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Abstract. An analytical method is presented to solve the elastodynamic problem of finitely long hollow
cylinder subjected to torsional impact often occurs in engineering mechanics. The analytica solution is
composed of a solution of quasi-static equation satisfied with the non-homogeneous boundary condition
and a solution of dynamic equation satisfied with homogeneous boundary condition. The quasi-gatic solution
is obtained directly by solving the quasi-static equation satisfied with the non-homogeneous boundary
condition. The solution of the non-homogeneous dynamic equation is obtained by means of finite Hankel
transform on the radial variable, r, Laplace transform on time variable, t, and finite Fourier transform on
axial variable, z. Thus, the solution for finitely long, hollow cylinder subjected to torsion impact is
obtained. In the calculating examples, the response histories and distributions of shear stress in the finitely
long hollow cylinder subjected to an exponential decay torsion load are obtained, and the results have
been analyzed and discussed. Finadly, a dynamic finite element for the same problem is carried out by
using ABAQUS finite element analysis. Comparing the analytical solution with the finite element solution,
it can be found that two kinds of results obtained by means of two different methods agree well.
Therefore, it is further concluded that the analytical method and computing process presented in the paper
are effective and accurate.
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1. Introduction

In many applied engineering fields, a notable problem is the determination of dynamic shear stress
in a structure subjected to torsional impact load. This dynamic stress may affect the dynamic
strength of the structure. Torsional impact can take place in many different engineering applications
such as machine drilling, geologic exploration drilling, structural bolt fastening. Previous researches
on theoretical solutions for structures under impact loads have mainly focused on radial impact (Cho
et al. 1998, Eringen and Suhubi 1975, Pao and Ceranoglu 1978, Cindli 1965, 1966, Soldatos and
Ye 1994, Wang et al. 2000). General solution methods used for thick-walled cylindrical shell
dynamic problems are: the integral transform method (Cho 1998), the eigen-function method
(Eringen and Suhubi 1975), the ray method (Pao and Ceranoglu 1978) and the finite Hankel
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transform (Cinelli 1965). The theoretical solution of thick-walled shells under torsional impact has
seldom been considered so far. Liu and Wang (1995) give the response histories of semi-infinite and
infinite elasto-body under a torsional force with time and uniform distribution along the length of
cylinders. Kim and Haim (1991) presented the response histories of shear stress wave in a
cylindrical wave-guide tube with longitudina section periodic changing by using the theory of
dadticity and experiments. Clark (1956) investigated torsional wave propagation in hollow
cylindrical bars. Gazis (1995a, 1995b) presented three-dimensional investigation of the propagation
of waves in hollow circular cylinders. Armenakas (1965) researched torsional waves in composite
rods. An approximate theory of torsional wave propagation in eagtic circular composite cylinders
was presented by Haines and Lee (1971). Carcione and Seriani (1998) has given the propagation of
torsional waves in lossy cylinders. A simulation of stress waves in attenuating trill strings, including
piezoelectric sources and sensors was presented by Carcione and Flavio (2000). Cinelli (1966) gives
a theoretical solution for a hollow cylinder under torsional impact by making use of the finite
Hankel transform. After anaysis, the theoretical solution given in Cinelli (1966) was seen to be
manifestly incorrect and no examples were given. Due to the complexity of the problem, the
investigations on the propagation of torsional wave in afinitely long hollow cylinder are only a few.

This paper develops anadytical equations for elastodynamic problem of finitely long hollow
cylinder, with mixed boundary conditions under torsional impact loading. The anaytic expressions
of the tangent displacement and the shear stress in the finitely long cylinder subjected to torsiona
impact load are obtained by means of a finite Hankel transform on the radial variable r, Fourier
transform on axia variable z and Laplace transform on time variable t.

In the example caculations, the histories and the distributions of shear stress in the finitely long
hollow cylinder subjected to torsiona impact load are presented. By analyzing the calculated results,
it is found that the solution has the wave's properties, and appears in a strong discontinuity effect at
the shear stress wavefront. Finally, a dynamic finite element is carried out for the same problem by
using ABAQUS finite lement analysis. Comparing the analytica solution with the finite element
solution, it is manifested that the method and the calculating procedure presented in the paper is
concise and practicable, has certain practical applications to similar questions.

2. Dynamic equation and solution for torsional problem

A finitely long hollow cylinder with the outer boundary fastened and inner wall subjected to a
torsiona impact load A(z, t) is shown in Fig. 1. Consdering the geometry and loading shown in Fig. 1,
this is seen to be an axisymmetric problem. Therefore, in the cylindrical coordinate system, al the
drain variables are independent of 6, and U, =U,=0. Thus, geometrical equations, stress-strain
relations and equilibrium equations can be, respectively, expressed as

- due(rlz! t) _ dUQ(r,Z, t) UQ(razv t)
Yoo = = 9z Yo = ar - ; (@)
__0Uy(r,z,t) _ ~PYe(r,z,t)  Ug(r, z, 1)
Ty, = G dZ ’ Lig = GD dr - r 0 (2)
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where Ug(r, z t) expresses tangential displacement, G expresses shear module and p expresses the

density of materid.
From Egs. (2) and (3), the elastodynamic equation is written as

aZUQ(r! Z, t) + 1— ﬁUQ(rl Z, t) _ Ue(r! Z, t) + aZUQ(r! Z, t)_ i aZLJG(r! Z, t)
ar? r or r? .. 4

t=0

where C, = ./G/ p isthe velocity of shear stress wave.
Boundary condition:

_ . PUe(r,z,t) Ug(r,z,t)_
r= a, Tre(raza t)_ GD ar - r D_ A(Z! t)
r=">h, Uyr,zt) =0
Ends condition:
oUy(r, z,1)
z=0, T14(r,zt)= GGT =0
oUy(r, z, 1)
z= |, Tg(r,zt) = GeTz 0
Initial condition:
oUg(r, z,t
t= O, UQ(I‘,Z,I) = er(rlz)l % = V@O(rlz)

The solution of Eq. (4) can be expressed as
Ug(r, z,t) = Ug(r, z,t) + Ugy(r, z 1)

(4)

©)

(6)

()

8

where Ug(r, z t) is defined as a quasi-static solution which satisfies a homogeneous quasi-static
equation with inhomogeneous boundary condition and Ug(r, z t) is a dynamic solution which

satisfies an inhomogeneous dynamic equation with homogeneous boundary conditions.
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The quasi-static equation is expressed as
U1, z,1) L 10Ua(rzt) Up(r.z,t)

o’ r or r? 0 ©
The corresponding inhomogeneous boundary condition is
_ EﬁUQS(r, Z, t)_UQS(I’, Z, t)|:|_

r= a, GD o . i A(z t)

r="b, Ug(r,zt)=0 (20)
Solving Eq. (9) and applying inhomogeneous boundary condition (10), we have
2
_a o _1ip

UQS(rl Z, t) - 2G I%z r DA(ZI t) (11)

From Egs. (4), (8), (9) and (10), the inhomogeneous dynamic equation with the corresponding
boundary and initial condition are, respectively, represented as

U (1, 2,1) L 101 2t) Un(rzt) - 1 Bazues(r,z, v, FUg(r, 2, 00

or? r or 2 = CTZ g pY. P :
Eimzues(ra Z, t) + aZUQd(r, Z, t)g (12)
2 2
O 0z 0Z 0
OUgy(r,z,t) Upgy(r,zt

|: Hdgr )_ Hd(r ):| ] =0, [Ugg(r, z t)] r2p=0 (13)

OUg,(r,z 0
Uaa(r, 2,0) = Ugo(r, z) — Ugso(r, 2), % = Vgo(r, 2) = Vigeo(r, 2) (14)

In Eq. (12), the Ug(r, z,t) isthe known quasi-static solution shown in Eq. (11).
The homaogeneous form of Eq. (12) can be written as

U (r,z) 10U4(r,2) = 1 _
e i V() = 0 (15)
The genera solution for Eq. (15) is written as
Ug(r, 2) = B1(2)31(Sr) + By(2)Y1(S1) (16)

where J;(ér) and Yy(ér) are, respectively, first order Bessel function of the first and the second
kinds, B1(2) and Bx(2) are arbitrary function. From Eg. (16) and Eq. (13), we have

B.(2)] €3] (§a) ~ 23800 | + B.(2) vi(éa) - vi(éa)] = 0

B1(2)J:(¢b) + B5(2)Y1(Sb) = 0 (17ab)
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Substituting Eq. (17b) into Eq. (16) yields
B
U1, 2) = e g 35(ENY:(Eb) ~ 3, (80) V(€] (18
From Eqg. (17), an eigenequation is given by
Y1(§ib)J, =31 (b)Y, = 0 (19
where J = E3i(5a) —20(8), Ya= EYi(da) —2Vi(£a) 20

&(i=1, 2 3, ...) are the positive real eigenroots of the eigen Eq. (19).
Eq. (16) can be rewritten as

Ugi(r, 2) = Bi(2)Cy(&ir) (21)
where, Bi(2) = Byi(2)/Y1(&b), Ci(Sir) = Iu(&ir)Y.(&ib) — I (§ib) Ya(&ir) (22)

Applying the normalization of C,(&;r), from Eqg. (21) we have

i\!> 1\S6i d
52 - [oUq(r 2z>c (&r)rar
ﬁCl(Eir)rdr

(23)

Apparently, from a serial of Ug(r,z)(i =1,2,3,...), the general expression of Uy(r, Z) can be
represented as

Uilr.2) = 3 B2IC(EN (24)

Let finite Hankel transform of U,(r, z) be defined as
HIUu(r, 2)] = Ua(&2) = [LUq(r, 2 Cy(&r)ar (25)

the inverse transform of finite Hankel transform (25) is
Udlr, 2) = Z%Q(fir) (29
where F(&) = [rCi(&nar (27)

Using the above definition and applying the finite Hankel transform for r in the inhomogeneous
dynamic Eq. (12), we have

~EUa(&,2t) = Ci{

T

dZUQS(Ei,z,t)+o”'ZUed(Ei,z,t)}{fﬂes(fi,z,t) ,TUa(&,21)

o o o7 o7 } 29



286 X. Wang, X. Y. Wang and W. H. Hao
The Laplace transform for time t and its inverse can be, respectively, defined as
LIF(D] = f(p) = [ f()e™dt
L[ (p)] = f(t) = J“'Wf ‘(p)e”dp (29)

where, p = o+ iw isacomplex variable.
Applying Laplace transform for t to Eq. (28) yields

_&Un(&,2,p) = C%{ p°[Ues(&, 2, p) + Usa(&, 2, p)] — pUeol(&, 2) — Vol &, 2)}-

T

Uss(&, 2, p) .\ 7Uoi(&, 2, p)

(30)
ra o7
In order to ensure both Uy(r, z,t) and Uy(r, z,t) meet the free end conditions, we suppose
> - nrz > - nrz
Ug(r,z,t) = Zoues(r, n,t)cosT, Ugy(r,z t) = nZOUQd(r,n,t)cosT (3D
According to the following finite Fourier cosine transform and its inverse transform
df(2)] = F(n) = J‘gf(z)cosnTnzdz n=012,.. (323)
GO = 1) = FFO)+ £ 5 Fmcostf® (320)
L L £
Ugs and Ugq can be represented as
~ 1
Ues(r, 0,1) = Ff;Ues(r, 2. t)dlz
~ _ 2 nrz _
Ues(r, n,t) = [JJ(;Ugd(r,Z, teosT—dz  n=123.. (333,)
~ 1
Uaa(r, 0,t) = Ff; Uan(r, 2 t)dz (330)
~ _ 2 nrz _
Uga(r, n, t) = [Jtued(r,z,t)cossz n=123,.. (33d)

Applying Eqg. (33) to Eg. (30) gives

—&Ug(&, 1, p) = C%{ p2[Uss(&, 1, p) + Usa(&, 0, p)] —pUso(,, n) —Veo(&, N} +

T

2 2 ~
2 [UGS(‘?U n, p) + UGd(E“ n, p)] (n =0,1,23, ) (34
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where,

ﬁ;d(fi,o, p) = %Jta*ed(fi,z, p)dz, 6;d(fi,n, p) EJJ(;U*Bd(Ei,Z, p)cos%zdz

ﬁ;s(fi,o, p) = %J*OU;s(gﬂ,z, p)dz, 6;s(£i,n, p) %Jtlj*es(fi,z, p)cos%zdz

690(5: 0) = %JLOUQO(&' 2)dz, 690(fi: n) = %JJ(;UGO(Eia Z)COS%ZdZ

Veo(£,0) = TfVeo(&, 20z, Veo(&, ) = 2fs Vao(&, 2)00s ez (35ach)

Eq. (34) can be smplified as
2

Us(&,n,p) = —Us(&.1.P) + 52— Usn(&, N, p)——5P—Ueo(&, ) -5 Veo( &) (36)
p +X +X

p2

2_22
C
where, w = §Cp X = /w|2+ . 7|_Tz : (37)

Applying the inverse Laplace transform to Eq. (36) yields
2

Usi(&.n,t) = _ﬁes(fi,n,t)+%sinxt*ﬁes(a, n,p)—ﬁeo(a,n)cosxt—s%‘\:/eo(a,n)

2, 2
p+X

(n=0,1,2,3,...) (38)

where sinxt’ Uss(Z, 0, p) = [, sinx(t - ) Ues(&, n, )dz (39)

The inverse Fourier transform of Eq. (38) gives

Uea(&.2,1) = 5 Usa(é, n, ycos™ (40)
n=0
The inverse Hankel transform of Eq. (40) gives
:_ ﬁed(fi, n,t)cosMZ
Ug(r,z,t) = Zz — F(&) - Ci(&ir) (41)

From Egs. (8), (11) and (41), the analytical expression of the elastodynamic solution is represented
as

nrz

) z‘::OUgd(Ei, n, t)cos -

Ulr. 2.0 = 3605 -3 7 AN t)COSnTnZ+Z F(&)

C.i(&r) (42
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h A(0,1) = Z(-A(z t)d
where (,)_LJ*O(z,)z

A(n, t) = %EA(Z, oosdz  (n=1,2,3,..) (43)

From Egs. (1) and (2), the analytica expression of the dynamic shear stress can be written as

z UGd(Eﬂn t)COS L |—d Cl(flr)J

To(r,2,t) = %X:ZOA(n,t)cos%u+GZ ) | 3rCiEn-

, ZOUQd(EI,n t)sm—
rgz(r,z,t)z%%;—z—%gz _oT I_DA(n t)sm——G LZ &) C.(&n) (44)

3. Example and discussion

In practical engineering, torsional impact load with exponentia decay is more common, which
can be represented as

0 t<0
A(zt) = O (45)
roze © t=0
The initia condition before the loading is considered as
ou 0
Ug(r, z,0) = Ug(r,2z) = 0, % = Vgo(r,t) =0 (46)

From Egs. (45), (46) and (42), the response of the tangent displacement is given by

Toa° _,, D|_ nrzJ
Uy(r,zt) = EE‘;—Z %E ‘ 22 n’[(-1)" —l]cosTE+

1 DTOLJl(E,b)[ aC,&sin(wt) + wfcoswt + a’e ™ .\

2F@E onél, 71
41oLJ,(&ib) at 4 nrz 0
07733a Zn 1n 2[( 1"~ ]{G_E_E(}COST Epl(‘fir) (47)

Substituting Eq. (47) into Eq. (44), the expressions of dynamic shear stress are written as
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— o —atDL _le:'
To(r,z,t) = 2 2 szn 0 ( 1)" - 1] cos 1 E+

1 OrLJi(&b) [- awsinwt + wfcoswt + a’e™] .

-F($)g en&a, o+ of
410l Ji(&ib) 1 e” 1 asinxt—xcosxt+xe ™| nmz0
) W (S ]{GE‘ o }:os =
<[ acon - Feuen| (“8)

’ - s 4GTd, (&b
totr2) = Ly ) a5 ST e 6

a

Oce 1., .0 e _1asinxt— xcosxt + xe ‘. nr]
SO lD -1
E ”zln[( ) ]EGfi pX a’+ X L E

(49)

where Co(&ir) = Jo(&ir)Yo(&ib) = Jo(&ib)Yo(Eir) (50)

and Jy(ér) and Yy(&r) are, respectively, zero order Bessel function of the first and the second
kinds.

In example calculations, to improve the convergence of these series in the expression of the
solution, we consult a particularly useful book given in Lighthill (1958). Material properties of the
structure are considered as. G = 80 Gpa, p = 7800 kg/m®. The thickness of hollow cylinders are,
respectively, (b — a)/a =20 and (b — a)/a = 2, where a = 0.01 m. In order to make the problem easy to
deal with, the al variables are taken as the form of dimensionless: T"=tC,/a, R =(r—a)/(b-a),
Z =7, Ty=T,9/Ty, Ty, = Tg/ Ty, Up=Uy/T, (M/pa).

Fig. 2 to Fig. 7 show that the curves of shear stress and tangent displacement vary with z and
time T~ when the finitely long, hollow cylinder with (b — a)/a = 20 is subjected to torsional impact,
during T" < 20. For this structure and the corresponding parameters, the reflecting effects of the
shear stress wave in the structure are excluded. From Fig. 2 and Fig. 3, it can be seen that shear
stress 1,4, and T,, meet the corresponding boundary condition at both the internal boundary, and
two ends of the finitely long hollow cylinder. From Fig. 5 to Fig. 7, it can be seen that there is
abrupt leap at the wavefront of the shear stress wave and tangent displacement when T* = 1. When
the stress wave reaches the place R* = 1, and as the wavefront spreading far from the place R* = 1
to the external boundary during T >1, the responses of the shear stress wave and tangent
displacement at this point will gradualy tend to the quasi-static solution of the point. In order to
describe the wave effect of the shear stress and tangent displacement in the finitely long hollow
cylinder subjected to the torsional impact load, much clearly, Fig. 8 and Fig. 9 show the responding
histories of the shear stress and the tangent displacement at the place Z' = 0.5 (the middle part of
the finitely long, hollow cylinder). For a certain point in the hollow cylinder where the stress wave



290 X. Wang, X. Y. Wang and W. H. Hao

Fig. 2 The responding histories of shear stress 1, in  Fig. 3 The responding histories of shear stress 1,5 in

finitely long hollow cylinder under torsion finitely long hollow cylinder under torsion
shock. R =0, (b -a)f/a=20,Z=2L, R = shock. R =0, (b-a)/a=20,Z =72L, R =
(r-a)l(b-a), T =tCla, T, = T,¢/ To (r-a)l(b-a), T =tCla, T,p = T,/ Tp
*
Uy x(;;: pa) . T
2 H 03 T

Fig. 4 The responding histories of tangent displace-  Fig. 5 The responding histories of shear stress 1, in

ment U, in finitely long hollow cylinder finitely long hollow cylinder under torsion
under torsion shock. R = 0, (b — a)/a = 20, shock. R =1, (b-a)l/a=20,Z =72L, R =
R =(-alb-a), T =tCla Z = 7L, (r-a)l(b-a), T =tCla T, = T,¢/Tp

Uy = U/ T,

has not reached, the response value of the stress wave equals to zero. When the wavefront arrives at
the point, the response vaue is the biggest. When wavefront goes away from the point, the
corresponding response value tends to the quasi-gtatic solution of the point.

For the finitely long hollow cylinder with (b — a)/a = 2 subjected to the torsional impact, the shear
stress varying with the axial variable z and time t are, respectively, shown in Fig. 10 to Fig. 15, for
0< T <20.During T > 1, any point in this structure will be influenced by reflected wave between
the inner and outer wall. Because of the influence of the incessant reflection of the wave, the
responses at any point in the structure will oscillate strongly.
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Fig. 6 The responding histories of shear stress 1,5 In
finitely long hollow cylinder under torsion
shock. R =1, (b-a)/a=20,Z=2L,T =
tC/a, R =(r—a)l(b—a), Ty = T,o/ T,

150

1.25

------- Quasi-static solution

1.00
0.75
0.50

025+

0.00

.25 f—r—————————————
0.0 25 5.0 75 100 125 150 175 200

Fig. 8 The responding histories of shear stress 1,5 in
finitely long hollow cylinder under torsion
shock. (b — a)/a = 20, Z=2L=05, R =

U, *(m/pa)

Fig. 7 The responding histories of tangent displace-
ment Uy in finitely long hollow cylinder
under torsion shock. R = 1, (b — a)/a = 20,
T =tC/a, R =( - a)lb - a), Z = 7L,
U, = U/ T,

- Quasi-static solution

Fig. 9 The distributions of shear stress 15 in finitely
long hollow cylinder under torsion shock.
(b-ala=20,Z=272L=05R =( - a)l

(r-al(b-a), T =tCla To = T,s/To (b-a), T =tCl/a T.o = T,¢/To

In order to prove the vaidity of the analyticad method and the solving process further, a dynamic
finite eement solution for the same example used in the solution is also achieved by using
ABAQUS finite lement analytical card. In this dynamic equation of eagtic system, using the
Halmiton principle, the dynamic equation of the finite element is written as

[KI{d +[MI{d = {F(t} (51)

where [K] is the gtiff matrix, [M] is the weight matrix, {d} is the displacement of the knot points
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Fig. 10 The responding histories of shear stress T,y
in finitely long hollow cylinder under torsion
shock. R =0, (b-a)fa=2Z=72L, T =
tCla R =@ -a)llb-a), T,s = [,/ Ty

Uy *(m/pa)

x 10"

' rmﬂmu({({r{{ﬂfmmmm'w I W‘W !
. '"“““*“"umrmﬂ#ﬂlW %///[/ Ul

Fig. 12 The responding histories of tangent displace-
ment U, in finitely long hollow cylinder
under torsion shock. R = 1, (b — a)/a = 2,
Z=72L, R =( -a)lb-a), T =tCla,
Ug = Uy/ 1y

il //ﬂ,lﬂlmm AR
i

il

"1 = ///"f%llf

ol

]
.
I _//[ ‘ frist

0

Fig. 11 The responding histories of shear stress T,
in finitly long hollow cylinder under torsion
shock. R =0, (b-a))a=227Z=27L,T =
tCla, R =(r-allb-a), T,y = L,/ Ty
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Fig. 13 The responding histories of shear stress g
in finitely long hollow cylinder under torsion
shock. R =01, (b-a)a=2 Z=7L, R
=(r-a)fl(b-a), T =tCla T,y = T,¢/ T

and {F(t)} is the dynamic load. In the solving process of the dynamic finite element, using a
directly integra method, the solution of the dynamic Eg. (51) can be obtained by ABAQUS
program card. Considering Fig. 1, the finite element model and net for the middle plane at Z = 0.5
of the finitely long hollow cylinder can be shown in Fig. 16. The geometry size and materia
property are the same as those in the theoretical solution and time step is taken as At = 0.01a/C,.

The relative error is less than 1%.
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Ug *(m/pa)

| ' \‘n.\ 15 PR
| - - .-
A e g™ i
PR e P i :

|%%h “J //////,// ”!lli i
it o ,%/r////// ﬂ% -

i 1
|||||||

1 ; - il

ﬂl

08 15
06
04 10
02 5
r 0o ™
Fig. 14 The responding histories of shear stress 1,9 Fig. 15 The respondmg histories of tangent displace-
in f|n|tely long hollow cylinder under torsion ment Uy in finitely Iong hollow cylinder
shock. R =01, (b-a/a=272=27L, T under torsion shock. R = 0.1, (b — a)la = 2,
=tC/a, R =(r-a)(b-a), T,y = Lo/ T T =tCl/a, R=( - a)lb - a), Z = 7L,
Uy = U/ Tg
ABAQUS

Fig. 16 The finite element net for the middle plane a z' = 0.5 in finite length of hollow cylinder under sudden
torson load for §=0, (b—-a)la=5

4. Conclusions

It is noted that while solving the present problem, the number of eigenvalue terms was taken as
40, and the relative error in the results obtained was less than 1%. The features of the stress waves
propagating in the finitely long, hollow cylinder along the radial direction are clearly shown in
Figs. 2-9. The responses of shear stress at which the wavefront of stress wave has not arrived equal
to zero. The responses of shear stress at which the wavefront arrives appear in the maximum value
and strong discontinuous effects. The propagation of the wavefront decays and the dynamic stress
approaches to the quasi-static stress at the same point when time is large and the effect of reflected
wave does not appear.
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06 \ Analytical solution

\ - - - - Finite element solution

01 . . . . . . . . . |

Fig. 17 The response histories of shear stress in the
r-0 plane a Z = 0.5 in finite length hollow
cylinder under sudden torsion load for 8 =0,
(b - a)a=5 R=(r - a)la, T=tCla T
=Tl Ty

0.2

0.0

-0.2

Analytical solution
- - -- Finite element solution

0.0

T T T T T T T T
0.2 0.4 06 0.8 1.0
R1

Fig. 18 The distribution of shear stress in the r-6

plane a z = 0.5 in finite length hollow
cylinder under sudden torsion load for 3 =
0(b-ala=5Rl=(r-alb-a), T=
tC/(b—a), T =01, 1= TelTo

Comparing the theoretical solution with the finite element solution shown in Fig. 17 and Fig. 18,
it can be found that two kinds of results obtained by making use of two different solving methods
are suitably approached. Therefore, it is further concluded that the method and computing process
of the theoretical solution are effective and accurate.

It is noted that the key to solve the problem of stress wave propagation using a dynamic finite
dement method is how to select calculating time step corresponding the finite element mesh.
Therefore, it is very difficult to exactly obtain the maximum amplitude of stress wavefront by using
the dynamic finite element calculation. An anaytical solution can give an exact expression of stress
wave propagation, which can be used to directly discuss some physical characters of stress wave
propagation.

From this knowledge of the response histories for the elastodynamic solution to finitely long
hollow cylinder subjected to torsional impact load presented in this paper, it can be assessed that the
dynamic intensity of the structure subjected to torsional impact load in various special engineering
requirements such as mechanica drilling, petroleum drilling and automatic fasten of steel structure's
fastening bolts, and can also use it as a reference of various approximate theories.
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Notation

Ug(r, z t), U, U, : tangential, radial and axial displacements

y; and T : shear dtrains and shear stresses

Tio : shear stress in the r@ plane

Te, : shear stress in the 6z plane

Ugs : quasi-static displacement solution

Ug : displacement solution of nonhomogeneous dynamic equation
G : shear modulus

pandt : dengity of the material and time variable

a,bandL :internal radii, external radii and length of hollow cylinder
C,=JG/p : elastic wave speed

Az 1) : torsion impact load function

Ji(&ir) and Jy(&r)
Jo(&ir) and Yo(&ir)
£(1=1,23,..)
Nondimensiona Quantities

T=tC./a,

R = (r-a)/a,

: first order Bessel function of the first and second kinds
: zero™ order Bessel function of the first and second kinds
. positive eigenroots

Rl= (r-a)/(b-a), Z=27/L, T,9= T,¢/To

T, = To/To, Uy =Uy/T, (M/Pa)





