>b=40 h =400 mm. s =lhs express the thickness of the laminated plates. A7(°C) represents
temperature change. The interlaminar stresses in the interface z =/, and at positions y =20/ are
calculated as follows.

Fig. 3 shows the distribution of interlaminar stresses 7, and o, in the laminar plates with stacking
sequence [0°/90°]; along the x-axis, under the vibration mode for @, =138 rad/s. The results

10" (Pa/AT) 10" (Pa/aT)

(a) (b)

Fig. 4 (a,b) The response histories and distribution of interlaminar stress in laminated plates with the stacking
sequence [0°90°];, under vibration mode of @»; =469 rad/s. The curves A, B, C and D represent,
respectively, the interlaminar stresses at times t=0.5@7, t=0.75@ 71, t=1.25w 7 and t= 15w 7
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Fig. 5 (a,b) The response histories and distribution of interlaminar stress in laminated plates with the stacking
sequence [90°/0°];, under vibration mode of @, =138 rad/s. The curves A, B, C and D represent,
respectively, the interlaminar stresses at times 1= 0.5@y,7, 1 =0.75@,7, t= 125w, 7r and t= 15,7
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indicate that 7., is decreasing along with the x-axis, while g, is on the contrary. Fig. 4 shows the
distribution of interlaminar stresses 7., and ¢; in the laminar plates with stacking sequence [0°/90°];
along x-axis, under the vibration mode for @»; =469 rad/s. The results indicate that 7, arrives at the
minimum at x/2 = 10, where o; reached the maximum.

Fig. 5 shows the distribution of interlaminar stresses 7, and ¢ in the laminar plates with stacking
sequence [90°/0°]; along x-axis, under the vibration mode for @;; = 138 rad/s. The results indicate
that z,, is decreasing along the x-axis, while o; is on the contrary. Fig. 6 shows the distribution of
interlaminar stresses 7, and o, in the laminar plates with stacking sequence [90°/0°]; along x-axis,
under the vibration mode for @»; =274 rad/s. The results indicate that z,, arrives at minimum at x/4

=10, where o, reached the maximum.

Fig. 7 shows the distribution of interlaminar stresses 7. and ;. in the laminar plates with stacking
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Fig. 6 (a,b) The response histories and distribution of interlaminar stress in laminated plates with the stacking
sequence [90°/0°];, under vibration mode of @ =274 rad/s. The curves A, B, C and D represent,
respectively, the interlaminar stresses at times t=0.5@7, t =0.75@ 71, t =125 7 and =157
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Fig. 7 (a,b) The response histories and distribution of interlaminar stress in laminated plates with the stacking
sequence [45°—45°];, under vibration mode of @}, =178 rad/s. The curves A, B, C and D represent,
respectively, the interlaminar stresses at times 1= 0.5a@y,7, 1 =0.75@,7, t=125@,7r and t= 15,7
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sequence [45°/-45°]s along x-axis, under the vibration mode for @;; = 178 rad/s. The results indicate
that both 7. and 7. are decreasing along the x-axis. Fig. 8 shows the distribution of interlaminar
stresses 7. and 7;, in the laminar plates with stacking sequence [45°/—45°]; along x-axis, under the
vibration mode for @»; = 412 rad/s. The results indicate that both 7. and 7. arrive at minimum at

x/h =10

Fig. 9 shows the distribution of interlaminar stresses z.. and 7. at the special position of x =20 A,
y =20 h, z=h in laminated plates with various layer angles, along x-axis, under the vibration mode
for @, =138 rad/s. The results indicate that both 7. and 7. are nearly of the same changing
tendency along the x-axis. Thermal load affects the interlaminar stresses most significantly in the
laminated plates with stacking sequence [15°/—15°]; and [45°/—45°]..
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Fig. 8 (a,b) The response histories and distribution of interlaminar stress in laminated plates with the stacking
sequence [45%—45°], under vibration mode of @y =412 rad/s. The curves A, B, C and D represent,
respectively, the interlaminar stresses at times t=0.5@7, t=0.75@ 71, t =125 7 and t= 15w 7
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Fig. 9 (a,b) The distributions of interlaminar stresses at x = 20 A, y = 20 h, and z = h, with the change of the
stacking angle [+8], under the vibration mode of @y,
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5. Conclusions

In this paper, an analytical method is applied to calculate the response and distribution of dynamic
interlaminar stresses in composite laminated plates subjected to free vibration and thermal load. The
new features and meaningful numerical results in the present work are given by

1. The maximum interlaminar stresses occur at ¢= 0.5, 7 or t=1.5a@,,7. The vibration mode
also significantly affects the response histories and distribution of interlaminar stresses.

2. Interlaminar stresses vary with the change of plying angle, which are mainly determined by the
vibration modes.

3. Thermal load has obviously effect on the dynamic interlaminar stresses at particular position
such as the center point of the plane, while has little on other positions. Thermal load affects
the response histories and distribution of interlaminar stresses most significantly in the
laminated plates with stacking sequence [15°/—15°]; and [45°/—45°];, so we can design a
reasonable stacking sequences to decrease the effect of thermal loading on dynamic interlaminar
stresses.
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