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Abstract. The histories and distributions of dynamic stresses in an orthotropic hollow cylinder under
sinusoidal impact load are obtained by making use of eigenfunction expansion method in this paper.
Dynamic equations for axially symmetric orthotropic problem are founded and results are carried out for a
practical example in which an orthotropic hollow cylinder is in initially at rest and subjected to a dynamic
interior pressurep(t) = —gy(sinat + 1). The features of the solution appear the propagation of the
cylindrical waves. The other hand, a dynamic finite element solution for the same problem is also got by
making use of structural software (ABAQUS) program. Comparing theoretical solution with finite element
solution, it can be found that two kinds of results obtained by two different solving methods are suitably
approached. Thus, it is further concluded that the method and computing process of the theoretical
solution are effective and accurate.
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1. Introduction

An orthotropic hollow cylinder under impact pressure can be used in applications involving
aerospace, offshore and submarine structures, pressure vessels, and some civil engineering
structures. Dynamic stresses in an orthotropic hollow cylinder subjected to interior time - dependent
pressures are typical orthotropic elastodynamic problems in which solutions of the orthotropic
Navier's equation within a finite cylindrical region under specified initial and Cauchy type boundary
conditions should be sought. Practical interesting will be found in a wide range of structure analyses
with consideration of the dynamic effects.

The key of above problem lies in obtaining a basic solution for orthotropic dynamic equation with
given boundary and initial conditions. In recent years, analyses and calculations for an finite
structure under impact load have been studied by means of some methods such as integral
transforms (Baker 1961, 1966); Ray theory (Pao 1978, 1983); Finite Hankel transform and Laplace
transform (Cinelli 1965, 1966, Wang and Gong 1992, Wang 1993, 1995, Cho 1998) and
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Eigenfunction expansion method (Eringen and Suhubi 1975, Gong and Wang 1991, Yin 1997).
However, the above studies were most confined to isotropic shell problems or orthotropic shell
under thermal impact. If the structure is not isotropic or subjected a dynamic load, the cases so far
studied are much fewer because the solving process is more difficult.

This paper investigates the radial sinusoidal impact response of orthotropic hollow thick
cylindrical shell by making use of eigenfunction expansion method. The advantage of this method is
the ability to provide a closed-form solution that is applicable to a generally orthotropic cylinder of
arbitrary thickness under sinusoidal impact load. Formulation for a practical example is that an
orthotropic hollow cylinder is initially at rest and subjected to an uniformly distributed impact
pressurep(t) = —gy(sinat + 1). The histories and distributions of the dynamic stresses are given and
the features of the solution that relates to the propagation of the cylindrical wave are discussed.
Lastly, a dynamic finite element solution for the same example is also achieved by means of
structural software ABAQUS program. Comparing the theoretical solution and finite element
solution, we can conclude that the solving method in the paper is valid.

2. Orthotropic elastodynamic equation and solution

The geometry and coordinate of orthotropic hollow cylinder is shown in Fig, d.and 6
represent, respectively, the axial, radial and tangential variables. Consider that an orthotropic hollow
cylinder is subjected to an impact internal and external prepgr&ndp,(t) distributed uniformly
over the surface. According to the geometry of hollow cylinder and the property of impact load, the
orthotropic elastodynamic problem studied in the paper is considered as axisymmetric. In the case
of the elastic properties described, the distribution of stress and displacement depends only on the
radial variabler and the time variablé The radial displacement 19 = U(r, t). Introducing the
engineering constants, we can write the generalized Hooke’s law as:

oU U
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Fig. 1 The geometry and coordinate of orthotropic hollow cylinder
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It is clear that in the case of the elastic properties indicated, the elastodynamic equation in terms
of radial displacemenit(r, t) of orthotropic hollow cylinder subjected to arbitrary impact load can
be described as

132U(2,t)+ 10U(r,t) U(rt) _ 1 .5°U(r, ) 3a)
or rooor r? c’ o

whereC, = ,/C,i/p and represent, respectively, wave speed and densityRand ,,/Cy;.
The initial distributions of radial displacement and velocity are given by

U(r, 0) = Uq(r), (3b)
U, «(r, 0) = Vo(r) (3¢)
The Cauchy type boundary conditions are
a(an = 2@l M@l - (30)
a.(b,0) = c, 20 BOL = p ) (3e)

whereg, = g(r, t) represents radial stress.
The eigenfunction expansion theorem states that the general solution for Eqg. (3) (equation
(5.17.12) in Eringen and Suhubi 1975) can be expressed as

U(r ) = Ulr )+ S Un(N)aa(0) 0

It should be noted that equation (5.17.12) is correct, but equation (5.17.19) is wrong in Erigen and
Suhubi (1975), which was discussed in Gong and Wang (1991).
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Substitution of (4) into Eq. (3) shows thatf(r, t) satisfies the field equation
TV, , 19Y; U

drz r ﬁl‘ r2 =0 (5)
with the inhomogeneous boundary conditions
dU.(a 1) UJa, t)
Cu sé’r +Cpp—> p = py(t)
dUq(Db, t) Uy(b, t)
Cp— +Cpp— p,(t) (6)

or

In which the time variabl¢ is to be treated as a parameter and,(f) satisfies the following field

equation;
2
n 1dy,
2 T ar B( _—%U 0
with the homogeneous boundary conditions:
dU,(a) Un(a)

ou,(b U,(b
Cu 0r( )"' Ci I‘( ) =0 (8)

While the time-dependent functiap(t) satisfies the equation
S [(D) + @an(D]U(r) = -Us(r, ) )
n=1

with the initial conditions (3b) and (3c). Where a dot denotes differentiation with respect to time,
and in Egs. (7) and (9k, and w, are, respectively, known as the characteristic values and natural
frequencies which is described as

wh = kCL (10)

Then U(r, t) in Eqg. (4) will satisfy basic Eq. (3a) with the initial conditions (3b,c) and boundary
conditions (3d) and (3e). Thus, the expression (4) will exactly be the solution of the present
problem, provided the functiongdr, t), U,(r), and g,(t) have been determind. The process for
determination of these functions is as follow:

(a) The quasi-static solutidog(r, t) was obtained by Lekhnitskii (1981);

Ud(r, ) = @1(r)pa(t) + Po(r)pa(t) (11a)
In the above formula, we have
Dy(r) = gur R + gor (11b)
Dy(r) = gar * + gar ™ (11c)
6= —gF[(CuR + Cio)(1 - g™ (11d)
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0= —gFY[(Ci - C1R)(1 - g )b F 1] (11e)
0s = ~gug ®Y (11f)
o = —0,0% 7, g=ab (11g)

(b) Determination of U,(r) is considered to be an eigenvalue probldoy(r) are named
eigenfunctions. In general, there will be an infinite number of natural frequesgiga =1, 2,
........ ), which correspond to the free vibrations of the cylinder. A particular frequengy = m),
is associated with a particular modelif(r) for eachw the general solution of Eq. (7) is

U(r) = Agdr(kr) + AxYr(kr) (12)

Where Jz and Yg are the Bessel functions of the first and second kind of &d@; and A, are
arbitrary constants. Substitution of Eq. (12) into Eq. (8) yields a set of homogeneous equation and
the condition of nontrivial solutions being existent leads to a transcendental equation

JraYrb~ JrbYRa = O (13)
where Jra= k J'R(ka) + hlJR(ka), Jro= K J'R(kb) + thR(kb)
Yra= kY'R(ka) + leR(ka), Yrp = kY'R(kb) + thR(kb) (14)
hy = Cio/(aCyy), hy = Cyo/(bCyy) (15)
Eq. (13) is called a characteristic equation and it's positive roots determine the infinite number of
the characteristic valudg(n = 1, 2,....... %) and in turn the natural frequencigs though Eq. (10).
For a particular mode df,,, solution (12) can be rewriting in the form
Un(r) = ArCr(knl) (16)
where Cr(knf) = YraJr(Kml) = JraYr(Kmf) (17)

and A, is an indeterminate constant multiplier which can be determined by introducing a mode
normalization condition. The orthonormal relation of the eigenfunction can be selected as this
condition. In the present case it can be written as

21U, (NUn(1)rdr = &, (18)

where d,, is Kronecker symbol. Substituting of Eq. (16) into Eq. (18) and performing the
integration, we arrived at

An = {27 CR(kor)rer} (19)

(c) To determine the time-dependent functepiit), both sides of Eq. (9) are multiplied ki(r)
and integrated and the orthonormal relation (18) is used to get an ordinary differential equation with
variablet only

(1) + wWhGm(t) = Om(t) (20)
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where Qu(t) = —2Tl]J;US(r,t)Um(r)rdr (21)

The initial conditions for Eqg. (20) will be obtained by substituting Eq. (4) into Eqgs. (3b) and (3c)
and using Eq. (18) and Eq. (21), there upon

Am(0) = 271 Uo(r)Upn(r)rdr +Q,(0)
Am(0) = 271 Vo(r)Un(r)rdr +Qum(0) (22a,b)

The functionsUy(r) and V(r) in the above equations represent the initial distributions of radial
displacement and velocity which is defined in Egs. (3b) and (3c). Thus, the solution of Eq. (20)
under conditions (22) is given by

An(1) = An(0)cOS(n1) + 7 “Gn(O)sin(eant) + - Gn(D)sinfan(t-D]dr  (23)

Note that expressions of Eq. (16) and Eq. (23) are valid for each term of series in Eq. (4). Thus,
substitution of Egs. (11), (16) and (23) into Eqg. (4) completes the formal solution. It should be
pointed out that after performing the integration in Eq. (23), from Gong and Wang (1991) the
solution (4) is shown as

V(LD = U0+ 3 QOULD + 3 Un(n)] ancos(@y) +
—1—[3 sin(a)nt)—oonjJ Q (r)sinwn(t—r)er (24a)
wn n 0 n
where Gy = 27 Uo()Un(r)rdr, B, = 271 Vo(r)Uy(r)rdr (24b)

3. Practical formula for illustrative examples
Suppose that the orthotropic hollow cylinder is initially at rest and subjected to a sinusoidal
interior pressure
pa(t) = —[sin(at) + 1] (25a)

where g, = 1 indicates the unit amplitude of the interior pressure aansl a factor to show the
period of dynamic load. In this case the initial and boundary conditions will be

U(r, 0)=V(r,0) =0 (25b)

Cnaug? 0, 012U(:, 0 - —{sin(at) + 1] (25c¢)
dU(b.t) . U(b 1) _

Cn a Cio b 0 (25d)
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The quasi-static solution (11a) may be rewritten in the form:
Ugr, 1) = =®y(r)[sin(at) + 1] (26)

where®4(r) is shown in Eq. (11b).
Substitution of Egs. (16) and (26) into Eq. (21) yields

Qn(t) = AnBrisin(at) + 1] (27)
whereA,, is given by Eg. (19) and

By = 271, (1) Cr(Kyt ) rdr (28)

with the initial conditions (24)q.(t) can be reduced from Egs. (22) and (23) to

1 . . 1 ¢ = .
Om(t) = Qm(0) cos(wyt) + ngm(O)Sln(wmt) + gmpom(T)Sln[wm(t —T)]dr (29)
Substituting Eq. (27) into Eg. (29), we arrive at
Om(t) = AnBrlm(t) (30)

2
- m

—0__sin(at) + coS(wyt) + —20— sin( ) (31)

where In(t) =

Thus, the solution for the present problem is got by substituting Egs. (26), (16) and (30) into Eq. (4),
we have

U(r, ) = -®y(r)[sin(at) + 1] + i [A% Bl (O Un(r)] (32)

where ®@4(r), A, Bn In(t) and U(r) can be exactly given by Egs. (11b), (19), (28), (31) and (16)
respectively. With the knowb(r, t), the dynamic stress components will be

ou U
Gr(rlt) = Cll?i—r—-l-ClZ?l

ou U
ae(r,t) = ClZ—O-;r— + sz? ,
ou U
ay,(r,t) = ClSE + Czs? (33)

4. Dynamic finite element calculation

In this chapter, in order to prove further the validity of the theoretical method and the solving
process, a dynamic finite element solution for the same example used in the theoretical solution is
also achieved by applying the ABAQUS finite element analysis system.

In this dynamic equation of elastic system, applying the Halmiton principle, the dynamic equation
of finite element is written as
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R | L

Fig. 2 The element net of the computing model

[KI{d} +[M]{d} = {F(1)} (34)

where[K] is the stiff matrix,[M] is the mass matrix,d} is the displacement of the knot point and
{F(t)} is the dynamic load. In the solving process of the dynamic finite element, applying a direct
integral method, the solution of the dynamic Eq. (34) can be obtained. Considering the practical
structure shown in Fig. 1 as axisymmetry and plane strain problem, the finite element model and net
can be simplified as shown in Fig. 2.

The geometry size and material property are the same as those in the theoretical solution. The
finite element net is taken as the axisymmetrically orthotropic rectangular element of 8-knot points.
The knot points at AC side and BD side are constrained irz tieection. In order to make the
dynamic finite element solution show a stress wave feature and a strong discontinuity effect at the
wavefront, we take 100 elements along radia$ orthotropic hollow cylinder.

5. Results and discussions

Results are carried out in casef= E, = 200 GR,, Eg = 450 GPR,, Vg = V, = 0.25,n,9 = 0.167,

p = 5067 kg/m. The dynamic internal pressup(t) = —[sin(at) + 1] is a sudden sinusoidal
function load andx = 1000. Two structures with/a = 20 andb/a = 2, are computed and results

are shown in Figs. 3 and Figs. 4. In all results, the stresses are normalized by the amplitude of
applied pressureyp = 1, the time variable and geometric size are takeh=as*C,/a, or T = t*C,/
(b-a,R0O=(-ala RL=(-al(b— a). & expresses corresponding static stress and ----
expresses the solution of the dynamic finite element.

In order to avoid the effects of reflected wavies = 20 andt*C, /a < 20 are taken. Then the
histories of radial, tangential and axial stresses are respectively shown in Figs. 3-1,2,3. The curves
in the Figures have clearly shown the features of the compression waves propagating in the
orthotropic hollow cylinder upon the application of the interior pressure. The time histdR&s=at
andR1 =2 in Fig. 3-1,2,3 show that before the arrival of the wavefront, dynamic stress is essentially
zero, has strong discontinuities at the points where the wavefront arrives at and approaches to the
quasi-static solution. Figs. 3-4,5,6 show the distributions of the radial, tangential and axial stresses
along the radiusr, in different time. It is clear that the distribution of the dynamic stresses
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Fig. 3-1 The histories of the radial stress in arFig. 3-2 The histories of the tangential stress in an
orthotropic hollow cylinder under sinusoidal orthotropic hollow cylinder under sinusoidal
impact loadb/a = 20 impact loadb/a = 20
o T T T T o T T T
; : ; 0.0+ : : : : 4
R1=(r—a)/a ; : s ? : Yo
054 : : -
-1.0 m
Q0 * vavvvv;vvvv :‘ (
: : 154 : T=tdla | ¢ saicsduion
N TRt : | | |
o R1=0 ; 204 : : : L
. o] ’ é i 1‘0 ) 1'5 ’ 20 00 (l'5 1?0 1?5 20
T=t*c/a (r-a)/a
Fig. 3-3 The histories of the axial stress in anFig. 3-4 The distributions of the radial stress in an
orthotropic hollow cylinder under sinusoidal orthotropic hollow cylinder under sinusoidal
impact loadb/a = 20 impact loadb/a = 20

approaches to that of the static stresses when time is large.

Figs. 4 give the computing results of an orthotropic hollow cylinder k/dix 2. Because of the
small thickness, the effects of wave reflected between the inner wall and outer wall on dynamic
stresses must be considered. Except the radial stress at inner boRhdafywhere py(t) =
—[sin(at) + 1] as shown in Fig. 4-1, the stresses at other points oscillates dramatically around the
static stress. Fig. 4-1 shows that the history of the radial stress at inner boundary is strictly
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Fig. 3-5 The distributions of the tangential stress inFig. 3-6 The distributions of the axial stress in an

an orthotropic hollow cylinder under sinusoi- orthotropic hollow cylinder under sinusoidal
dal impact loadb/a = 20 impact loadb/a = 20
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Fig. 4-1 The histories of the radial stress in arFig. 4-2 The histories of the tangential stress in an
orthotropic hollow cylinder under sinusoidal orthotropic hollow cylinder under sinusoidal
impact load,b/a = 2. --- represents finite impact load.b/a = 2. --- represents finite
element solution element solution

coincident with that of the interior pressyrgt). Thus, the boundary conditions (6) are satisfied. At

the middle pointR1=0.5, the radial stress oscillates dramatically as shown in Fig. 4-1. The

oscillations are accompanied with the stress waves propagating between the boundaresod

r=b where the reflected waves are produced successively upon the arrival of the incident wave.
The histories of tangential and axial stresses are shown in Fig. 4-2 to Fig. 4-5 respectively. It



Eigenfunction expansion solution and finite element solution for orthotropic hollow cylindet5

05 . Y ' Y r :

G;

0 5 10 15 0 0 5 10 15 20
T=t* c/(b-a) T=t* c/(b-a)

Fig. 4-3 The histories of the tangential stress in afrig. 4-4 The histories of the axial stress in an
orthotropic hollow cylinder under sinusoidal orthotropic hollow cylinder under sinusoidal
impact load.b/a = 2. --- represents finite impact load.b/a = 2. --- represents finite
element solution element solution

cSZ T T T T Y T

Q.3
021

Q14

R1 =(r-a)/(ba)=1é

014 :

02 S——— —
0 5 10 15 2

T=t* ¢/(b-a)

Fig. 4-5 The histories of the axial stress in an orthotropic hollow cylinder under sinusoidal impabtdead.
--- represents dynamic finite element solution

should be mentioned that the maximum amplitude of the tangential stressags much larger

than that of the radial stress.

Lastly, a dynamic finite element solution for the orthotropic hollow cylinder whére 2 is also
achieved by means of structural software ABAQUS. The finite element solution obtained is shown
in Figs. 4. Comparing the theoretical solution and finite element solution, we can find the results

from two kinds of different methods being very approach.
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It is concluded from above analyses and results, that eigenfunction expansion solution for
orthotropic hollow cylinder under impact logui(t) =-[sin(at) + 1] is effective to solve other
dynamic problem.
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