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Abstract. This paper presents a theoretic model of a smart structure, a transversely isotropic
piezoelectric thick square plate constructed with three laminas, piezoelectric-elastic-piezoelectric layer, by
adopting the first order shear deformation plate theory and piezoelectric theory. This model assumes that
the transverse displacements through thickness are linear, and the in-plane displacements in the mid-plane
of the plate are not taken to be account. By using Fourier's series expansion, an exact Navier typed
analytical solution for deflection and electric potential of the simply supported smart plate is obtained.
The electric boundary conditions are being grounded along four vertical edges. The external voltage and
non-external voltage applied on the surfaces of piezoelectric layers are all considered. The convergence of
the present approach is carefully studied. Comparison studies are also made for verifying the accuracy and
the applicability of the present method. Then some new results of the electric potentials and displacements
are provided. Numerical results show that the electrostatic voltage is approximately linear in the thickness
direction, while parabolic in the plate in-plane directions, for both the deflection and the electric voltage.
These results are very useful for distributed sensing and finite element verification.

Key words: sandwich plate; piezoelectric platpiezoelectric material; first order shear deformation
theory; analytical solution; bending.

1. Introduction

The study of embedded or surface mounted piezoelectric materials in structures has received
considerable attention in recent years. One reason for this is that it may be possible to create certain
types of structures and systems capable of adapting to or correcting for changing operating
conditions. The advantage of incorporating these special types of material into the structure is that
the sensing and actuating mechanism becomes part of the structure by sensing and actuating strains
directly. These types of mechanism are referred to as strain sensing and actuating. This advantage is
especially apparent for structures that are deployed in space. Generally space borne structures are
very flexible because they are not designed for operations in which the force of gravity is present.
In addition, they are characterized as having very low level of damping. Thus, transient vibrations
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endure for longer periods of time than is acceptable and operations may be interrupted. Proof-mass
actuators, thrusters, and piezoelectric materials as described here are possible means of controlling
the vibrations. Of course, there may also be many other good methods that have not as yet been
thought of. However, generally speaking, most actuator systems other than the strain induced type
add a considerable amount of weight and a possible space to the structure, thereby changing its
mechanical properties significantly.

In order to utilize the strain sensing and actuating properties of piezoelectric materials, the
interaction between the structure and the intelligent material must be well understood. Mechanical
models for studying the interaction of piezoelectric patches surface mounted to plates have been
developed by a number of investigators. To name a few, Lee (1990) derived a theory for laminated
piezoelectric plates, where the linear piezoelectric constitutive equations were the only source of
coupling between the electric field and the mechanical displacement field. Tiersten (1969) modeled
single layer piezoelectric plates, including the charge equations, but did not study laminates.
Tauchert (1992) presented a theory for laminated piezoelectric plates including the thermal effects.
These studies are all based on the classical plate theory. To begin addressing the influence of
transverse shear effects on smart piezoelectric composite plates subjected to mechanical or thermal
loads, Jonnalagaddet al. (1994) developed a theory for laminated piezoelectric plates used a
Reissner-Mindlin or first order shear deformation theory. Analytical and finite element solutions for
plates having simply supported or fixed boundary conditions are presented. Then various kinds of
refined higher order shear deformation theories for laminated piezoelectric plates have been
developed by Fernandes (2001), Mitchell and Reddy (1995). All the theories mentioned above are
based on an assumption that the distribution of electrostatic potential through thickness is linear or a
fixed known function of coordinate. This is not in accordance with the actual case, and the
numerical results are not with enough accuracy. Recently, exact three-dimensional solutions for this
problem are carried out by several investigators employing different method, see Heyliger (1991,
1996, 1997), Bisegna (1996), Jong (1996), Chen (1997¢&at It is no doubt that these theories
can generate excellent results, however, the computational costs will be very high. To generate
moderately accuracy solutions with little computational efforts, the present paper provides an
analytical solution for a four edges grounded piezoelectric sandwich plate with simply supported
mechanical boundary conditions base on the first order shear deformation theory. In our studies, no
assumptions are made to the electric potential in any directions of the plate.

2. Basic equations
Generally, the constitutive relations for piezoelectric materials are as follows
o=ce-€eE, D=ee+gE (1)
where,D andE are the electrical displacements vector and the applied electric field intensity vector
respectively;o and € are the stress vector and strain vector respectiggly;andg are the elastic

coefficients matrix, the piezoelectric stress coefficients matrix and the dielectric permittivity matrix
respectively. For an isotropic piezoelectric material polarizeddinection, these matrixes are
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Wherecy; = Czz, C13= Ca3, Cas = Cs5, Co6 = (C11~ C12)/2, Q11 = Qo2 €15= €24, €31 = €32,
The stress equations of equilibrium and the equation of electrostatics are as follows
o]

i tX =0, D;=0 €))
whereX(i =1, 2, 3) are the applied volume force density components. The strains are expressed in

terms of the displacements, and the electric field intensitiels, are expressed by an electric
potential functiond® as

1
& = é(ui,j +tu;), E=-0; 4)

Consider an isotropic rectangular plate mounted with two piezoelectric layers on the bottom and
top surfaces. The geometric shape and the coordinate system of the plate are shown in Fig. 1. The
length and width of the plate & and b respectively. The thickness of the elastic layer and two

piezoelectric layers ik andt respectively.
Consistent with first order shear deformation theory, the displacement components are taken to be

of the form
u, = —za, U,=-z83, U3=Ww 5)

wherea and are the rotations aboutandy axes respectively. Using the displacements of Egs. (5),
the strains are given by
@a , 960

__da ___ B __ S T L L
&= o0 &= Zg £=0, %,=-B+ NS Vox = =0+ 50 Ky = “20gy T 9x O ©
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Integrating the constitutive relationships of Egs. (1) through the composite plate thickness leads to

the structure material stiffness relationships. The bending stiffness and the shear stiffness coefficients
are given as

= S fiZdldz A= S il 6= zf'”cﬂﬁ @)
i=1 i=1

The bending moments, twisting moments and the shear force resultants are written as

M, =— ZJN2+I dZ M, =— de+A 555 2, 28 Zdz
M,y = A_Ay%a ggg Q= GD CV"'OH'V\ID*'Z‘lNZ+t 1507X (8)
Q,=GH ﬁ+ Hrefr 24—dz
Substituting Egs. (8) into the three equatlons of equilibrium
o+ 5-Q. = 0
T+ 5r-Q, = 0 ©

Q. 9Q
aX+EY+q—O

and substituting the second equation of Eqgs. (1) into the second equation of Egs. (3), one can obtain
the governing equations of the problem

o'?za A ﬁ_,ﬁza iﬁ d\N 2+t 0.'2 2+t
dez dyz a+ 2 dxdy ax ZJN Qﬂaxadz ZJN 15dxdz 0

A+Ay02(1 A, Ayf@ _Gp+ A?y@_I_GﬂW_ZJh/zH ngdzq)dzk er./zn ﬁdDdZ 0

2 ' 2 o o
Fw (0
@a, dB_dw_ WD 2+1 .
O 5y 2eo(V* D2ddz—q = 0
01 O;XCD gzzlijD*‘ 933[5,;2(1)‘F (5t e31) +(e/24+932);-€ O;XW 9/242_\,!=

Suppose the four edges of the plate are grounded, the charge boundary conditions along four
edges can be written as

®=0 (11)

When the top surface of the plate is applied with external voltage, the charge boundary conditions
are expressed as

z=hW2D,=0; z=(W2+1t):® =dyX,Y) (12)
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Fig. 2 Convergence characteristic of central deflectiofrig. 3 Convergence characteristic of electrostatic
of the plate applied with uniform loading potential at the central point of the plate
q= 1000 kN/n? applied with uniform loading = 1000 kN/nt

where ®y(x, y) is the applied external potential on top surface of the plate. When the surface of the
plate is applied only with a uniform transverse load and with no external voltage, the charge
boundary conditions should be expressed as

z=HW2D,=0; z=(W2+1):D,=0 (23)

According to the first order shear deformation theory, the mechanical boundary conditions for
simply supported edges are as follows
x=0, aM,=0, w=0, B=0; y=0, bM;=0,w=0,a=0 14

3. Method of solution

For boundary conditions imposed in Eqgs. (11) to (14), the solution to the displacement equations
of equilibrium can be expressed in the Fourier’s series form

> i TIX . |
a(x,y) = ai-cos—smjﬂy
i’JZ:l ! a b

lﬁijsin%xc@ibq

1
™M s

B(x, y)

_ _ (15)
w(x y) = i'JZ:lW”-sin%xsinJil;lY

O(xy 2 = i (Dij(z)sini%xsin%y

ij=1
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which seem satisfying the boundary conditions (11) and (14) along four edges. For boundary
conditions (12) and (13) on the two surfaces, we can rewrite them by substituting Egs. (15) into Egs. (1)
then into Egs. (12) and (13) as follows

z z or”sm[!—%mD b O

0 © o dd; A . A
+zesszD:z _Z Busmu—%)mm b O a3 zl]:zl dz”SInB Zx%mg gygz 0

D, = zes1
z=h2:

7= (W2+1):d = Izllzlm.,smﬂ—%m 0= Iiji%usingg‘%in%% (16)
and
z=HW2, z=(W2+1):
D, = Zele D,_ZJZ a”smu—%mmb 0
c < (i o < 49 0=
+2@2Db :z :z sing %lnmb 0= 9331:211:21 dz'st %’me g=0 (17)

where @y; is the coefficients of the Fourier's series for applied voltdgeSubstituting Egs. (15)
into the forth equation of Egs. (10), we obtain

dzq)i' 2
3~ W@+ 6] = 0 (18)
dz
30.0nt- 0.0k —e— no applied potential
— e, I — 4 applied potential O(v)
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Fig 4 Distribution of deflections for plate under Fig. 5 Distribution of electrostatic potentials on the

uniform loadg= 1000 kN/n?

bottom face of the top layer for plate unde
uniform loadq= 1000 kN/n? (y = 0.05 m)
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where
911%57%2 + 9225%%2
o = (19)
Oss
els[[]_rqaz BBHEZJ %T(elS + €31) 0 —%T(eu + €3,) B
6 = (20)
Oss

The general form for solution of Eqg. (18) can be written as
®; = Asinhw,z+ Beoshw,z + 6/ o] (21)

in which the integrating coefficientd andB are determined by the top and bottom surface charge
boundary conditions (16) and (17).
When the external voltageq(x, y) is applied on the top surface, Eq. (21) can be rewritten as

h%as aJ+932 B
i G2y P @, h
Uy _1_1_1 Qo

smhcqj% >~ ta* as ; % +62/cqJ (22)

which satisfying boundary conditions (16). Substituting Eq. (22) and Egs. (15) into the first three
equations of Egs. (10), we obtain the following linear algebraic equations @bdjtandw;.

b =

b 203300 COShwy;t

M1 0 + UypB + HagWij + Uy
M1 O + UopB + HogWij + Upy
Ha1 O + UzoB + agWij + Ly

0 (23)
0

where the coefficientpi (s =1,2, 3t = 1,2 3 4) are expressed in appendix .
When the surface of the plate is applied with only external mechanical load, the solution of Eq. (18)
satisfying boundary conditions (17) can be expressed as
i 7T
€31 Oy + €35 B
- _a b _ O+ &/
i = 033 sinhay; t [ ¥ t%:oskwu% 20 ZCOS % tDJ + 6/ ] 24

Similarly, substituting this equation and Eqgs. (15) into the first three equations of Egs. (10), we can
also obtain a set of linear algebraic equations abpys; andw; as Egs. (23). Here the coefficients
Ug(s=1,2 3t =12 3 4) are expressed in appendix II.

Solving the linear algebraic Egs. (23), one can obtain the Fourier coefficients of rotations and
deflections. Then substituting these coefficients into Egs. (22) or (24), the Fourier series coefficients
of the electric potential function can be obtained.
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4. Results and discussion

In this section, the response of a simply supported square sandwich piezoelectric plate subjected
to mechanical and electric field loading is carried out. The length and width of the plate is
a=b=0.1. The plate is constructed with three laminates, PVDF/steel/PVDF. The thickness of the
elastic layer and the piezoelectric layerhis 0.01, t =h/4, respectively. Material properties for
PVDF layer areE = 2.0 x 10 N/m?; ey = e3; = 0.0483 C/mR; 3= -0.072 C/n%; €5 = €54 = —0.04 C/mi.

Oh1= Goo= Gz = 1.062 x 10'° F/m. Properties for steel laminae dfe= 2.1 x 16*N/m? v=0.3. In

order to determine the number of Fourier's series required for resulting solutions with high accuracy,
convergency studies are carried out firstly. Fig. 2 demonstrates the convergence pattern of center
point deflections of the plate under uniform loading conditien1000 N/nf and applied with 0(V)

electric potential or no electric potential on top surface of the plate. It is observed that the
deflections are converged to stable values with increasing the number of Fouriemséries
convergence demonstrates a slight fluctuation characteristic. It is easily found that only 5 orders of
Fourier's series are needed to obtain the deflection solutions with acceptable accuracy. One can also
found that the numerical values of deflections for plate applied with O(v) external electric voltage on
top surface are 2 times greater than those for plate with no external voltage. This means that the
effect of electric potential on deflections due to the piezoelectric coupling is very high. The
convergence properties of electric potentials at the center point on the bottom surface of the top
piezoelectric layer are shown in Fig. 3. It is evident that the convergence of electrostatic potential
also demonstrates a fluctuation property; however, the convergence rate is much slower than that of
deflections as shown in Fig. 2. Generally speaking, 10 orders of Fourier's series can give good
results for all cases considered in this paper. In all the following studies, 15 items of sine or cosine
series are employed to acquire solutions with higher accuracy.

Base on the convergence studies, we calculate the deflections and electrostatic potentials of a
piezoelectric plate with four edges grounded charge boundary conditions and simply supported
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Fig. 6 Electric potential at the central point throughFig. 7 Deflections of the plate applied with uniform
thickness of the plate applied with uniform external unit potential on top surface of the
loadingq = 1000 kN/n% plate
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mechanical boundary conditions. Figs. 4 and 5 demonstrate the distribution of deflections and
potentials of the plate subjected to a uniform distributed mechanicad 4000 N/nt and applied

with O(V) external potential as well as with no external potential on the top surface. It is seen from
these two figures that the deflections and the electrostatic potentials vary in a parabolic manner in
the plate in-plane directions. It is evident that the values of displacements and electric potentials in
case 0(v) external potential applied is much higher than those in case no external potential applied.
Fig. 6 illustrates the distribution of electrostatic potential through thickness at the central point of
the plate applied with uniform loading= 1000 N/nf. Also, two electric conditions, O(v) external
potential and no external potential applied are considered. It is obvious that the electrostatic
potential is almost linear in the thickness direction. These numerical results ascertain the rationality
of the linear electric potential assumption through thickness some researchers employed. It is also
found that the difference of electric potential between two surfaces of the top layer is much higher
for plate applied with 0(v) external voltage than for plate applied with no external voltage.

Figs. 7 and 8 are the distribution diagrams of the central deflections and the electrostatic potentials
on bottom surface of the top layer when the plate is applied only with a unit uniform potential on
top surface of the top surface. We can see from Fig. 7 that the displacements produced by external
potential also show a parabola diagram along xais, just like the distribution diagram of
displacements produced by mechanic load showed in Fig. 4. The electrostatic potentials however,
are found from Fig. 8 that demonstrate a constant line in this loading case except for the two points
at the edge. In Fig. 9, the effect of piezoelectric thicknesstfatmn the deflections at center point
produced by a unit potential is plotted. It is easy to find that the deflection at center point increases
monotonically as the piezoelectric thickness ratio increases from 0 to 0.5.

At last, comparison studies are made to verify the accuracy of the present method. In comparison
studies, the material properties are identical as in the previous studies ex@gpafate,; which
are chosen as 0. The plate is also in the same form of geometric shape as in the previous studies.
Figs. 10 and 11 plot the results of deflections and electric potentials respectively, which are
generated by the classical plate theory (Zhang 2000) and by the present first order shear
deformation theory. One can easily find that the present results are in good agreement with Zhang's
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Fig. 10 Comparison of central deflections of theFig. 11 Comparison of electrostatic potentials on
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results. The present results are higher than those calculated by efhalngsing the classical plate
theory. The maximum discrepancy of deflections between two results is 10.8%, and the maximum
discrepancy of electric potentials is 6.8%. We should note that the classical plate theory always
generates lower results than the first order shear deformation theory in general, since it makes the
plate stiffness much higher.

5. Conclusions

This paper presents an analytical model for a sandwich piezoelectric plate based on the first order
shear deformation theory. The governing equations and boundary conditions including the
equilibrium equation and charge equation of the plate subjected to a uniformly distributed
mechanical load are derived firstly. Then an analytical solution to the problem is presented by
Fourier series expansion. Convergency and comparison studies show that the deflections and
potentials converge to stable values with high accuracy when increasing the number of Fourier
series, and the convergence rate of the present method is very fast. Numerical results demonstrate
that the deflections and the electrostatic potentials are distributed in a parabolic manner in the plate
in-plane directions, while the electrostatic potentials are distributed linearly in the thickness
direction. From these numerical results we can conclude that the influence of electric potentials on
the deflections of the plate is considerable high, and cannot be neglected especially as the thickness
of piezoelectric layer is not so small. These results can also be used as a benchmark to verify the
accuracy of other numerical results.

The present model is valid only for a symmetric sandwich plate, and cannot be used to a non-
symmetric multi layered plate.
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Appendix I: Coefficients g in case that external voltage is applied in the top surface
of the plate
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