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Abstract. In gradient-dependent plasticity theory, the yield strength depends on the Laplacian of an
equivalent plastic strain measure (hardening parameter), and the consistency condition results in a
differential equation with respect to the plastic multiplier. The plastic multiplier is then discretized in
addition to the usual discretization of the displacements, and the consistency condition is solved
simultaneously with the equilibrium equations. The disadvantage is that the plastic multiplier requires a
Hermitian interpolation that has four degrees of freedom at each node. Instead of using a Hermitian
interpolation, in this article, a 3-node incompatible (trigonometric) interpolation is proposed for the plastic
multiplier. This incompatible interpolation uses only the function values of each node, but it is continuous
across element boundaries and its second-order derivatives exist within the elements. It greatly reduces the
degrees of freedom for a problem, and is shown through a numerical example on localization to yield
good results.

Key words: gradient-dependent plasticity; incompatible element; trigonometric interpolation; strain
localization.

1. Introduction 

Classical continuum plasticity, which does not incorporate an internal length, suffers from
pathological mesh dependence when strain-softening models are employed in numerical analyses. It
leaves the size of the localization zone unspecified. In order to introduce a localization limiter
(Belytschko and Lasry 1989, de Borst et al. 1993), Cosserat plasticity theory (Mühlhaus 1989, de
Borst 1991, de Borst and Sluys 1991, de Borst 1993) and gradient-dependent plasticity theory (de
Borst and Mühlhaus 1992, Pamin 1994, Meftah and Reynouard 1998) have been suggested as
methods to incorporate an internal length. 

In gradient-dependent plasticity theory, the yield strength depends not only on an equivalent
plastic strain measure (hardening parameter), but also on the Laplacian thereof. The consistency
condition results in a differential equation with respect to the plastic multiplier, instead of an
algebraic equation as in conventional plasticity. Moreover, in gradient-dependent plasticity, the
plastic multiplier cannot be decided at a local level (Gauss integration point) without referring to
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other material points. In order to solve the consistency condition, de Borst and co-workers (de Borst
and Mühlhaus 1992, Pamin 1994, de Borst et al. 1995) introduce the weak forms of the equilibrium
equations and yield condition, and discretize the plastic multiplier as well as the displacements. The
consistency condition is then solved simultaneously with the equilibrium equations. 

The yield criterion depends on the Laplacian of the plastic strain measure that is related to (or
equal to, for von Mises criterion) the plastic multiplier. Thus, in conventional formulation, a bending
plate element is used to discretize the plastic multiplier to guarantee the existence of its second-
order derivatives. At each node, four degrees of freedom (λ, λx, λy, λxy) are required, where for
example . Hence, it significantly increases the total degrees of freedom of the problem
concerned. The interpolation (Hermitian interpolation) not only has a continuous function but also
continuous first-order derivatives, which are superfluous. For both classical plasticity and gradient-
dependent plasticity, the plastic multiplier is decided by different rules in elastic (equal to zero) and
plastic zones, i.e., it is not a smooth function. Hence, it is not necessary to enforce the continuity of
its derivatives.

Several improvements were proposed for gradient-dependent plasticity. Vardoulakis et al. (1992)
approximated the plastic multiplier at a local level, alternatively, Zervos et al. (2001) proposed a
unified theory that allows the formulation of the rate boundary value problem in terms of
displacements only. Li and Cescotto (1996) presented a finite element scheme in which the
Laplacian of the effective plastic strain at a quadrature point is evaluated by using the values of the
effective plastic strains at neighboring quadrature point.

The aim of this paper is to propose an incompatible mode (shape functions) for the plastic
multiplier, and to test the accuracy and efficiency of the formulation. The results of the one-
dimension problems (de Borst and Mühlhaus 1992) shows that plastic strain has a bell-like shape
across an element. Hence, in this paper, trigonometric “bell-shaped” functions are adopted as
interpolation functions instead of Hermitian polynomials. Importantly, the proposed interpolation
only involves the function values of each node, λ, and not the derivatives. It is continuous across
element boundaries and both its first and second-order derivatives are continuous within the element. 

The paper begins with a review of the formulation of gradient-dependent plasticity, together with
its finite element discretization, highlighting the main features for consideration. The main
contribution, namely the finite element implementation of the “bell-like” incompatible 3-node
interpolation, follows. The performance of gradient-dependent plasticity with these elements is
discussed through a classic localization problem.

2. Formulation of gradient-dependent theory 

This section briefly states the standard formulation of gradient-dependent plasticity that was found
in de Borst and Mühlhaus (1992), de Borst et al. (1995), and Pamin (1994). 

Gradient-dependent plasticity theory is identified by the dependency of yield function on the
Laplacian of the hardening parameter, i.e.,

(1)

where σ is stress tensor, k, the hardening parameter, and . This makes the
consistency condition, , a differential equation with respect to dk: 

λx ∂λ ∂x⁄=

f σ k ∇2k, ,( ) 0=

∇2 ∂2 ∂x2⁄ ∂2 ∂y2⁄+=
f· 0=
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(2)

where , , , and λ is the plastic multiplier.
Generally, the hardening parameter, k, and the plastic multiplier, λ, are related by dk= η · dλ, with
η being a constant depending on the yield function. For a von Mises yield function, it has been
shown that dk = dλ (Owen and Hinton 1980).

Eq. (2) results in a differential equation of plastic multiplier, dλ, which cannot be solved directly.
de Borst et al. (1995) solved the equilibrium equations and the yield condition (or equivalently the
consistency condition) simultaneously by the finite element method. For this purpose, it is necessary
to employ a weak satisfaction of the yield condition and to discretize the plastic multiplier, in
addition to the discretization of the displacement field. The weak satisfaction of the equilibrium
equations is:

(3)

where the subscript j + 1 refers to the current iteration, and = 0 represents equilibrium
equations. 

Moreover, unlike conventional plasticity, the yield criterion is satisfied in a distributed sense, that is:

(4)

where Vλ is the volume that has plastic strain developed in the current load step. 
In the field Eq. (3) and yield condition (4), there appear the first-order derivatives of the

displacements and the second-order derivatives of the plastic multiplier. Therefore, for the
displacement field u, the standard interpolation functions, which are assembled in N, are used; for
λ, a set of incompatible interpolation functions contained in h is proposed. That is 

u = Na λ = hTΛ (5)

where a is a nodal displacement vector, and Λ a vector of nodal values of the plastic multiplier. The
discretization of strains has the form

ε = Ba (6)

where B = LN, and the discretization for the gradient and the Laplacian of the plastic multiplier are:

(7)

where . 

Substitution of (5), (6) and (7) into Eqs. (3) and (4) results in the following set of algebraic
equations for admissible variations of δa and δΛ: 

(8)

nTdσ h– dλ⋅ g+ ∇2 dk( )⋅ 0=

n ∂f ∂σσ⁄= h k
· λ·⁄( )– ∂f ∂k⁄⋅= g ∂f ∂ ∇2

k( )⁄=

δuT LTσ j 1+( )dV
V
∫ 0=

LTσ j 1+

δλf σ j 1+ λj 1+ ∇2λj 1+, ,( )dV
Vλ

∫ 0=

λ∇ qTΛ ∇2λ pTΛ==

qT hT pT ∇2 hT( )=,∇=

Kaa  Kaλ

Kλa  Kλλ

da
dΛ

fe fa+

fλ

=
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where the sub-matrix (de Borst et al. 1995) are defined as:

(9)

and the force vectors are:

(10)

where t is the tractions on the stress boundary.
Gradient plasticity lacks a stress update algorithm, the residual forces are introduced into the

global iterations, so it requires many more iterations than classical plasticity. 

3. Imcompatible 3-node elements

3.1 General properties

For gradient dependent plasticity theory, both the displacement field and the plastic multiplier
need to be discretized. For the displacements, the interpolations are the same as in the normal
elements. For the plastic multiplier, the yield function requires the existence of . In order to
guarantee the existence of , de Borst et al. (1995) and Pamin (1994) use the C1-continuous
interpolation. Thus at each node, four degrees of freedom (λ, λx, λy, λxy) for the plastic multiplier
are required in addition to the normal displacement interpolation.

Considering that λ is decided by different rules in the elastic zone (equal to zero) and in the
plastic zone, it is not a smooth function and does not have continuous derivatives. Thus, only the
existence of its second-order derivatives but not its continuity is needed to enforce within each
element. In this article, the standard 3-node interpolations (Zienkiewicz and Taylor 2000) are used
for displacements and geometrical coordinates, new shape functions are proposed for the
interpolation of the plastic multiplier. The interpolations are defined in the local area coordinate
system.

The area coordinate is defined with the aid of Fig. 1. For any point, P, within a triangular element
123, its three area coordinates are defined as:

(11)

where ∆P23, for example, is the area of the triangle P23.

Kaa BTDeB Vd
V
∫=

Kaλ BTDenhTdV
V
∫–= Kλa hnTDeBdV

V
∫–=

Kλλ h nTDen+( )hhT ghpT–[ ]dV
V
∫=

fe NTtj 1+ dS
S
∫= fa BTσjdV

V
∫–=

fλ f σ j λ j ∇2λ j, ,( )h Vd
V
∫=

∇2λ
∇2λ

L1
P23∆
123∆

------------- L2
P31∆
123∆

-------------= L3
P12∆
123∆

------------- 1 L1– L2–= ==
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Thus, for any point, after knowing its global coordinates (x, y), its area coordinates can be
obtained. The transformation between the global coordinates and the area coordinates is linear,
which can be written as

(12)

The interpolations for the normal displacements and the plastic multiplier are expressed as:

(13)

in which 

(14)

By applying , they have the forms: 

(15)

x xiLi
i 1=

3

∑= y yiLi
i 1=

3

∑=

u uiLi
i 1=

3

∑= v viLi

i 1=

3

∑=

λ λ i Ñi

i 1=

3

∑=

Ñ1 1 sin2 π
2
---L2 

 – sin2 π
2
---L3 

 –=

Ñ2 1 sin2 π
2
---L3 

 – sin2 π
2
---L1 

 –=

Ñ3 1 sin2 π
2
---L1 

 – sin2 π
2
---L2 

 –=

L3 1 L1– L2–=

Ñ1 L1 L2,( ) 1 sin2 π
2
---L2 

 – cos2 π
2
--- L1 L2+( )–=

Ñ2 L1 L2,( ) 1 sin2 π
2
---L1 

 – cos2 π
2
--- L1 L2+( )–=

Ñ3 L1 L2,( ) 1 sin2 π
2
---L1 

  sin2 π
2
---L2 

 ––=

Fig. 1 Triangular element
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It is easy to verify that  on boundary 23 for which L1 = 0, similarly
 on boundary 31 and  on boundary 12. Hence, on each boundary λ

is only related to the values of the two nodes of the concerned boundary. This property guarantees
that λ is continuous across the element boundaries. Their first and second-order derivatives, which
are required in the following context, are:

(16)

and

(17)

3.2 Laplacian

The yield criterion requires the Laplacian of λ in the global coordinate system, which can be
obtained by finding the global derivatives in time-honored fashion using the Jacobian and local
derivatives:

(18)

whence,

Ñ1 L1 L2,( ) 0=
Ñ2 L1 L2,( ) 0= Ñ3 L1 L2,( ) 0=

∂Ñ1

∂L1

---------   
∂Ñ2

∂L1

---------   
∂Ñ3

∂L1

---------

∂Ñ1

∂L2

---------   
∂Ñ2

∂L2

---------   
∂Ñ3

∂L2

---------

=

π
2
--- sinπ L1 L2+( )  sinπL1– sinπ L1 L2+( )+   sinπL1–

sinπL2– sinπ L1 L2+( )+   sinπ L1 L2+( )  sinπL2–

∂2Ñ1

∂L1
 2

-----------  
∂2Ñ2

∂L1
 2

-----------  
∂2Ñ3

∂L1
 2

-----------

∂2Ñ1

∂L1∂L2

-----------------  
∂2Ñ2

∂L1∂L2

-----------------  
∂2Ñ3

∂L1∂L2

-----------------

∂2
Ñ1

∂L2
 2

-----------  
∂2

Ñ2

∂L2
 2

-----------  
∂2

Ñ3

∂L2
 2

-----------

 =

π2

2
-----

cosπ L1 L2+( )  cosπL1– cosπ L1 L2+( )+   cosπL1–

cosπ L1 L2+( )  cosπ L1 L2+( )  0

cosπL2– cosπ L1 L2+( )+   cosπ L1 L2+( )  cosπL2–

∂λ
∂L1

-------- ∂λ
∂x
------ ∂x

∂L1

-------- ∂λ
∂y
------ ∂y

∂L1

--------+=

∂λ
∂L2

-------- ∂λ
∂x
------ ∂x

∂L2

-------- ∂λ
∂y
------ ∂y

∂L2

--------+=
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(19)

The real objective is to find the Laplacian from the second-order global derivatives. By
differentiating the first equation of (18) with respect to L1, the second equation of (18) with respect
to L2 and either with the cross derivative, three conditions are obtained from which the three
second-order derivatives  can be solved. The result summarized in
matrix format is:

(20)

As shown in (12), the transformation between the global coordinates (x, y) and the local
coordinates (L1, L2) is linear; the second derivatives of (x, y) with respect to (L1, L2) are all equal to
zero. Hence, the global derivatives are expressed in terms of the local derivatives:

(21)

The Jacobian is formulated in the usual way from (12) 
 

 (22)

whence 

∂λ
∂x
------

∂λ
∂y
------ 

 
 
 
  ∂x

∂L1

-------- ∂y
∂L1

--------

∂x
∂L2

-------- ∂y
∂L2

--------

1– ∂λ
∂L1

--------

∂λ
∂L2

-------- 
 
 
 
 

=

∂2λ ∂x2⁄ ∂2λ ∂x∂y⁄ ∂2λ ∂y2⁄, ,( )

∂2λ
∂L1

2
--------

∂2λ
∂L1∂L2

-----------------

∂2λ
∂L2

2
--------

 
 
 
 
 
 
 
 
 
 
 

∂x
∂L1

-------- 
 2

  2
∂x
∂L1

-------- ∂y
∂L1

-------- 
   

∂y
∂L1

-------- 
 2

∂x
∂L1

-------- ∂x
∂L2

-------- 
    

∂x
∂L1

-------- ∂y
∂L2

-------- ∂x
∂L2

-------- ∂y
∂L1

--------+ 
    

∂y
∂L1

-------- ∂y
∂L2

-------- 
 

∂x
∂L2

-------- 
 2

  2
∂x
∂L2

-------- ∂y
∂L2

-------- 
   

∂y
∂L2

-------- 
 2

∂2λ
∂x2
--------

∂2λ
∂x∂y
-----------

∂2λ
∂y

2
--------

 
 
 
 
 
 
 
 
 
 
  ∂2

x

∂L1
2

--------  
∂2

y

∂L1
2

--------  

∂2
x

∂L1∂L2

-----------------    
∂2

y
∂L1∂L2

-----------------

∂2
x

∂L2
2

--------    
∂2

y

∂L2
2

--------  

∂λ
∂x
------

∂λ
∂y
------ 

 
 
 
 

+=

∂2λ
∂x2
--------

∂2λ
∂x∂y
------------

∂2λ
∂y

2
--------

 
 
 
 
 
 
 
 
 
 
 

∂x
∂L1

-------- 
  2

  2
∂x
∂L1

-------- ∂y
∂L1

-------- 
    

∂y
∂L1

-------- 
  2

2
∂x
∂L1

-------- ∂x
∂L2

-------- 
    2

∂x
∂L1

-------- ∂y
∂L2

-------- ∂x
∂L2

-------- ∂y
∂L1

--------+ 
    2

∂y
∂L1

-------- ∂y
∂L2

-------- 
 

∂x
∂L2

-------- 
  2

  2
∂x
∂L2

-------- ∂y
∂L2

-------- 
    

∂y
∂L2

-------- 
  2

1– ∂2λ
∂L1

2
---------

2
∂2λ

∂L1∂L2

-----------------

∂2λ
∂L2

2
---------

 
 
 
 
 
 
 
 
 
 
 

=

∂x
∂L1

--------  
∂y
∂L1

--------

∂x
∂L2

--------  
∂y
∂L2

--------

x1 x3–   y1 y3–

x2 x3–   y2 y3–
=
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(23)

The local derivatives of plastic multiplier are found from (13):

(24)

In general, having formed (23) and (24), at a given sampling point, Eq. (21) can be solved
numerically for the second-order global derivatives only two of which are required to finally
calculate the Laplacian:

(25)

4. Numerical test

Consider the example of a softening panel under compression analyzed in de Borst et al. (1995).
For explicit comparison, the same properties are adopted: width B = 60 mm, height H = 120 mm,
elastic shear modulus G = 4,000 N/mm2, Poisson’s ratio v = 0.49, yield stress σy = 100.0 N/mm2, and
constant softening modulus h = −0.1G. Pamin (1994) shows the gradient (length scale) constant to
be g = −l2h, where l is the internal length scale. For this case, g = 3,600 N. A linear softening law
and von Mises yield criterion are used. 

Two meshes of crossed triangular elements, a 6 × 12 grid of 288 elements and a 12 × 24 grid of
1152 elements, are tested. An imperfection of 10% is introduced at either a corner or the center.
The solution is convergent for all the cases. The load-displacement curves are shown in Fig. 2.
Evidently, the responses with mesh refinement are very close using the gradient plasticity model. 

∂x
∂L1

-------- 
  2

  2
∂x
∂L1

-------- ∂y
∂L1

-------- 
    

∂y
∂L1

-------- 
  2

2
∂x
∂L1

-------- ∂x
∂L2

-------- 
    2

∂x
∂L1

-------- ∂y
∂L2

-------- ∂x
∂L2

-------- ∂y
∂L1

--------+ 
    2

∂y
∂L1

-------- ∂y
∂L2

-------- 
 

∂x
∂L2

-------- 
  2

  2
∂x
∂L2

-------- ∂y
∂L2

-------- 
    

∂y
∂L2

-------- 
  2

=

x1 x3–( )2  2 x1 x3–( ) y1 y3–( )  y1 y3–( )2

2 x1 x3–( ) x2 x3–( )  2 x1 x3–( ) y2 y3–( ) x2 x3–( ) y1 y3–( )+[ ]  2 y1 y3–( ) y2 y3–( )

x2 x3–( )2  2 x2 x3–( ) y2 y3–( )  y2 y3–( )2

∂λ
∂L1
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∂λ
∂L2

-------- 
 
 
 
 

λi

∂Ñi

∂L1

--------

∂Ñi

∂L2

--------
 
 
 
 
 
 
 

i 1=

3

∑=

∂2λ
∂L1

2
---------

∂2λ
∂L1∂L2

-----------------

∂2λ
∂L2

2
---------
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 
 
 
 
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 
 
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Ñi
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∂2
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∂L2
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----------
 
 
 
 
 
 
 
 
 
 
 

i 1=

3
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∇2λ ∂2λ
∂x

2
-------- ∂2λ

∂y
2

--------+=
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Fig. 3 shows the contour plots of the equivalent plastic multiplier. The cases with the imperfection
at the right bottom corner are shown in (a) for the mesh of 288 elements and (b) for the mesh of
1152 elements respectively. The plastic strain develops in the direction of about 45o starting from
the imperfect elements, which is consistent with those given in de Borst et al. (1995). The refined
mesh has a relatively narrow plastic strain zone. The cases with the imperfection in the center are
shown in (c) for the mesh of 288 elements and (d) for the mesh of 1152 elements respectively. The
plastic strain develops in “X” shape emitting from the imperfect elements. The refined mesh also
has a relatively narrow plastic strain zone. 

Fig. 4 shows the deformed shapes of the panel for the cases corresponding to Fig. 3. 
Though the proposed interpolation for the plastic multiplier does not satisfy the “patch test”

(Zienkiewicz and Taylor 2000), it yields excellent results. The interpolation is continuous
everywhere, its first-order derivatives, however, are only continuous within the element but not

Fig. 2 Load-displacement curves

Fig. 3 Contour plots of the equivalent plastic strain (a) imperfection at a corner, 288 elements;
(b) imperfection at a corner, 1152 elements; (c) imperfection in the center, 288 elements;
(d) imperfection in the center, 1152 elements 
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across element boundaries. Its second-order derivatives only exist within the elements. By recalling
Eq. (4), it can be seen that the yield criterion, in which the second-order derivatives are involved, is
satisfied in a distributed sense. Thus, the integral in Eq. (4) can be calculated even though the
second-order derivatives are singular on element boundaries. The numerical results show that this
interpolation possesses good convergence characteristics. It implies that the error in yield criterion
calculation induced by the singularity of the second-order derivatives on element boundaries is
smaller than that induced by the lack of stress mapping, which can be eliminated through the
iteration process.

5. Conclusions

This paper has presented the formulation for gradient-dependent plasticity based on triangular
elements using incompatible (trigonometric) functions to discretize the plastic multiplier. The
Laplacian is formulated from the second-order derivatives of differentiable functions, and hence only
three degrees of freedom per node are required, instead of the Hermitian polynomial approach
requiring six. The accuracy and efficiency technique was assessed against a localization problem
involving shear banding in compression.

Our motivation has been to provide a more efficient computational tool for gradient-dependent
plasticity. It has been shown that the incompatible element has the following important characteristics:

1. The interpolation of the plastic multiplier uses only function values of nodes, so the degrees of
freedom and computational time are largely reduced;

2. The interpolation guarantees the existence of the second-order derivatives within the elements.
Thus the yield criterion, in which the second-order derivatives are required, can be evaluated;

3. The numerical results show that this interpolation has good convergence characteristics. It
implies that the error in yield criterion calculation introduced by the non-existence of the
second-order derivatives on element boundaries can be eliminated through the iteration process.

Fig. 4 Deformed shapes (a) imperfection at a corner, 288 elements; (b) imperfection at a corner, 1152
elements; (c) imperfection in the center, 288 elements; (d) imperfection in the center, 1152 elements 
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