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Abstract. This paper studies the behaviour of a homogeneous cable in a horizontal rigid duct and
loaded by an axial compressive force. This behaviour is characterized by spatial buckling modes, named
sinusoidal and helical, due to friction and total or partial cable locking. The evaluation of critical buckling
loads involved by drilling technology has been studied by many authors. This work presents a new
formulation, taking the friction effects into account, for the transmission of the axial load during the
postbuckling process. New analytical expressions of pitches in both buckling cases are also given. A life-
sized bench is presented, which permits to study the laying of optical fiber cables by squeezing them into
an underground duct. Finally, analytical solutions are compared with experimental tests and finite element
simulations.
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element results.

1. Introduction

This paper deals with the problem of a homogeneous cable loaded by an axial compressive load
into a horizontal cylindrical rigid duct with an end stop. An axial compression load is applied to the
cable and buckling instabilities can be generated by friction accumulation and total or partial cable
head locking. The lateral displacement of the cable is conditioned by a rigid duct which has a direct
influence on the buckling mode. Two global spatial instabilities called sinusoidal and helical
buckling can appear. The aim of this paper is to give new analytical expressions for the sinusoidal
and helical pitches and the transmission of the axial load during the postbuckling state. Then, a
validation of the formulation is presented using experimental and numerical approaches.

The process of buckling and post-buckling during an increasing compressive load is described in
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Increasing compressive load

Fig. 1 Sinus and helical configurations of a cable in a duct

Fig. 1. As long as the load is less than a first critical leggthe cable is straight in the lower part

of the duct. From this value, the cable buckles in a sinusoidal configuration and snakes in the lower
part. Sinus half-waves increase until a second critical lpads reached. Then the cable buckles

into a helical shape by a snap-through process. Such buckling phenomena were first studied in
(Lubinski et al 1962) for the helical buckling mode. Bogy and Paslay (1964) paper deals with the
sinusoidal buckling mode and their work was followed up by Dawson and Paslay (1984). In these
works, a relation between force and helix pitch is given by Lubinski and in the case of the
sinusoidal configuration, critical buckling load and pitches are given by Bogy. The transmission of
the axial load was studied in Wu (1992) but contact force is overestimated as it will be shown in
this paper.

Three different parts can be defined in the following:

The first one concerns the analytical developments for the two buckling cases. An energetic
approach (Cheatham and Patillo 1984, Céeal 1990, Wu and Juvkam-Wold 1993) gives the two
critical loads named sinusoidal and helical and new relations between pitches and axial loads are
deduced. A geometrical perturbation without energy is applied to a straight cable and the potential
energy variation is studied. Then, new analytical expressions for the axial load in the post-buckling
configuration are presented, taking the real participation of the weight in the contact force into
account. A comparison with previous works is given.

In the second part, a presentation of a life-sized experimental bench is given.

Suryanarayana and McCann (1994) showed that, in the case of a short bench, the critical load is
the minimal value obtained by the two integer values efhich frame the real solution. Large
differences can be observed between these two limit values and the experimental buckling load is
different from that on a long bench test. Therefore, a long bench test has been chosen and some
tests have been conducted on a straight duct 35 meter long. For both axial transmission load and
variable pitches, experimental results are compared to analytical expressions.

Finally, in the last part, finite element simulations are presented in order to estimate buckling
loads and pitches. The friction influence is also evaluated and some comparisons with analytical
relations and experimental values are given.

All the given comparisons with experimental and numerical simulations verify the accuracy of our
analytical approach for both buckling and post-buckling configurations.

2. Analytical approach

This section concerns the two cable configurations and gives analytical expressions for the two
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critical buckling loads and the sinusoidal and helical pitches. Lubinski pitch-load relations are

classically used but those relations are only valid at the snap-through moment from sinusoidal to
helical configuration. They do not apply afterwards. Therefore, new analytical values are presented
for sinus and helix pitches as functions of the axial load. The last section is dedicated to the
transmission of the axial load during the buckling configuration.

In the worst case, helical buckling can generate so large a frictional drag that an increasing axial
load does not permit the introduction of the cable inside the duct any longer. The contact force
generated by the cable on the duct is a function of the cable configuration. In the sinus case, the
contact force is estimated in Wu and Juvkam-Wold (1995) while for the helical configuration, two
different values are given in Mitchell (1986) and Sadiqg and Juvkam-Wold (1995). It can be noted
that Sadiq is the only one that has provided an experimental bench to validate his analytical value.
In the present work, Sadiq contact force is used in our analytical developments.

2.1 Critical pitches and loads

This section is dedicated to the analytical study of the critical buckling loads and pitches for the
sinusoidal and helical buckling modes. Then the pitch is expressed as a function of the axial
compressive load applied to the cable.

An energetic method is used to determine the critical loads. Several hypotheses must be considered:
the system is frictionless, the cable has a homogeneous bending stiffness and is always in contact
with a rigid long duct which is perfectly circular, and the duct is supposed to be long. This last
hypothesis is often forgotten but Suryanarayana and McCann (1994) show that a short length has a
direct influence on critical pitches and loads. An angular perturbatigh (see Fig. 2), without
energy contribution, similar to the buckling mode, is applied to the initial straight cable. Under this
perturbation, a new equilibrium state must be determined. Therefore, the first order variation of the
potential energy (1) must be equal to zero and this new equilibrium is stable if the second order
variation of the potential energy (2) is positive. The stability of each buckling configuration has been
demonstrated in Chen (1988) using the second variation of the potential energy.

AV = AU + AW, = 0 (1)

-

T

Fig. 2 Coordinate system and angular perturbation
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%sz = %AZU + %Azwext + AUAW, )

where the work of the external loa\.,, is the work of the applied compressive |da: and the
work of the weightAW,.eigr The bending energy is denotad.

Sinusoidal buckling
In the case of the sinusoidal buckling mode, the perturbation, see Fig. 2, is given by:

a(x)= aosin%%xg 3)

and we have:

2 4
_ _I'El, 20nrm(]
AU = o LO’OD_L 0

W,rL
A\Nweight:_ Z a(Z)

F.L
ow, = E-fa, 25 @

whereF stands for the axial load associated to the sinus configuration.
Therefore,AV is deduced from (1) using (4). Then, the critical buckling load is obtained and
stated as:

_ o, Onmrf, WerpL f

It must be denoted that whentends toward infinity, meaning that the duct is far from the beam,
Eq. (5) gives Euler’s critical load.

Furthermore, without friction and for a long bench, a constant half-sinus length qu@r(-l)d
can be defined and Eg. (5) takes the following form:

_ oy i, We [PsCf

Fig. 3 gives the graphic representation of Eq. (6), for given valueslfav, r, and shows the
existence of a minimum value which is the minimal critical buckling 16agl associated with a
specific pitch denote®s,. Therefore, based on Eg. (6), a minimisatiorFofvith respect tdPs is
carried out and the sinus pitch is given by:

I:)sinz 4 Elrr (7)

Introducing (7) into (6), the sinus critical buckling load is deduced as:

El
Fan=2 | = (8)
Helical buckling

For the helical buckling case, the same method is used in order t.firmshd F,.. The angular
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Fig. 3 The sinus buckling load curve

perturbation is defined as:
21mx 9)

a(x)= 3

From Lubinskiet al (1962), the bending enerdgy and the work of the external loads have the
following forms:

4

— 2[nnr]

AU = -8EILr OO
Awweightz —Wel r

o
AwphzthLg‘Tg (10)

Therefore, using Eq. (1), the relation between critical buckling load and pitch is retrieved and we
have:

_o, 2nacf, w L f
Fo=Bl 550 0% 5 Ol (11)

Finally, the helical critical pitch and load are deduced using the above methodology:

4
Phel = 23/44/—E|r” . Fre=2./2 l Elv
We r

From those expressions, the helical pitch and the helical critical load are very close to sinus values,
see Egs. (7) and (8). Ratios df'and /2 can respectively be noticed.

Critical pitches and loads presented in this section are obtained neglecting the friction effect. It
must be noticed that friction is always present and pitches of the sinusoid and the helix are not
constant along the cable.

(12)
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2.2 Post-buckling force-pitch relation

In order to express a variable pitch as a function of the cable weight and the axial load, Egs. (6)
and (11) must be used. Only one half-sinus and one helix are studi€d=drd is introduced in
these equations. We have for the sinusoidal case:

"%Pg‘ _ 1PEPXEI =0 (13)

and in the helical case, we obtain:
"%Pﬁ — 277F,P? + 8EITf=0 (14)
Four solutions can be found fBr Therefore, following constraints must be taken into account:

Ps(Fsn)Psin and lim P=m El Sinusoidal case
et s (15)

Pn(Fre)Prer and IimOPh=2n | % Helical case
We — h
Solutions obtained for a weightless cable are deduced from the resolution of Egs. (13) and (14)

with we equal to zero. Finally, for each configuration and for a given fQaat F,, associated to a
fixed position in the duct, variable pitches are given by (Riviet@l 1999):

rF 0 F2n |20
PSZ HK/Z_VVZEL_(%]‘_? %l E for Fs U [Fsin,FheI[ (16)
s
__[rF Foel| #2H
Ph= nJW:El—( thl)1 a for Fn2Fpe (17)
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Fig. 4 Analytical comparisons of pitch values with respect to the axial load
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The present Eq. (17) can be compared with the classical equation used in the litterature relating
force and pitch (Lubinskét al 1962) in order to estimate the variable pitches:

— | 2El

It must be noticed that Eq. (18) can be only used when the cable buckles in the helical
configuration and are not valid during the post-buckling process. Furthermore, this equation is
different by a factor,/2 from our relation given in Eq. (15) which is also given by Cheatham and
Patillo (1984), Miska and Cunha (1995). Fig. 4 presents pitch and load values obtained using Eq.
(18) and our Eq. (17). In Fig. 4, one can observe that our pitch is always contained within Lubinski
values and the weightless case values. Results obtained with our expression are more realistic
because the external force work gives two terms: the work of the compressive load which increases
and the work of the weight which is constant. The more the load increases, the less important the
weight effect is; therefore the value must converge to the weightless solution as it is observed in
Fig. 4.

At this stage, friction cannot be taken into account and will be the subject of the next section.

2.3 Transmission of the axial load

The knowledge of the critical load permits to estimate the transmission of the axial load during
the postbuckling process. For a given axial compressiveHp#uree different configurations must
be studied: the first one being the straight or unbuckled(BreF;,) , the second the sinusoidal
one (Fsn<F<FhLe) and the last one the helical configuratiérn> ) , see Fig. 1. In order to
take friction effect into account, Coulomb’s classical law is used, see Eqg. (19), as in Wu and
Juvkam-Wold (1993), Wu (1995).

I tell < Mt and [t < M|t Ud u=0 no sliding
th= n

It = Hlt) U oll>0  sliding (19)

In this case, a relation between the tangentiahd the normal terrty, of the contact forces (see
Fig. 5) is expressed and gives the tangential slidingf the tangential force reached|t, || value,
then the body slides. When a massive structure is in contact with a rigid surface, the differential
equation given below has to be solved in order to obtain the axial load moving value:

dF(X)_
W—IJN(X) (20)

Fig. 5 The friction between two bodies
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In the case of a pressure load, an integration with respect to the contact length must be made.
Thus, integration of Eq. (20) is carried out with respect to the contact length. For a cable in a
circular duct, a general differential equation of the axial load transmission is given by:

dF(X)_
Tax H(N1(x)+ANy)

2
= HEBB(aGO)Wet AL ET (21)

in which the normal force is split up in two terms: the first bhhds the weight participation and
the second ondN, takes the cable configuration into account (straight, sinus or helix). For an
unbuckled cable) = 0 whereas\ = 1 for sinusoidal and helical configurations.

For the unbuckled case, linear weight only takes place in the frictional drag analysis. The
resolution of this differential equation gives the well known relation:

F(X)=F — uw, x (22)

On the other hand and in the general buckling case, wall contactNgricea function of the
variable n which characterizes the geometric cable configuration. For the sinusoidal buckling case,
Wu (1995) identifies) = 8 even though different values gfare given for the helical one: Mitchell
1986) givesn =4 and (Sadig and Juvkam-Wold 1995F 2. In the present work, Sadig’'s choice is
used because his value was validated by an experimental procedure. Therefore, we have:

2 2

Nzaﬁ% and Nzhelz% (23)
SinceN; is defined, the weight contributidd; in Eq. (21) remains to be characterized. In Wu

and Juvkam-Wold (1993) and for both sinus and helical cases, authors &i$@a@))=1. As it

will be discussed later during the numerical comparisons, Wu overestimates the weight participation

in Eq. (21) becaus&l;=w, is always assumed. In fact, the cable is not straight anymore on the

lower part of the duct and the value cannot be 1 because only the projection part in the normal

direction to the surface must be considered. It can be noticed that the pressure distribution generated

by the weight of the cable is not constant. During experimentation it has been noticed that, for

sinusoidal buckling, the cable is always in the lower part of the duct and the amplitude of the sinus

is never higher than the horizontal middle plane of the duct. This amplitude depends on the axial

load F (see Appendix A). In order to simplify the integral expressionNgra function ¢ is

introduced in Eq. (21)p is expressed as a function of the axial load for each sinusoid and we

assume:

@= o B(a(x))we (24)

In the sinusoidal cas@is a function of the maximal amplitude and is different for each sinusoid.

On the other hand and for the helical case, sliding is penalized when the cable is in the lower part
of the duct because the weight effect is maximum, even though in the higher part, the weight effect
tends to move the cable away from the duct wall and sliding is made easier. Therefore, chosen
values ared =1 in the lower part and =-1 in the upper part of the duct. Therefogetakes a
constant value for all helixes because the cable always makes a full turn around the duct.

Finally, the values ofp are obtained for each configuration (see appendix A for detail calculations)
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and we have, for the sinusoidal case:
(25)

and for the helical case:

@=0 (26)

The transmission of the axial load for sinusoidal and helical configurations is deduced from Eg.
(21) using the normal contact force previously obtained (see Appendix for detail calculations) and we
have, for the sinusoidal case:

] F p
Fs(X)=2¢F g, tar(}arctanamD x> (27)
and, for the helical case:
r l
V0= FyErx+ 25 (28)

Egs. (27) and (28) are different from the ones given in Wu and Juvkam-Wold (1995).

It must be noticed that sinusoidal buckling appears when the load values are includegyithin
and Fpe. But as it is shown in Eq. (16), the half sinusoid pitch is a function of the axiaFlcad
the starting point of the sinus. Therefore, the buckling length for the sinusoidal case cannot be
directly expressed.

For the helical case, the transmission of the axial load only depends on the position in the duct,
given by the coordinatg. The buckling length, as a function of the axial Iéads deduced from
Eq. (28) for a giverk with Fne = Fr(Lhe) and we have:

_2EIO01 10O
hel—WDFhel ED (29)

The buckling length used in Wu and Juvkam-Wold (1995) is different and takes the following
expression:

— Fsin ] o— [0_ [Fnet [
Lel uwe(hrCtanD[ZFs.n i arctanDFsm[ (30)

whereFpe denotes the helical buckling load and is given by:

Fha =2(,/2- 1) [ (3D

This last equation can be compared with our helical buckling load, defined by Eq. (12), which is
called “average helical buckling” load in Wu and Juvkam-Wold (1995).

The evaluation of all these analytical expressions are given in the next section by comparison with
experimental results.
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3. Experimental drag analysis

In this section, experimental drag analysis is presented in order to compare analytical results with
measurements. Some authors (Dillingeral 1983, Lubinski 1987) use experimental benches to
derive empirical solutions and find a critical buckling load very close to our analytical expression
given in Eq. (12). But all those benches are small: 3.65 meters in Suryanarayana and McCann
(1994), 3 meters in Wu (1992), Wu and Juvkam-Wold (1993). Only Salials (1994, 1995) use a
relatively long bench, 10 and 24 meters long, but his helical critical buckling load is equal to our
sinusoidal critical load.

Therefore, a long bench test is chosen in this work and some tests are carried out on a 35 meter
straight duct. This length also permits to analyse experimental variable pitches with respect to the
analytical solutions expressed in the first part of this paper without boundary condition influences
and short length effects.

3.1 Presentation of the experimental bench

The bench test used at France Télécom R&D Lannion (Boulharts-Campion 1998) is presented in
Fig. 6. This bench allows to estimate the postbuckling configurations of the cable and also the
frictional drag. For these purposes, translucent ducts with variable lengths (5 to 45 meters) permit to
measure pitch lengths using a measuring metric system located along the duct. Furthermore, this
bench test is a dynamic bench test because the cable is not fixed at both extremities and
measurements are made with a moving cable. Therefore, the axial load can be collected at different
points on the 45 meter long straight duct, and compared with analytical solutions for different
pushing loads. The difference with an oil-rig bench test is that the aim is to estimate the load applied
by the bit onto the ground and not the value of the load necessary to introduce a cable in a duct.

3.2 Transmission of the axial load
First, a sensitivity analysis is carried out for different lenghts of duct: 15, 25 and 35 meters, with

the same duct diameter of 0.042 meters and the same length of 15 meters with different duct
diameters: 0.028, 0.042 and 0.069 meters. The characteristics of the cable are:

I '1_'“1
Cogmgnaer I'. g
acquisition J
L (i
Cable
Fnel Stop Pressure Cuiding
with foree ensor Coding wieel ] H"I;.?r
I . : ‘--‘- ﬁ B L
il " -
Translocend ot Ly . . Migtorized Reel

| . . Foroe sengor
Foroe sendte  Moloneed

Pusher
Fig. 6 The experimental bench test
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Fig. 8 Experimental results: Load curves for different duct lengths and a diameter of 0.042 meters

We=12x 104 N/mm, r=13.75mm, L=35m EI=8.99 x 16 N - mnf.

The friction coefficient is taken equal to 0.3, measurement achieved using another experimental
bench test developed at France Télécom R&D Lannion (Mighah 1998).
Figs. 7 and 8 give the end stop load value with respect to the pushing load value for different duct
lengths and diameters. These experimental results permit to evaluate the influence of the two main
geometrical parameters on the behaviour of the cable. Experimental results obtained are in great

accordance with our analytical model. Furthermore, values deduced from Wu model always

overestimate the end stop loads. In the case of the larger diameter (0.069 meter), a gap between
analytical and experimental values is observed and may be due to the duct ovalization which has
been observed. This phenomenon generates a greater contact force.
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Fig. 10 Experimental results: Helical pitch values for two geometrical duct configurations

3.3 The variable pitches

As previously indicated and using a metric system, this bench allows to measure helix pitches.
Fig. 9 presents the linearization of the values obtained from five experimental tests for each length
(15, 25 and 35 meters) and for the 0.042 meter duct diameter. The same slope is obtained and the
pitch increases from the start to the end of the duct: this is due to accumulated friction.

Furthermore, Fig. 10 gives a comparison for two geometrical duct configurations (length,
diameter) between experimental and analytical helix pitch length using Egs. (17) and (27). Lengths
of 15 and 35 meters with respectively duct diameters of 0.028 and 0.042 meters are considered. For
both cases, analytical values are very close to experimental measurements. It must be noticed that
the variation of the experimental pitch length comes from local friction problems and geometrical
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imperfections of the cables because the cable was previously rolled up on a big wheel.

4. Finite element analysis

In the litterature, few examples of finite element simulations are available to evaluate buckling
and post-buckling of conditioned cables. Finite element simulations must take the 3D buckling
process into account in this study. 3D beam elements (B31) for the cable and contact elements
(ITT31) for the rigid duct, from ABAQUS (Hibbitet al 1999) finite element software, are used.

The boundary conditions are a fixed hinge at the stop and a hinge with an axial displacement at the
duct entrance cable node. Simulations use the implicit version of ABAQUS, taking geometrical
non-linearities into account and the resolution uses line search control for the incrementation.

In order to generate buckling and post-buckling phenomena, a small geometrical imperfection is
introduced to initiate axial and bending coupling. A half-sinusoidal wave of one meter (the total
length is 35 meters) with a one degree angle is introduced. For all the finite element simulations,
datas are the same as for the experimental drag analysis.

With these values critical pitches and loads are obtained using analytical expressions given in the
previous section. We have:

Fin=56N, Fpe=79.2N, Pgsn=1780 mm, Pne=2993 mm.
4.1 Buckling with force control

In order to estimate the critical sinusoidal buckling load, first simulations are based on a force
control in order to introduce the cable in the rigid duct.

Fig. 11 presents the finite element model with 2040 elements, 3402 nodes and 8172 degrees of
freedom. Load incrementations are small enough in order to prevent a jump on a wrong
postbuckling path.

Numerical values obtained whén,/Fsn=1, see Fig. 11, arBg,=55.44 N andPg,,=1700 m.

F / Fsin

0 510° 0.0001 0.00015 0.0002 0.00025

Axial displacement / Total length

Fig. 11 Finite element simulations: Load control case and the sinus configuration
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Table 1 Half sinus pitches with respect to the length and the duct diameter

Ryuet (MM) 500 500 500 500 100 100 100 20 20
Lauet (M) 10 20 30 45 10 20 30 10 20
Fein (N) 9 9 9 9 20 20 20 46 46
Fioad (N) 10 10 10 10 23 23 23 51 51

Panalytical(MM) 4303 4303 4303 4304 2877 2877 2877 1924 1924
Prumerical(MM) 4584 4130 4294 4337 2949 2948 2948 1949 1949

error (%) 6.1 -4 02 08 25 2.47 2.47 1.3 1.3

With respect to the analytical reference given above, these numerical values deviate by less than 5%.
Other simulations are conducted with different values for the length and the diameter of the duct.
The half sinus pitches length results are presented in Table 1. A very good agreement is found in
Table 1 between numerical values and the analytical ones. The error is always less then 6%.
A force control approach does not permit to observe the helical buckling because the compressive

load decreases during the snap-through process. Therefore, a displacement control is used to reach
the helical buckling mode.

4.2 Buckling with displacement control

The finite element model is the same than the one used in 4.1, however the beant lsngth

reduced to 15 m, because a lot of instabilities appears due to the snap through phenomenon and the
contact conditions.

An exemple of the helical configuration obtained numerically is given in Fig. 12 while the load
evolution with respect to the displacement is presented in Fig. 13. In Fig. 13, the sinusoidal mode
and the helical mode appearances are visible and the snap through with a rigidity loss just before

Fig. 12 Finite element simulation: Helical configuration cable

Table 2 Comparisons between analytical and numerical critical load values and pitches

I:sin (N) Fhel (N) Psin (mm) Phel (mm)
Finite element results 55.44 81.76 1700 3000
Analytical values 56.00 79.20 1780 2993

error (%) -1 3.2 -45 0.2
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Fig. 13 Finite element simulations: Axial displacement with respect to load value
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Fig. 14 Finite element simulations: Friction influence on the buckling load

the helical mode is obvious. Finally, a comparison is given between the numerical and the analytical
values in Table 2 and a small difference is observed.

4.3 The friction influence

Until now and in the numerical simulations, the friction are always been neglected while it is
classically included between 0.1 and 0.3. The object of this section is to evaluate the influence of
the friction on the two critical load values.

The friction is opposed to the sinusoidal mode lay up as it can be seen in Fig. 14 and the critical
sinusoidal buckling load increases with the friction coefficient value. It must be noticed that no
result are obtained witlu = 0.3 because the numerical convergence of the model becomes more
difficult with the increase of the friction coefficient.
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Fig. 15 Comparison between experimental and numerical results; Friction coefficient influence

On the other hand, The friction has a very small influence on the helical critical load value, see
Fig. 14, because the beam leaves the duct in order to reach the upper part of the duct during the
transition from the sinusoidal mode to the helical mode.

4.4 Numerical and experimental comparisons

A comparison between those numerical results and experimental tests on the life size bench is not
possible because only long beam is available on this bench. In our work, a small laboratory bench
has been developped (see Rivierre 2000), at the L.M.2.S of the E.N.S.A.M Paris. One of the first
result is presented in Fig. 15 and shows a very good agreement between numerical and experimental
results.

Furthermore, the friction influence is obvious in this figure and the experimental curve is enclosed
by the numerical results.

5. Concluding remarks

In this paper, new analytical expressions have been given for critical loads and pitches in the case
of sinusoidal and helical states. Furthermore, axial load transmission and analytical variable pitches
are obtained, taking the weight effect into account, and allow for a new approach for the postbuckling
configurations.

In order to validate this new analytical approach, several experiments have been carried out on a
long bench and a very good agreement is observed between experimental measures and analytical
values. The use of important length of duct (until 45 meters) allows to carry out comparisons
without boundary condition influences.

Finally, some numerical results using finite element simulations on ABAQUS software are also
presented and good values with respect to analytical and experimental results are obtained. The
friction has been taken into account in the numerical simulations in order to evaluate his influence.
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It must be noticed that very few numerical results are given in the literature on this difficult topic:
buckling and post-buckling of beam with evolutionary contact boundary conditions. All the results
obtained give encouraging perspectives for future numerical simulations.

Future works are also directed towards the adjustment of a laboratory experimental bench in order
to characterize the buckling loads and pitches more precisely. This laboratory experimental bench
has been designed and developed at the LM2S of the E.N.S.A.M. Paris. Furthermore, the influence
on the postbuckling states of different rigid walls with different friction coefficients can be
evaluated on this bench.
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Appendix: Tr ansmission of the axial load
A.1 Approximation of the weight contact force

For drag analysis, only the normal projection of the weight must be taken into account. Therefore, this
projection part, denotell;, depends on the angular positiafx) of the point along the duct wall and we
have:

N1 (X)= awe cog(a(x))= dw.B(a(x)) (32)
Expressions fo3 (a (X)) are now presented for the two buckling cases.

Sinusoidal post-buckling

The sinusoid increases along the duct until the wave reaches the middle of the duct. The relation between
the highest amplitude, denoted, and the applied loaBs must be explained. An assumption is made and
concerns the variation of the amplitude which is supposed to be linear when the load increasgg toom
Fre. We have:

ao(Fan)=0  o(Fre))= 5 (33)

Therefore, the highest amplitude of the cable in the duct can be expressed as:

1T Fs—Fain L 1=
ao_—z—DFhel_FsinD——z—F (34)

where E  stands fofes—Fsn_

hel ™ Fsin

As previously indicatedPs denotes a half sinus pitch and a functigrwhich is independent of the cable
angular position, must be identified. Therefapas given by:

fo dx= 78 B(ar(x) ) wedX (35)
with

B(a(x))= cos(iaosin%%g

Thus, we obtain:

l0= Z%F}sing—gg (36)
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Helical postbuckling

For the helical case, integration is performed on the pitch of the helix and w@(ag = 1 on the lower
part of the duct ang (a(x)) = -1 on the upper part of the duct.

Thereforeg takes the obvious value:

=0 (37)
A.2 The axial load

In order to obtain Eq. (27) for the sinus post-buckling case and Eq. (28) for the helical case, taking previous
expressions fop into account, the differential equation given in Eqg. (21) must be integrated.

Sinusoidal post-buckling
The general differential equation of frictional drag takes the following form dvitil andn = 8:

dF_
”Eﬁ’”" 8E| D (38)
After some algebraic manipulations, the general solution is:
|
- [8El@ / re
Fs(x) - tan%araanB: 8E|(p D X E (39)
Helical post-bucking
In the same way, the differential equation is defined by:
dF_, rF’
dx_” nEI (40)
The integration betweelR andF(x) with respect to the coordinates performed and we obtain:
1
Fo00= B x+ 20" (41)
Nomenclature
o : maximum angular perturbation (rad)
a(x) : angular perturbation (rad)
AV . potential energy
AU : bending energy
AWy . external load work
AW : applied compressive load work
MWeign:  : Weight work
AN, : effect of the beam configuration in the contact force (N¥nm
u . friction coefficient
Q - weight contact force approximation (N-ijn
El : beam bending modulus (N-rfjim
Fs : axial compressive load (sinus configuration) (N)
Fsin : sinusoidal critical load (N)
Fn . axial compressive load (helical configuration) (N)
Frel . helical critical load (N)
: length of the beam (mm)
Lhel : length of the beam in helical configuration (mm)

n : number of half sinus or helical pitches
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- contact force (N-mm)

: weight participation in the contact force (N-mMm

: constant pitch (helical configuration (mm)

: helical critical pitch (mm)

: constrant half pitch (sinus configuration) (mm)

. half sinus critical pitch (mm)

: clearance radius between the duct and the beam (mm)
: beam weight (N-mm)

: axial beam coordinate (mm)





